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Background:
— Theoretical Computer Science

— Countable sets:
theory of computability and complexity well-understood
— Non-countable sets: concurring/competing models:

domains (Blanck, Edalat, Escardo, Lester (?), Tucker, ...)
=

TTE (Welhrauch, Brattka, Hertling, Ko, Lester (?), M., ...)

g

BSS-model of Real RAM (Blum, Shub, Smale, ...)
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Computing in accordance with TTE

functional or imperative( !) programming

atomic objects x € R

fully( !) consistent with real calculus
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Non-Real Arithmetic
Fixed size arithmetic :

32bit/64bit-int: canonical semantics (mod 232 264)
Hardware

float, double: standardized semantics, IEEE 754/854
Hardware

Variable size arithmetic , e.g.:

Integer / Rational: canonical semantics
GMP (C, Granlund, et.al)

Multiple Precision Floats, e.g.:
MP (Fortran 77 , R.P.Brent)
GMP (C, Granlund, et al.)
MPFR (C, Zimmermann, Lefevre, et al.)
(variable mantissa, 32-bit-exponent, following IEEE 754/854)
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until here T: equality o . y easily decidable!

Algebraic numbers : canonical semantics
Leda (Mehlhorn, Naher,...)
Core library (Yap,...)

until here T . equality x = y decidable (in principle)
using computation diagrams + separation bounds, but ...

full real arithmetic: equality = = y undecidable!
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Searching the border of decidability:

Uniformity Conjecture (Richardson/Langley):
Consider expressions FE built as follows:

(1) all (decimal) integers are allowed

(2) expressions may be built iteratively using
A+B A—-B AxB A/B
(A) — A e In A VA
Conjecture : If val(E’") < 1 for any subexpression eE’, then

either wval(E) =0 or |val(E)| > 10713 len(®)
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Example: logistic function (Kulisch)
wi+1:3.75-wi-(1—wi) ) :B():l/z

l.e.:

x_0=+.5000000000...  x_1=+.9375000000... x_2=+.2197265625...
x_3=+.6429255008... X _4=+.8608961295...  x_5=+.44907743809...
X_6=+9277758478...  x_7=+.2512793398... x_8=+.7055176245...

For UC using 3.75 = 15/4:
len(E;11) = 2-len(E;) + 8
so testing x25 — o5 - 0 gives FE with

len(E) =~ 1,476, 395, 000
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Interval arithmetic  with variable size, eg.:

MPFI (Revol, Rouillier)
multiple precision interval arithmetic library
C software based on MPFR
look and feel : interval arithmetic...

(almost) exact arithmetic

precise computation software  (Aberth)
‘range’ arithmetic based on own floating point software
C++ software (no gcc 3.x...)

extended with calculus on elementary functions
(+, —, %, /, ¥, sin, cos, tan, asin, acos, atan, e*, Inz, max, min)

prepared for user-driven iterations:
look : exact arithmetic, feel: interval arithmetic
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Example: Logistic function with ‘range’ arithmetic, Aberth

#include "real.h"
iInt main(){
cin >> param;

cin >> precision; set_precision(precision);
real x=1/real(2); real c=375/real(100);
for (i=1; i<=param; i++) {

X=Cc*x*(one-x);

If (1%10==0) cout<<i<<" "<<x.str(2,20)<<endl;

}

time for x1000: 0.5 sec (using precision 950)
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packages for look and feel of exact real arithmetic
CRCalc (Constructive Reals Calculator, Boehm)
XR (eXact Real arithmetic, Briggs)
|IC Reals (Imperial College Reals, Errington et al.)
‘Manchester Reals’ ( David Lester )
IRRAM (iterative Real RAM, M.)

... (many more)...
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Basic concepts of exact real arithmetic:

— Real numbers are atomic objects

— Arithmetic is able to deal with arbitray real numbers ...

— ... but usual entraceto Ris Q

— Underlying theory: TTE, Type-2-Theory of Effectivity ...

— ... Implying: computable functions are continuous!

— ... Implying: failingtests < y,x >y, x =yincaseof = y!

— ... using multi-valued functions
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Basic methods In exact real arithmetic:

(i) explicit computation diagrams

lazy evaluation,

usually top-down-evaluation,

often using concepts from functional languages
(i) implicit computation diagrams

reconstructable in iterations,

usually bottom-up-evaluation,

‘decision history’, ‘multi-value-cache’
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CRCalc (Constructive Reals Calculator, Boehm)
JAVA implementation of constructive reals
explicit computation diagrams with OO methods
top-down evaluation based on scaled Biginteger
sample program

CR one = CR.valueOf(1);
CR C = CR.valueOf(375).divide(CR.valueOf(100));
CR X = one.divide(CR.valueOf(2));
for (int i=1;i<param;i++){
X= C.multiply(X).multiply(one.subtract(X));
if (1%10==0) {
System.out.print(i); System.out.print(" ");
System.out.printin(X.toString(20));

}

time for x1000: 1359 sec
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XR (eXact Real arithmetic, Briggs)

x~At.a; for £ = lim a; - 2_'5, a; € 7
1—> OO

python or C++ (with functional extension FC++):

typedef Funl<int,Z> lambda
sample program

Int i;

XR ¢=QQ(375,100),x=0Q0Q(1,2);

cout<<setprecision(20);

for (i=0; i<=param; i++) {
X=C*X*(1-X);
If (1%10==0) cout<<i<<" "<<x<<endl;

}

time for xy000: 423 sec
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IC Reals (Imperial College: Errington, Krznaric, Heckmann et al.)
language: C
linear fractional transformations using GMP big integer
Generalization of continued fractions:

lazy evaluation, top-down

lazy boolean predicates (multi-valued):

y=reallF(2, x <1, a, x > -1, b) for
a, ifex <1
Y= |
b, if x > —1

time for x1000: 1600 sec
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IRRAM (iterative Real RAM, M.)
language: C++
iterative concept (implying bottom-up evaluation)

simplified intervals
backends: GMPF/MPFR/LRGMP

limits, explicit multivalued functions, lazy boolean predicates

under construction: (restricted) lazyness
time for x1000: <0.1 sec

time for x10000: 17 sec, (cf. Aberth: 1468 sec, precision 17500)
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More realistic example: Compute part of the
*1

h(n) =3~

=1 t

precisely: print 10 decimals of h(n)!
—

deeply nested operations

but: not(!) hard concerning precision

Dagstuhl, 2003-01-24
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computation time for

IRRAM:

filib++

h(n):
n=5,000 | n=1,000,000 | n=10,000,000
CRCalc 325 sec
XR2.0 2.48 secC
|IC-Reals | 0.85 sec
Aberth <0.1 sec 71 sec
IRRAM <0.1 sec 2 sec 18 sec

Dagstuhl, 2003-01-24

~ 1 MFlops
~ 8-22 MFlops

(P3-1200)
(P4-2000)

comparison with interval arithmetic based on hardware floats:

— factor =5 — 10
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Example: Logistic function

REAL x = 0.5; REAL c = 3.75;
for ( int i=1; i<=param; i++ ) {
X= C*X*(1-X);

if ( (i<100) || (i%10)==0 ) {
rwrite(x,18); rprintf(" %d\n",i);

Dagstuhl, 2003-01-24
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Problem: Precision not known in advance!
Simple(?) Solution:

Repeat the computation with improved precision!

Technical Problems: How to... Theoretical Problems:
...repeat? Which operations?
...Improve precision? Which operators?
...Improve computation time? Discontinuous functions?!
...Implement intervals efficiently?
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internals of the IRRAM (iterative Real RAM)

basic idea:
iterate ! finite approximations 2, with increasing precision

features :

ordinary arithmetic, elementary functions,
basic matrix arithmetic, complex numbers
limits 3, lazy booleans, multi-valued functions
export 4 to GMP/MPFR/double

missing:
extended numerical part of Aberth’s package...
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Iterating a Computation

Sequence of precision bounds, for each iteration:

Do > P1 > Pa---

P;11 Instead of p; usually leads to smaller intervals.

Implemented version:

Dit1 =p;, +a-3
with po = a = —50and g = 1.25

Po | Pr | P2 | Pa || Po | Pus | Pao | Pas |-

—50 ‘ —100 ‘ —162 ‘ —240 ‘ . ‘ —1703 ‘ —5502 ‘ —17096 ‘ — 52477 ‘ .
Heuristic: skip iterations, if ‘right’ precision can be estimated.
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Iterations happen e.g. in case of:

e divisions ,
If the divding interval contains zero

e comparisons |,
If the compared intervals have non-empty intersection

e printing ,
iIf the interval is too large for the intended precision of output

In consequence, inifinite loops occur in case of:
e division by zero
e comparison of equal numbers

Implementation: C++exceptions

Dagstuhl, 2003-01-24 Norbert Miller
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Simplified Interval Representation

Internal representation of REAL xas (d —e,d + €)

— MP number d

— error information e using two longs z,pinform z.2P

— simplified intervals
—> acceptable error propagation, constant overhead

Precision of arithmetic operations:
automatic, dependingon e

Dagstuhl, 2003-01-24
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Computation of Limits

Implementation as operator with  functional parameter

REAL limit (REAL a(long,...), ....);

REAL limit_lip (REAL a(long,...), |,....);
(simplified) examples:

/[ Compute e=2.71...
REAL e approx (long p) {...};
REAL e()

{

return limit(e_approx);

%

Dagstuhl, 2003-01-24
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[l Approximate sqrt using e.g. Heron's method
REAL sqgrt_approx (long p,const REAL& x) {...};

REAL sqgrt(const REAL& X)
{

return limit(sqrt_approx,x);

}

// Approximate sin using Taylor series
REAL sin_approx (long p,const REAL& x) {...};

REAL sin(const REAL& X)
{

return limit_lip(sqrt_approx,0,x);

}

Dagstuhl, 2003-01-24

Norbert Muller

26



Dagstuhl Seminar 03041 — Numerical Software with Result Verification

usage models of the IRRAM

— full program under control of the IRRAM iterations:

e.g. computation of functions

f:R—R

— integrated into ordinary arithmetic on objects D C R as a function

f:DXZ7Z— D

with

f(d,p) — f(d)| <27

= extension of ordinary arithmetic
micro-iterations

e.g. reference arithmetic for double

with exact arithmetic through

e.g. defining additional functions for GMP/MPFR

Dagstuhl, 2003-01-24
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IRRAM as a backend for MPFR

28

10 decimals 10000 decimals
native IRRAM-based native IRRAM-based
e(x) 0.0117 ms 0.0577 ms 201 ms 1080 ms
In(x) 0.0388 ms 0.0696 ms 105 ms 109 ms
sin(x) 0.0427 ms 0.0745 ms 403 ms 187 ms
cos(x) || 0.0270 ms 0.0678 ms 282 ms 184 ms
Dagstuhl, 2003-01-24 Norbert Miiller
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Installation:
e Licence: LGPL
e Neccessary: GMP 4.1/ MPFR 2.x / Linux
e URL: http://www.informatik.uni-trier/IRRAM/
e Or google: IRRAM
e first: configure -with-installed=<gmp-path>

e then: make

Dagstuhl, 2003-01-24
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Future Work
e porting to other systems than  Linux/g++/i1386
e improved functions (AGM for exp,sin ,...)
e additional functions (for DYADIC/ COMPLEX
e additional MP packages
e additional operators (for iteration)

e additional concepts
(algebraic numbers, automated differentiation...?)

e documentation, documentation, documentation, documentation...

Dagstuhl, 2003-01-24
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Timing examples for matrix arithmetic

n 50 100 150 200 250 500
inversion of well conditioned matrix H,, + 1,, ofsize n X n

Prec. -100 -100 -100 -100 -100 -162
Memory OS5MB | 21 MB | 4.7MB | 8.4 MB 13 MB 52MB
Time 0.7 s 54s 19s 45s Ols 1237 s
inversion of Hilbert matrix H,, of size n X n

Prec. -1037 -2745 -4372 -5502 -6915 ?
Memory | 1.46MB | 9.2MB 40 MB 81MB 152 MB | (>1GB)
Time 3.2s 79s 457 s 1200s | 3052 s ?

comparison to Octave:
H, +1, ‘ 18.8 s (factor 65) for n = 500

Hy,

‘ Impossible for n > 12

Dagstuhl, 2003-01-24
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