Computing Tight Bounds for the L_1-Norm of Peano Kernels

Chin-Yun Chen Department of Applied Mathematics National Chiayi University, Taiwan email: cychen@mail.ncyu.edu.tw

The purpose of this paper is to point out essential consideration for computing tight bounds for the error constants required in the error estimation of a numerical quadrature rule.

Due to Peano, cf. [2, 6], the quadrature error E(f) := I(f) − S(f) resulting from approximation to the definite integral I(f) := ∫_b a w(x) f(x)dx by a quadrature rule S(f) := ∑_M i=1 w_i f(x_i) of degree d, where w_i > 0, can be represented as E(f) = ∫_b a K_r(t) f^{(r)}(t) dt , (1)

where f ∈ C^r[a, b], 1 ≤ r ≤ d + 1 and the Peano kernel K_r(t) is defined by

K_r(t) := E_x ( (x − t)^{⟨r−1⟩}_+ )

with (x − t)^{⟨r⟩} := (x − t)^r r! and

(x − t)^r_+ := { (x − t)^r , for x ≥ t , 0 , for x < t . Generally, the quadrature error (1) is estimated according to |E(f)| ≤ ‖f^{(r)}‖_∞ · ∫_b a |K_r(t)| dt , (2) or for validated computation E(f) ∈ f^{(r)}([a, b]) · ∫_b a K^+_r (t) dt − f^{(r)}([a, b]) · ∫_b a K^−_r (t) dt , (3)

where K^+(t) := max(K(t), 0), K^−(t) := max(−K(t), 0).

If K_r(t) is definite on [a, b], i. e. K_r(t) does not change sign on [a, b], then in (2), (3) there remains the integral ∫_b a K_r(t) dt to be computed, which might not be a difficult task, at least not for w(x) ≡ 1. However, this is not the usual case. According to (1), we have

E(x^r) = r! · ∫_b a K_r(t) dt , 1 ≤ r ≤ d + 1 . (4)

It follows immediately that ∫_b a K_r(t) dt = 0 for 1 ≤ r ≤ d. This implies that only the Peano kernels of highest orders may be definite. If K_{d+1}(t) is definite on [a, b], then ∫_b a K_r(t) dt is equal to E(x^{d+1})/(d + 1)!, which can be easily computed. On the other hand, if K_{d+1}(t) changes its sign on [a, b] and/or f is not sufficiently smooth on [a, b], i. e. f ∈ C^r[a, b], 1 ≤ r ≤ d + 1, then for the error estimation (2) and (3) the error constants ∫_b a K^+_r (t) dt and ∫_b a K^−_r (t) dt have to be known, where 1 ≤ r ≤ d + 1.

A straightforward method for computing the error constant ∫_b a |K_r(t)| dt is to compute all the zeros of K_r(t) at first, then to integrate K_r(t) | | [x_i,x_i+1]

between

every two adjacent zeros within each subinterval [x_i, x_{i+1}], cf. [11, 9, 10]. Since it is not easy to identify all the zeros of Peano kernels numerically, hence, in [11] the method was only applied to K_r for r = 1, 2, in [9] the method was only applied to K_d by analytically confirming that for Gauss-Legendre rules K_d possesses only the zero 0. In [10] the first trial for the whole range 1 ≤ r ≤ d + 1 was undertaken and interval computations was used. However, the numerical results presented in [11, 9, 10] reveal themselves to be validated or improved. In the literature there was also much effort given for estimating an upper bound for ∫_b a |K_r(t)| dt, cf. [2, 5, 3, 4]. Among them, good results in general can only be obtained for r = d + 1. For 1 ≤ r ≤ d, the most suggested upper bounds are relatively coarse. This paper adopts the same method used in [11, 9, 10] and has successfully gained significant improvement in the computational quality for the whole range 1 ≤ r ≤ d + 1.

In the presentation, essential consideration for doing the computation, the algorithms as well as numerical results with comparison to published bounds are proposed. All the ideas presented in this paper can also be applied to onedimensional Sard kernels appearing in the error representation of a numerical cubature rule.

References

[1] G. Alefeld and J. Herzberger, Introduction to Interval Computation, Academic Press, New York, 1983.

[2] H. Brass, Quadraturverfahren, Vandenhoeck & Ruprecht, Goettingen, 1st ed., 1977.

[3] H. Brass, “Error Bounds based on Approximation Theory”, In: T. O. Espelid and A. Genz (eds.), Numerical Integration, Kluwer Academic Publishers, 1991, pp. 147–163.

[4] H. Brass, “Error Estimation for the Clenshaw-Curtis Quadrature Method”, In: U. Wannagat (ed.), Abh. Braunschw. Wiss. Ges., Verlag Erich Goltze, 1992, p. 43–53.

[5] H. Brass and K.-J. Foerster, “On the estimation of linear functionals”, Analysis, 1987, Vol. 7, pp. 237–258.

[6] P.-J. Davis and P. Rabinowitz, Methods of Numerical Integration, Academic Press, New York, 2nd ed., 1984.

[7] R. Hammer, M. Hocks, U. Kulisch, and D. Ratz, Numerical Toolbox for Verified Computing I, Springer, Berlin, 1993.

[8] R. Klatte, U. Kulisch, M. Neaga, D. Ratz, and Ch. Ullrich, PASCAL-XSC, Springer-Verlag, 1991.

[9] F.-G. Lether, “Cubature error bounds for Gauss-Legendre product rules”, SIAM. J. Numer. Anal., 1971, Vol. 8, No. 1, pp. 36–42.

[10] U. Storck, Verifizierte Berechnung mehrfach geschachtelter singulaerer Integrale der Gaskinetik, Ph.D. thesis, Universitaet Karlsruhe, 1995.

[11] A.-H. Stroud, and D. Secret, Gaussian Quadrature Formulas, Pretince Hall, Englewood Cliffs, New Jersey, 1966.