Efficient and Reliable Multiprecision implementation of Elementary and Special Functions

Annie Cuyt (Joint work with B. Verdonk, J. Vervloet and H. Waadeland) University of Antwerp

Problem statement

1. Efficient multiprecision implementation of elementary functions

2. Approximation of some special multivariate functions

• obtaining an appropriate approximation is very time-consuming

• most complex useful model is a rational approximant

e.g. | | | exp(x) − EXP(x) exp(x) | | ≤ 2^{−52}

Mathematical technique • step I: argument reduction cos(z) = cos(2π − z) cos(z) = − cos(π − z) cos(z) = sin(π/2 − z) sin(z) = sin(π − z) sin(z) = − sin(2π − z) sin(12532.14) = sin(3.47)!!

exp(x) = exp(k ln 2 + r) |r| ≤ ln 2 2 ln 2 ≈ LN2 ∈ F_{106} r = (hi − lo)(1 + ϵ) |ϵ| ≤ 2^{−106}

• step II: mathematical model E(r) ≈ exp(r) bound truncation error |exp(r) − E(r)|

f(r^2) = r exp(r) + 1 exp(r) − 1 exp(r) = f(r^2) + r f(r^2) − r

f(r^2) ≈ p(r^2) = 2 + 5∑ i=1 p_i r^{2i}

p_i ∈ F_0(2, 53, −1022, 1023) |(f − p)(r^2)| ≤ 2^{−59} 0 ≤ r ≤ ln 2 2 exp(r) ≈ E(r) = p(r^2) + r p(r^2) − r p_1 = 3FC5 . . . 53E 16 hex digits ≈ 1.66 . . . 66019037 × 10^{−1}

• step III: arithmetic implementation

EXP(r) := E(r)

bound rounding error |EXP(r) − E(r)|

E(r) = 1 + r + r × q(r) 2 − q(r)

|r| ≤ ln 2 2 q(r) = r − (p_1r^2 + p_2r^4 + p_3r^6 + p_4r^8 + p_5r^{10})

s = hi ⊖ lo t = s ⊗ s q = s ⊖ t ⊗ (p_1 ⊕ t ⊗ ( p_2 ⊕ t ⊗ (p_3 ⊕ t ⊗ (p_4 ⊕ t ⊗ p_5))))

EXP(r) = 1 ⊖ ((lo ⊖ (s ⊗ q) ⊘ (2.0 ⊖ q)) ⊖ hi)

| | | 2^k × EXP(r) − exp(x) exp(x) | | | ≤ 2^{−52}

• step IV: verification

x_i = −1 + i × 2^{−18} i = 0, . . . , 2^{19} | | | exp(x_i) − EXP(x_i) exp(x_i) | | | β = 2, t = 53 ⇒ 1 2 ULP = 2^{−53}

Multiprecision implementation

reliability: | | func(x) − F (x) func(x) | | ≤ β^{−t+1} = 1ULP(t)

base β: β = 2^k, 10^k precision t: t ≫ 64

• determine mathematical model f(x) for the function func(x) such that the truncation error satisfies: | | | func(x) − f(x) func(x) | | | ≤ 1 2 β^{−t+1}

• determine working precision s such that the rounding error on the implementation F (x) satisfies: | | f(x) − F (x) func(x) | | ≤ 1/2β^{−t+1} directed roundings: x machine number F (x) ≤ func(x) func(x) ≤ F (x) F (x) ≤ F (x) ≤ F (x)

Elementary and special functions univariate elementary/hypergeometric functions:

exp gon inv hyp sin(x) arcsin(x) sinh(x) cos(x) arccos(x) cosh(x) tan(x) arctan(x) tanh(x) cot(x) arccot(x) coth(x) e^x log(x) 10^x log(10, x) 2^x log(2, x)

(a)_i := a(a + 1)(a + 2) . . . (a + i − 1) i ≥ 1 1 i = 0

2F_1(a, b; c; z) := ∞∑ i=0 (a)_i(b)_i (c)_ii!

z^i

• exponential function

e^z = 1 1 − z 1 + ∞∑ n=3 a_n 1 a_{2n} = −z 2(2n − 1)

, a_{2n+1} = z 2(2n − 1) lim_{n→∞} a_n = 0

• natural logarithm

log(1 + z) = z 1 + ∞∑ n=2 a_n 1 a_{2n} = nz 2(2n − 1)

, a_{2n+1} = nz 2(2n + 1)

lim_{n→∞} a_n = 1 4 z > 0 when 0 < z

• tangent function

tan(z) = z 1 + ∞∑ n=2 a_n 1 a_{n+1} =

−z^2 4n^2 − 1 lim_{n→∞} a_n = 0

• arctangent function

arctan(z) = z 1 + ∞∑ n=2 a_n 1 a_{n+1} = n^2z^2 4n^2 − 1

lim_{n→∞} a_n = 1 4 z^2 univariate special functions:

• incomplete gamma function

γ(a, z) = e^zz^a 1 + z − a + ∞∑ n=2 a_n 1 0 ≤ z ≤ 1

a_{n+1} =

−n(n − a) (2n − 1 + z − a)(2n + 1 + z − a)

lim_{n→∞} a_n = − 1 4

• error function

erfc(z) = e^{−z2} 2z + ∞∑ n=2 a_n 1 a_{n+1} = n 2z^2 lim_{n→∞} a_n = ∞ multivariate special functions:

• Beta function

B(x, y) =

Γ(x)Γ(y) Γ(x + y) meromorphic with poles at x = −k and y = −k and zeroes at y = −x − k for k = 0, 1, 2, . . .

• Appell functions

F_1(a, b, b^′; c; x, y) = ∞∑ i,j=0

(a)_{i+j} (b)_i(b^′)_j x^iy^j (c)_{i+j}i!j!

F_2(a, b, b^′; c, c^′; x, y) = ∞∑ i,j=0

(a)_{i+j} (b)_i(b^′)_j x^iy^j (c)_i(c^′)_j i!j!

F_3(a, a^′, b, b^′; c; x, y) = ∞∑ i,j=0

(a)_i(a^′)_j (b)_i(b^′)_j x^iy^j (c)_{i+j}i!j!

F_4(a, b; c, c^′; x, y) = ∞∑ i,j=0

(a)_{i+j} (b)_{i+j} x^iy^j

(c)_i(c^′)_j i!j!

Truncation error univariate case

z^∗ ∈ R:

func(z^∗) = ∞∑ n=1 a_n 1 a_n ≡ a_n(z^∗)

e.g. log √ 2 f_N (w) =

N−1∑ n=1 a_n 1 + a_N 1 + w

t_N = ∞∑ n=N+1

a_n 1 e.g. lim_{N→∞} t_N =

(_4√ 2 − 1 ) /2 ≈ 0.095

f^{(k)}_N (w) =

N−1∑

n=k+1

a_n 1 + a_N 1 + w sequence of value sets {V_n}^∞_{n=1} for func(z^∗): s_n(V_n) := a_n 1 + V_n

⊆ V_{n−1} e.g. w ∈ V_N

f^{(k)}_N (w) ∈ V_k func(z^∗) ∈ V_1

sequence of convergence sets {E_n}^∞_{n=1} for func(z^∗):

∀n ≥ 1 : a_n ∈ E_n =⇒ ∞∑ n=1 a_n 1 convergent

Theorem 1 [Lorentzen & Ruscheweyh, 1992]: Let C > −1/2 and 0 < R < 1 + C be given. Then

E = {a ∈ R : |a(1 + C) − C((1 + C)^2 − R^2)|+ +R|a| ≤ R((1 + C)^2 − R^2)} is a convergence set for^∞ ∑ n=1 a_n

1 and

V = {w ∈ R : |C − w| < R} is a value set for E.

w ∈ V ⇒

|func − f_N (w)| ≤ 2R

|C| + R 1 + C − R

M^{N−1} M = max{| w 1 + w

| : w ∈ V } Remark: E above equals [p, q] with

p = { (C − sign(C)R)(1 + C + R) if R ≤ |C| (C − sign(C)R)(1 + C − R) if R > |C| q = (C + sign(C)R)(1 + C − R)

Example 1

log(1 + z^∗) = z^∗ 1 + ∞∑ n=2 a_n 1

a_{2n} = nz^∗ 2(2n − 1)

, a_{2n+1} = nz^∗ 2(2n + 1)

For z^∗ = √ 2 − 1 :

p = z^∗/6 q = z^∗ R = 5z^∗/12 C =^{√36+84z∗+25z∗2−6}

12 = 0.2221 M = 0.282988 | |log( √ 2) − f_N (w) | | ≤ 5z^∗ 12 C + R 1 + C − R

M^{N−1} ≤ 1/2β^{−t+1} ⇓ β = 2, t = 53 : N ≥ 29

Theorem 2 [Lorentzen & Waadeland, 1992]: Let 0 < R_n < 1 + C_n, |C_{n−1}|R_n < |1 + C_n|R_{n−1}. Then

V_n = {w ∈ R : |C_n − w| < R_n} is a sequence of value sets for E_n = {a ∈ R : |a(1+C_n)−C_{n−1}((1+C_n)^2 −R^2_n)|+ +R_n|a| ≤ R_{n−1}((1 + C_n)^2 − R^2_n)}

w ∈ V_N ⇒

|func − f_N (w)| ≤ 2R_N

|C_0| + R_0 1 + C_N − R_N × N−1∏ k=1 M_k

M_k = max{| w 1 + w

| : w ∈ V_k}

Remark: E_n above equals [p_n, q_n] with

p_n = { (|C_{n−1}| − R_{n−1})(1 + C_n + R_n), R_{n−1} ≤ |C_{n−1}| (|C_{n−1}| − R_{n−1})(1 + C_n − R_n), R_{n−1} > |C_{n−1}| q_n = (|C_{n−1}| + R_{n−1})(1 + C_n − R_n)

Example 2

log(1 + z^∗) = z^∗ 1 + ∞∑ n=2 a_n 1 a_{2n} = nz^∗ 2(2n − 1)

, a_{2n+1} = nz^∗ 2(2n + 1)

lim_{n→∞} a_n = 1 4 z^∗

For z^∗ = √ 2 − 1:

C_n ≡ C =^{√1+z∗−1}_2 from C =^{z∗/4}_{1+C}

R_n =^{D−}

√_{D2−4dn+1} 2 with d_n = max_{m≥n} |a_m −^{z∗}_4 | and D = 1. | |log(√2) − f_N (w) | | ≤ 1 2 β^{−t+1} ⇓ β = 2, t = 53 : N ≥ 17

Multiprecision case

• For log( √ 2) or z^∗ = 2^{12} − 1:

t \ N |func − f_N (w)| Thm 1 Thm 2 53 14 29 17 113 31 62 34 256 71 140 74 512 143 281 147

• For log(2^{1/4}) or z^∗ = 2^{14} − 1:

t \ N |func − f_N (w)| Thm 2 53 11 11 113 24 24 256 55 57 512 111 115

• For log(2^{1/8}) or z^∗ = 2^{18} − 1:

t \ N |func − f_N (w)| Thm 2 53 9 9 113 20 21 256 39 46 512 91 94

Numerical results multivariate case

B(x, y) =

Γ(x)Γ(y) Γ(x + y)

B(x, y) ≈ r(x, y) r(x, y) =

∑_n

k=0 a_{ikjk} x^{ik} y^{jk} b_{00} + b_{10}x + b_{01}y + b_{11}xy

{(i_k, j_k)} = {(0, 0), (1, 0), (0, 1), (2, 0), (1, 1), (0, 2), (3, 0), . . . , (0, 3), . . . , (s, 0), . . . , (0, s)} n + 1 =

(s + 1)(s + 2) 2 (x, y) = (−0.75, −0.75) B(x, y) = 9.88839829 . . .

s = 13 → n = 104 s = 14 → n = 119

→ rounding error under control → highly varying truncation error selection of optimal subsequence, i.e. optimal numerator form

Theoretical results multivariate case Appell functions F_i(x, y) i = 1, . . . , 4 F_i(z, 0) = F_i(0, z) =_2 F_1(z)

homogeneous Padé approximant: A_k(x, y) = ∑ i+j=nm+k

a_{ij} x^iy^j k = 0, . . . , n B_k(x, y) = ∑ i+j=nm+k

b_{ij} x^iy^j k = 0, . . . , m

r(x, y) = n∑ k=0 A_k(x, y) m∑ k=0 B_k(x, y) normal Padé approximant: unique over all n, m normal Padé table: all [n/m]^f (z) are normal • univariate Padé table for the hypergeometric series_2F_1(a, 1; c; z) with c > a > 0 is normal • generalized to the homogeneous Padé table for the Appell functions F_1, . . . , F_4 • univariate Padé approximants [n/n − k] for 2F_1(a, 1; c; z) with a, c, c − a ∉ N^− are normal • generalized to the homogeneous Padé table for the Appell functions F_1, . . . , F_4 • uniform convergence and convergence in measure of certain multivariate Padé approximants for the Beta function • explicit formula for denominator of [n/n − k] for_2F_1(a, 1; c; z) with n ≥ k ≥ −1 • looking for explicit formulae for multivariate Padé denominators

Rounding error univariate case

f_N (w) =

N−1∑ k=1 a_k 1 + a_N w ⇓ + → ⊕ ÷ → ⊘ â_k = a_k(1 + α_k) α_k, ω : relative data error ŵ = w(1 + ω) backward recurrence algorithm:

G^{(N)}_{N+1} = w G^{(N)}_k = a_k 1 + G^{(N)}_{k+1} k = N, N − 1, . . . , 1

f_N (w) = G^{(N)}_1

Ĝ^{(N)}_{N+1} = ŵ = w(1 + ω) Ĝk^{(N)} = â_k ⊘ ( 1 ⊕ Ĝ^{(N)}_{k+1} ) k = N, . . . , 1

= â_k 1 + Ĝ^{(N)}_{k+1}

(1 + γ_k)

γ_k : relative rounding error

Ĝ^{(N)}_1 = G^{(N)}_1 (1 + ϵ^{(N)}_1 )

accumulated error |ϵ^{(N)}_1 | ≤ ?

Ĝ^{(N)}_{N+1} = G^{(N)}_{N+1}(1 + ϵ^{(N)}_{N+1})

Ĝ^{(N)}_k = â^k

1 + Ĝ^{(N)}_{k+1}

(1 + γ_k)

= a_k(1 + α_k) 1 + G^{(N)}_{k+1}(1 + ϵ^{(N)}_{k+1})

(1 + γ_k) = G^{(N)}_k (1 + ϵ^{(N)}_k ) notation:

g^{(N)}_k = G^{(N)}_{k+1}/(1 + G^{(N)}_{k+1}) k = 1, . . . , N

ϵ^{(N)}_{N+1} = ω ϵ^{(N)}_k = α_k + γ_k + α_kγ_k − g^{(N)}_k ϵ^{(N)}_{k+1} 1 + g^{(N)}_k ϵ^{(N)}_{k+1}

Theorem 3 [Jones & Thron, 1974] [Bonan & al., 2001] Let G^{(N)}_{N+1} = w be a machine number and let for k = 1, . . . , N

|α_k| ≤ αULP(s) |γ_k| ≤ γULP(s) α + γ ≥ 1 |g^{(N)}_k | ≤ M Under trivial conditions for β and s:

|ϵ^{(N)}_1 | ≤ 1 2 (1 + 2α + 2γ)ULP(s)

N−1∑ j=0 M^j

key : determination of upperbound M for g^{(N)}_k !

Lemma [Jones & Thron, 1974]:

Let {V_n}^∞_{n=1} be a sequence of value sets for ∞∑ n=1 a_n

1 . If G^{(N)}_{N+1} = w ∈ V_N , then

|g^{(N)}_k | = | | | G^{(N)}_{k+1} 1 + G^{(N)}_{k+1} | | | ≤ M_k = max{| w 1 + w

| : w ∈ V_k}

≤ M = max

k=1,...,N

M_k

Theorem 4 [Verdonk & al., 2001] Let 0 < R_n < 1 + C_n, |C_{n−1}|R_n < |1 + C_n|R_{n−1}. Then

V_n = {w ∈ R : |C_n − w| < R_n} is a sequence of value sets for E_n = {a ∈ R : |a(1+C_n)−C_{n−1}((1+C_n)^2 −R^2_n)|+ +R_n|a| ≤ R_{n−1}((1 + C_n)^2 − R^2_n)} Let α, β and s be as in Theorem 3. If w ∈ V_N is a machine number, then

|func − f_N (w)| ≤ 2R_N

|C_0| + R_0 1 + C_N − R_N

N−1∏ k=1 M_k | | f^N (w) − F

f_N (w) | | ≤ 1 2 (1 + 2α + 2γ)ULP(s)× N−1∑ j=0 j−1∏ k=0 M_{k+1}

M_k = max{| w 1 + w

| : w ∈ V_k}