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General setting

f:R* —- R" Fréchet-differentiable,
f'(x) e R™*™  Jacobian
xg € R™ approximate zero

N CR" zge N ., heighbourhood*

N~ "
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General setting

f:R" - R" Fréchet-differentiable,
f'(x) € R™*™  Jacobian
xrg € R™ approximate zero

N CR" zoge N ,,neighbourhood*

N

Question: Is there a zero z* of f in N'?
(conditions on xq, f, f', N etc.)
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Moore’s existence test

N = [z] CR" interval vector

Theorem (Moore, 1977)
Let 20 € [z]. Assume

a) vz € [2] : f(z) — f(z°) € [Y](z — 2°)

for some interval matrix [Y]

b) % — A- f(«°) + (I — A[Y]D([z] — 2°) C [z]
for some nonsingular matrix A € R"*"

Then there exists z* € [z] s.t. f(a*) = 0.
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Moore’s existence test

N = [z] CR"™ interval vector

Theorem (Moore, 1977)
Let 20 € [z]. Assume

a) Vz € [z] : f(z) — f(z°) € [Y](z — 2°)

for some interval matrix [Y]
b) 2% — A - f(2%) + (I — A[Y])([z] — 2°) C [«]
for some nonsingular matrix A € R*»*"
Then there exists «* € [z] s.t. f(az*) = 0.

Choices for [Y]:

a) Y] =0{f'(z),z € [z]} interval hull of derivative

b) [Y] =LH{df(z,x0),z € [z]} interval hull of slopes
f(z) — f(zo) = 0 f(x,z0)(x — 70)
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Newton-Kantorovich
N = norm ball, N = B(zo,0) ={x: ||z —x0|| < 0}

Theorem (Kantorovich, 1948, Heindl, Deuflhard, 1980)
Assume that in some open convex D
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Newton-Kantorovich 6/24
N = norm ball, N = B(zo,0) = {z: ||z — z0|| < o}

Theorem (Kantorovich, 1948, Heindl, Deuflhard, 1980)
Assume that in some open convex D

a) || f'(zo) M| < B,
1f'(zo) ™ f(@o)l <m
b) [[f'(w) = f'(V)|| < k- |lu—v]

C)wzﬁm,hznwgé

(standard form)
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Newton-Kantorovich 6/24
N = norm ball, N = B(zo,0) = {z: ||z — z0|| < o}

Theorem (Kantorovich, 1948, Heindl, Deuflhard, 1980)
Assume that in some open convex D

a) |l (zo) M| < B, a)
1 (zo) (o)l <7 1 (zo)~* f(zo)|| <7
o) [1f'(w) = f(II < & [lu—vl B) [[f' (o)™ (f'(w) — f'(0)) |
Sw-flu—of

C)w= Pk, h=nw< C)h=nw§%

1
2
(standard form) (affine invariant form)
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Newton-Kantorovich 6/24
N = norm ball, N = B(zo,0) = {z: ||z — z0|| < o}

Theorem (Kantorovich, 1948, Heindl, Deuflhard, 1980)
Assume that in some open convex D

a) [If'(zo) 7 < B, a)
1f' (o)~ f(xo)l| < m 1f' (o)~ f(@o)ll < m
b) [[f'(w) = F (I < k- flu—=2| b)Y [If(xo)~* (f'(u) — f'(v)) |

Sw-flu—of

Q) w = i, b= < 3 b= < ]
(standard form) (affine invariant form) |
» |
Let o= (1 —+v1—-2h) /w. _ ]
If B(xzo,0) C D, there exists a zero z* of f in B(zo, 0). _» |
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Close |



Miranda’s T heorem

N = [z] interval vector, [z] = [z, 7]

=]

[z];

{x €lx] i xi==},i=1,...
{zelx] izi=a},i=1,...

3 3
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Miranda’s T heorem

N = [z] interval vector, [z] = [z, 7]

[aj]j' = {zx€zx] ixi=7},i=1,...,

[z];

S

{x€lz] xi=z},i=1,...,n

Theorem (Miranda, 1940)

f continuous on [z]. Assume that for:=1,....n
fi(z) >0, fi(y) <0 for all z € [z]f,y € [z];

Then f has a zero z* in [z].

(n-dimensional version of the intermediate value theorem) Back
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A First Hierarchy
Convention

Theorem A — T heorem B
means

Hypothesis of A = Hypothesis of B

In other words:

8/24
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A First Hierarchy
Convention

Theorem A — T heorem B
means

Hypothesis of A = Hypothesis of B

In other words:

Theorem A is a special case of Theorem B
Theorem B is more general

Theorem B is a stronger theorem
Hypothesis of B is weaker

It's better to be hit by the arrow —
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Moore, [Y] ={f'(x),z € [x]} = — Newton-Kantorovich
for |} - [Jo
standard form

(Rall, 1980)

Moore, [Y] = [{df(x,x0),z € [z]} «+— Newton-Kantorovich

(5f(2,20) = [5 f'(2® + t(x — wo) dt) for || - ||
standard form
affine invariant form

(Neumaier and Shen, 1990, Shen and Wolfe, 1990)

Moore for f, slopes for [Y] — Miranda for Af
(Alefeld, Shen 2001)

Newton-Kantorovich for ||-||.c — Miranda for f/(xo) "1 f(x)
standard or affine invariant
(Alefeld, Potra, Shen, 2001)
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Moore, slopes

!

Newton for || - ||,
affine invariant form

!

Newton for || - ||,
standard form

!

Moore, Jacobian

\

Miranda for f'(zo) ! f(x)
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Precise sample

T heorem: Let

£/ (@0) " f(z0)|loe <1
Hf’(wo)_l({’(U) — fl()) oo L wllu — vl

h = < —
77W_2

oo =(1—VI—2h)/w, o4 = (1 +VI—2h)/w

Assume n = 0.
Take g € [o—,04], N =[z] =20+ o[-1,1]".

Take g(z) = f'(z°) 1 f(x)
Then for:=1,....n

gi(x) >0 for = € [z]F
gi(z) <0 for y € [z];
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Question: Relate Newton-Kantorovich for arbitrary norm
to “generalized Miranda®“

12/24
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Question: Relate Newton-Kantorovich for arbitrary norm
to “generalized Miranda®“

Dual norm: ||| < || - ||«

lylla = max | (z,y) |

l][=

12/24
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Generalized Miranda

Theorem
Let f: B(xo,0) — RY be continuous s.t. for all x € OB

(a, f(x)) > 0 for all a with (x — xo,a) = ||z — xol| - ||al|q

Then f has a zero z* in B(xo,0).
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Generalized Miranda

Theorem
Let f: B(zo,0) — RY be continuous s.t. for all z € 9B 13/24

(a, f(x)) > 0 for all a with (x — xo,a) = ||z — xol| - ||al|q

Then f has a zero z* in B(xo,0).

k\ f /. g
N R
s R ;\\
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Generalized Miranda

Theorem
Let f: B(zo,0) — RY be continuous s.t. for all z € 9B 13/24

(a, f(x)) > 0 for all a with (x — xo,a) = ||z — xol| - ||al|q

Then f has a zero z* in B(xo,0).

k\ f /. g
N R
s R ;\\

Theorem (Leray-Schauder) Let 2 C R"™ be open and
bounded, f: Q2 — R” continuous, zg € <.
Assume f(x) = A(x — xg) for x € 92 = X > 0.
Then f has a zero z* in €2.
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Theorem: Let
1" (zo) ™ f(mo) || <
1/ (o) (f'(u) = f'()|| < wllu — v
h =nw < %
0- =1 -V1I-2h)/w, oy = (1 +VI-2h)/w

Assume n = 0,w #= 0.

Take ¢ € [0—,0+], N = B(zo,0).
Take g(z) = f'(z°) " f(2)

Then for all x € OB

(a,g(x)) > 0 for all a with (x — x0,a) = ||z — x0]| - ||alls

14/24
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Ler.-Sch. for f'(x0) ' f(x)

!

15/24

Miranda for f'(zo) 'f(x) —|gen. Mir. for f'(zo) 1 f(x)

: “

Moore, slopes

!

Newton for || - ||co, Newton for arbitrary | - ||,
either form affine invariant form

!

Moore, Jacobian
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Affine invariance

Observation:
Generalized Miranda, Leray-Schauder are not affine in-
variant but we apply theorems to f/(xzo) 'f(z), which is
affine invariant

Question: Are there other affine invariant theorems around
— Borsuk's theorem

iai

16/24
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Theorem (Borsuk, 1933): Let 2 C R" open, convex and
symmetric w.r.t. g € €2, f : 2 — R” continuous. Assume
for all zg + y € 02

f(xo+y) =X f(zo —y) with XA € [1,00)
Then f has a zero z* in Q.

Note: f(zo+y) Z A f(zo—y) <« Af(zo+y) # AAf(zo+y)

Borsuk's theorem is affine invariant.

17/24
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T heorem: Let

1/ (zo) 1 f (o)l <7
||f’(:vo)_1({’(U) — f)I < wllu—v]|

h=nw < —
% =5

oo = (1—VI—2h)/w, ot = (1 + VI —2h)/w

Then for all zog + vy € 0B (x0, 0)

flro+vy) =X f(zo—y) with XA € [1,00)
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Ler.-Sch. for f'(zo) tf(x)

T

gen. Mir. for f'(zo) 1f(x)

A

Borsuk for f(x)

Newton for arbitrary || - |
affine invariant form




Practical Aspects

Miranda’s theorem (N = [z])
Take g(z) = f'(z0) " f(2)

Mean value extension

{9(v) ry e y] Clz]} C g(xo)+ g ([z])([y] —x0) =: mg([y])

Test:

fore=1,...,n
check for mg;([z];") > 0, mgi([«];) <O

(Moore, Kioustelidis, 1980)

Remember: mg;([z];") > 0 < g;(x0) +g;([«]) ([z];" —z0) > 0.

20/24
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New idea: Check for Borsuk on [z]

g;(zo + y) Agj(xo —y)

& gj(wo) + g;(€)(y) = Agj(zo) — Ag;(n)y
(A—=1)-gj(xo) = (Ag;(n) + 45(&)) v
(A—=1)-gj(xo) € (Agj([z]) + g;([2])) v
(A=1)-gj(z0) € (1+ ) gi([zDy

2L gi(zo) € gi([2])([2]f — o)

Lt i e

Note: iﬁ € (—1,1) for A > 0.
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New idea: Check for Borsuk on [z]

gi(zo+vy) = Agj(zo—y)
< gj(zo) + g;(€)(y) = Agj(zo) — Ag;(n)y

& (A=1)-gi(zo) = (M) +4;(O))y
=  (A=1)-gj(zo) € (Agj([z]) + gj([z])) v
& (A=1)-gj(mo) € (L4 X)) gi([zDy
= 1 9i(@o) € gi([=])([] — =o)
Note: ;;—} € (—1,1) for A > 0.
Test: Fori:=1,..., n check for
~ g ([ (2] — o) B _
]Dl 9 (o) Nn(11) =10 or “
" "(lx rxl. —x Ll
ﬂg]([ D([z]; — zo) N (11) = 0 <
i1 g9;(xo) > |
Back |
Closel



Simplified version ﬂa b

Test for
9;([x])([513]@+—$0) n(-1.1) = 0 o 22/24
gi(aco_)
gDl —w0) |14y g
gi(xo0)

which is equivalent to (case ¢;(z%) > 0)

gi(x0) + gi([z]) - ([z];" —x0) < O or
gi(x0) — gj([«]) - ([«]7 —z0) < O or
gi(zo) + gi([z]) - ([z]; —x0) < O or
gi(zo) — gi([z]) - ([z];” —z0) < O
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Simplified version ﬂa b

Test for
g (=D ([z];F — z0) N(-1.1) = 0 or 22/24
gz'(fvo_)
g;([z])([z]; — =o0) N(-1.1) = 0
gi(xo0)

which is equivalent to (case g;(z%) > 0)

Back

gi(zo) + gi([z]) - ([z];F —20) < O or
gi(z0) — gi([z]) - ([z];f —20) < O or
gi(zo) + g;([z]) - ([x]; —x20) < O  or
gi(zo) — g;j([x]) - ([z]; —2z0) < O
Miranda test: «_|
9i(z0) + gi([]) - ([e]F —20) = 0 and %'l
gi(wo) + g;([z]) - ([x]; —x0) < O > |
_Back |
_Close |
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Consequence: Borsuk test is better than Miranda test!
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Conclusions 24/24

e Newton-Kantorovich — Miranda in any norm
e Borsuk and Leray-Schauder are even more general

e Borsuk-based existence test using interval arithmetic
improves upon Miranda

e Future work: Hierarchy of existence tests?
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