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Abstract

Sinc quadrature and Sinc indefinite integration are approximation for-
mulas for definite integration and indefinite integration, respectively, which
can be applied on any interval by using an appropriate variable transfor-
mation. Their convergence rates have been analyzed for typical cases in-
cluding finite, semi-infinite, and infinite intervals. In addition, for verified
automatic integration, more explicit error bounds that are computable
have been recently given on a finite interval. In this paper, such explicit
error bounds are given in the remaining cases on semi-infinite and infinite
intervals.
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1 Introduction

“Sinc quadrature” is an approximation formula for the integral over the whole real
line, expressed as

oo N

/ F(z)dz~h Y F(kh), (1.1)

- k=—M

where M, N, h are selected appropriately depending on n. This approximation is also
called the (truncated) “trapezoidal formula.” It is well known that the formula (LT
can achieve quite a fast, exponential convergence. Furthermore, its optimality is proved
for a certain class of functions [4l[6]. Here, there are two important conditions to be
satisfied: (i) the interval of integration is (—oo, 00), and (ii) |F'(z)| decays exponen-
tially as © — +oo. In other cases, an appropriate variable transformation t = v¥(x)
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should be employed, i.e., the given integral should be transformed as

/ab rwar= [ swean

so that the above two conditions are met.
In this regard, Stenger [5] considered the following four typical cases:

1. [a, b] = [0, o], and |f(z)| decays algebraically as z — Fo0,

2. [a, b] = [0, o0], and |f(z)| decays algebraically as z — oo,

3. [a, b] = [0, o0], and |f(z)| decays (already) exponentially as z — oo,
4. The interval [a, b] is finite.

He then gave the concrete transformations to be employed in all cases:
1,[)5];1 (t) = Sil’lh t7
Psma (t) = et7

tsps(t) = arcsinh(e’),

b— t b
oma(t) = =5 tanh () + 52,

which are called the “Single-Exponential (SE) transformations” Takahasi-Mori [7]
proposed the following improved transformations:

Ypm (t) = sinh((n/2) sinh t)7
wDEz (t) = e(T[/Z) Sinht7

Poest (t) = &7,

tanh (g sinht) + b—|2—a7

b—a

2

Yoma(t) =

which are called the “Double-Exponential (DE) transformations.” In addition, in
case 3, another DE transformation

¢DE3(t) — lOg(l +e(7r/2) sinht)

was proposed [2] so that its inverse function can be explicitly written with elementary
functions (whereas ¥pgrs;(t) cannot).

Error analyses for Sinc quadrature combined with tsg1 (t), . .., ¥sea(t) are given [5]
in the following form:

|Error| < C’ef\/m7
and for ¥pri(t), Yor2(t), Yors(t), Yora(t), their error analyses have been given [8] as
|Error| < ¢ e~ 27mdn/ lea(8dn/u) (1.2)
and for ¥prat(t), also given [8] as

|Error| < C ¢~ 2mdn/ log(2mdn/p) (1.3)
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where p indicates the decay rate of the integrand, d denotes the width of the domain
in which the transformed integrand is analytic, and C' is a constant independent of n.
In view of the inequalities above, the accuracy of the approximation can be guaranteed
if the constant C' is explicitly given in a computable form. In fact, the explicit form of
C' was revealed in case 4 (the interval is finite) [3], and the result was used for verified
automatic integration [9].

The main objective of this study is to reveal the explicit form of C’s in the re-
maining cases: 1-3 (the interval is not finite), which enables us to bound the errors
by computable terms.

As a second objective, this paper improves the DE transformation in case 3. Instead
of Ypms(t) or Yomsi (),

st (t) = log(1 + ™)

is introduced in this paper, and it is shown that the error is estimated as
|Error| < C ¢~ 27mdn/ leg(ddn/u) (1.4)

while clarifying the constant C. The rate of (L4) is better than (L2) and (L3]).
Furthermore, by using Sugihara’s nonexistence theorem [6], it can be shown that
prs: is the best among the possible variable transformations in case 3 (although the
point is not discussed in this paper and left for another occasion).

In addition to the “Sinc quadrature” described above, similar results can be given
for the “Sinc indefinite integration” for indefinite integrals ff f(t)dt, which is also
examined in this paper.

The remainder of this paper is organized as follows. The main results of this paper
are stated in Sections [21 and [B} new error estimates for Sinc quadrature are presented
in Section 2] and for Sinc indefinite integration in Section Bl Numerical examples are
shown in Section [l All proofs of the presented theorems are given in Section

2 Error Estimates with Explicit Constants for
Sinc Quadrature

In this section, after reviewing existing results, new error estimates for Sinc quadrature
are stated. First, we introduce necessary notation.

Let 24 be a strip domain defined by Zq = {¢ € C : |Im(| < d} for d > 0.
Furthermore, let 2, = {¢ € Z4: Re( < 0} and 2 = {{ € Z4: Re¢ > 0}. In all the
theorems presented in Sections [2] and B d is assumed to be a positive constant with
d < m/2. For a variable transformation v, ¥/(Zq) denotes the image of Z4 by the map
Y, ie, Y(Zq) = {z=9(): ¢ € Da}. Let I = (—00, x0), I = I3 = (0, 00), and let
us define the following three functions:

Er(z7) = m7
Lol
Es(z;0,8) = W7
z ot _
E3(z;a,,3):(1+z) e P7.

We write Ej;(z;7,7) as E;(z;7) for short.
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2.1 Existing and New Error Estimates for Sinc
Quadrature with the SE Transformation

Existing error analyses for Sinc quadrature with ©sgi, ¥sg2, and 1sgs are written in
the following form (Theorems 2] and [2.2)).

Theorem 2.1 (Stenger [5, Theorem 4.2.6]) Assume that the function f is ana-
lytic in Yse1(Za), and there exist positive constants K, o, and B such that

|f(2)] < K|E1(2;0)] (2.1)
for all z € Yse1 (2 ), and

|f(2)] < K|E1(2; B)] (2:2)
for all z € Yse1(Z]). Let p = min{a, B}, let h be defined as

h= )2 (2.3)
un

and let M and N be defined as

{Mzm N =Tlan/B] (i p=a), )
N=n, M=[pnfa]l (if p=p). '
Then there exists a constant C1, independent of n, such that
N
[ H0a=h S k)t ()| < VT (2
I k=—M

Theorem 2.2 (Stenger [5, Theorem 4.2.6]) The following is true for i = 2, 3.
Assume that [ is analytic in V¥sei(Za), and there exist positive constants K, «, and 3
such that

|f(2)] < K|Ei(z; 2, B) (2.6)
for all z € Yspi(Za). Let u = min{a, B}, let h be defined as [23)), and let M and N
be defined as (Z4). Then there exists a constant Cs, independent of n, such that

[ rwa=n 3 swsmtmptatn| < coVERL
I;

k=—M

This paper explicitly estimates the constant C;’s in ([235]) and (27) as follows.

Theorem 2.3 Let the assumptions in Theorem [2.1] be fulfilled. Furthermore, let v =
max{a, B}. Then the inequality (Z3) holds with

VT K 2
CL = +15.
H (1 — e~ V2™ {cosd}¥
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Theorem 2.4 Let the assumptions in Theorem be fulfilled. Then the inequal-
ity 1) holds with

2K 2
Co=— +1,,
Bl (1 — e V2 fcos d} (a+B)/2
1+(8/2
Oy — 2K 21, 4 4 o—atii—ah/z {
Bl (1 — e V2 cos d} (at+B)/2

where cq,q s a constant defined by

(1-a)/2 R
. {200+ 55)) 77 (Wo<a<y),
o,d —
oa=1)/2 (if 1< a).

(2.8)

2.2 Existing and New Error Estimates for Sinc
Quadrature with the DE Transformation

Existing error analyses for Sinc quadrature with ¥pgri, ¥pr2, ¥prs, and ¥pgs; are
written in the following form (Theorems and [2.6)).

Theorem 2.5 (Tanaka et al. [8, Theorem 3.1]) The following is true for i = 1,
2, 3. Assume that f is analytic in Yor:(%a), and there exist positive constants K and
p (with p < 1 in case i = 3) such that | f(z)| < K|Ei(z; p)| for all z € Ypri(Za). Then
there exists a constant C, independent of n, such that

/ f(t) dt —h Z f(Q/)DEl(kh))Q/)]l:)El(kh) S Cq6727Tdn/log(Sd’rl/M)7
I;

k=—n

where
, — log(8dn/u)

. (2.9)

Theorem 2.6 (Tanaka et al. [8, Theorem 3.1]) Assume that the function [ is
analytic in Yorst (Za), and there exist positive constants K and p with p < 1 such
that |f(2)| < K|E3(z;p)| for all z € vYprsi(Za). Then there exists a constant C,
independent of n, such that

/ Ft)dt—h Y f(omss (kh)) s (kh)| < Ce2mn/losGrdn/i,
I3

k=—n

where h = log(2ndn/u) /n.

Remark 2.1 As for Theorem[2.0 with i = 3 and Theorem[2.0, although the condition
‘u < 174s not assumed (only p > 0 is assumed) in the original paper [8], that condition
is necessary to avoid the case where |z/(1 + 2)|* ™' = 0o at z = —1 (see E3(z;p)).

As for case 1 (Theorem with ¢ = 1) and case 2 (Theorem with i = 2),
this paper not only explicitly estimates the constant C’s, but also generalizes the
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approximation formula from Zzzin to ZsziM as stated below. Here, x is defined

for v > 0 by
— 2
7\/1+1(2’”)) (if 0 <~ < 1/(27)),

S arcsinh( T
, =
arcsinh(1) (if 1/(2m) <7),

eirw sinh z

which is introduced to determine the region of x where cosh(z) is monotone

(see Okayama et al. [3, Proposition 4.17]).

Theorem 2.7 Assume that f is analytic in Yori1(%4), and there exist positive con-
stants K, «, and B such that 1) holds for all z € Ypr1(Z; ), and @Z2) holds for all
z € Yor1(Z]). Let p = min{a, B}, let v = max{c, B}, let h be defined as [29), and
let M and N be defined as

{M =n, N=n-—log(B/a)/h] (if p=a),
N=n, M=n-—/|logla/8)/h] (if u=75).

Furthermore, let n be taken sufficiently large so that n > (ve)/(8d), Mh > x4/2, and
Nh > x5/2 hold. Then it holds that

(2.10)

< Cl ef2ndn/ log(Sdn/u)7

N
[ 10a=n 3 o ()b in)
I

k=—M

where C1 is a constant independent of n, expressed as

_ 2K 2 G/
o (1 —e-me/*){cos(F sind)}* cosd '

Theorem 2.8 Assume that f is analytic in Yor2(%4), and there exist positive con-
stants K, «, and B such that (Z8) holds with i = 2 for all z € Ypr2(%a). Let
w = min{a, B}, let v = max{a, B}, let h be defined as (Z9), and let M and N be
defined as 2I0). Furthermore, let n be taken sufficiently large so that n > (ve)/(8d),
Mh > xq/2, and Nh > xg/5 hold. Then it holds that

C1

< Ch ef2ﬂdn/ log(8dn//,14)7

RIS S (R COTATD
Iz k=—M

where Ca is a constant independent of n, expressed as

2K 2
Cy = — 7w /4 .
T { (1 —e~me/1){cos(5 sind)}( @+ /2 cosd te

As for case 3 (Theorem with ¢ = 3 and Theorem [Z6]), this paper employs the
improved variable transformation 1pgrs; as described in the introduction, and gives
the error estimates in a form similar to Theorems 2.7 and 2.8

Theorem 2.9 Assume that f is analytic in Yors:(Za), and there exist positive con-
stants K, B8, and o with o < 1 such that (Z8) holds with i = 3 for all z € Ypr3:(Za).
Let u = min{c, B}, let v = max{a, 8}, let h be defined as

h— log(4dn/u)

—, (2.11)
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and let M and N be defined as (ZIQ). Furthermore, let n be taken sufficiently large
so that n > (ve)/(4d), Mh > xza, and Nh > zg hold. Then it holds that

< OSi 6727Tdn/ log(Aszn/u)7

N
/ Fydt—h 3" f(omsi (kh)) s, (kh)

k=—M

where C3; is a constant independent of n, expressed as

2(ca) " —arov
CSi = —Tpe /2 ( d) T a+f eﬂ(l o ’
po | (1 —e"™e/2){cos(F sind)}*+P cosd

and where &4 is a constant expressed by using ca = 1+ {1/cos(§ sind)} as

L1+ log(1 + ca) (2.12)
log(1 + cq) '

3 Error Estimates with Explicit Constants
for Sinc Indefinite Integration

Sinc indefinite integration is an approximation formula for the indefinite integral [1],

expressed as
N

3
/ F(z)dz~ Y F(kh)J(k,h)(E), €€R. (3.1)

Here, the basis function J(k, h) is defined by
Tk, h) () = h{% + % Si[n(a/h — k)]} 7

where Si(x) is the so-called sine integral, defined by Si(z) = foz {sin(o)/o}do. The
approximation ([B1) can be combined with the SE transformation or the DE transfor-
mation [2] similar to Sinc quadrature (II). This section presents the error estimates
for those formulas.

3.1 New Error Estimates for Sinc Indefinite
Integration with the SE Transformation

This paper gives new error estimates for Sinc indefinite integration with ¥sgi, ¥sg2,
and ¥sgs in the following form (Theorems B.1] and B22]).

Theorem 3.1 Assume that the function f is analytic in Ysei(Za), and there exist
positive constants K, o, and B such that (ZI)) holds for all z € Ysp: (2, ), and 22)
holds for all z € Ysei(2]). Let p = min{a, B}, let v = max{a, 8}, let h be defined

as
Ttd
h =4 /u—n7 (3.2)

and let M and N be defined as Z4). Then, it holds that

S Cl e 7Tdﬂn7

sup
TEI

. N
[ 503 e () (61170010055 (7))

k=—M
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where C1 is a constant independent of n, expressed as

v+1
o= 2K ! LIRS
H (1 —e 2V fcosd}¥ dp

Theorem 3.2 The following is true for i = 2, 3. Assume that the function f is
analytic in Ysri(Za), and there exist positive constants K, «, and 8 such that (2.6
holds for all z € Ysri(Za). Let u = min{«, B}, let h be defined as B2), and let M
and N be defined as [24l). Then, it holds that

S Cz e—\/ﬂdun7

sup
T€l;

- N
0= 57 s 90 (61170 1) 052 )

k=—M

where C2 and Cs are constants independent of n, expressed as
c, = 2K 1 gl
H (1 — 972 ﬂd”){cos d}(a+5)/2 dl”’

CS:% 21+(,8/2)ca,d 1+1‘1.2(17a+\17a\)/2 7
i (1= em2Vm) fcos d}(ets)/2 | du

and where cq,q4 15 a constant defined in (2.8]).

Remark 3.1 This paper addresses the indefinite integration formulas based on ([B.1)
developed by Haber [1]. Haber developed his formula for case 4, but did not develop
any formula for cases 1-3.

Other indefinite integration formulas with ¥sg1, Yse2, and Yses were developed by
Stenger [5], but error estimates of the formulas are left for future work.

3.2 New Error Estimates for Sinc Indefinite
Integration with the DE Transformation

This paper gives new error estimates for Sinc indefinite integration with ¥pgr1, ¥pr2,
and 9prs; in the following form (TheoremsB.3H3.5). Let us define egi(n) as edD’i (n) =

[e~Tdn/ loe(4dn /) 100 (4dn /)] /n for short.

Theorem 3.3 Assume that the function f is analytic in Yori1(Z4), and there exist
positive constants K, «, and 8 such that 2I) holds for all z € Ypr1(2; ), and 22)
holds for all z € Ypri1(2]). Let p = min{a, B}, let v = max{a, B}, let h be defined
as ZII)), and let M and N be defined as (210). Furthermore, let n be taken sufficiently
large so that n > (ve)/(4d), Mh > x4/2, and Nh > 23,5 hold. Then, it holds that

sup
TEI

<G edD,];:t (n)7

. N
[ 103 S ) (60 0 1) 5 ()

k=—M

where C1 is a constant independent of n, expressed as

v+1
Cy = 2" K 1

m(atp)/4
ud (1 —e-me/2){cos(Z sind)}¥ cosd
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Theorem 3.4 Assume that the function f is analytic in Ypr2(Za4), and there exist
positive constants K, a, and B such that (28] holds with i = 2 for all z € Ypr2(Za).
Let p = min{«, B}, let v = max{a, 8}, let h be defined as 2I1)), and let M and N be
defined as 2I0). Furthermore, let n be taken sufficiently large so that n > (ve)/(4d),
Mh > xq/2, and Nh > xg/5 hold. Then, it holds that

sup
T€ly

S 026dD,I;:J, (n)7

. N
100 =37 o) s ()70, ) 05 (7)

k=—M

where Ca is a constant independent of n, expressed as

2K

1
Cy = 2%
T d {(1 —e~7e/2){cos(F sind) }(@+F)/2 cos d

+ en<a+a>/4} .

Theorem 3.5 Assume that the function f is analytic in Yprs:(Za), and there exist
positive constants K, B, and o with a < 1 such that (28) holds with i = 3 for
all z € Yor3:(Za). Let p = min{a, B}, let v = max{a, B}, let h be defined as
h =log(2dn/u)/n, and let M and N be defined as (ZI0). Furthermore, let n be taken
sufficiently large so that n > (ve)/(2d), Mh > xo, and Nh > x3 hold. Then, it holds
that

sup
TEI3

S O3i ESEH (n)7

10003 s (1) ) ) s ()
0

k=—M

where Cs; is a constant independent of n, expressed as

2K (éa)' ™ 1 (1+5a+68)/12
pd | (1 —emre){cos(F sind)}>+F cosd

Cst = )

and where Cq s a constant defined in (212)).

Remark 3.2 The formulas with ¢pr1, V¥por2, and Yprs were originally developed by
Muhammad—Mori [2], but no error analysis was done on cases 2 and 3. In case 1, the
authors claimed that the formula can achieve O(exp(—mdn/log(4dn/(n—¢)))), where €
denotes an arbitrary small positive number, under some mild conditions (not specified
clearly). In contrast, Theorem[33 states the better convergence rate than that claimed
by Muhammad—Mori [2], under explicit assumptions.

4 Numerical Examples

In order to numerically confirm the results presented in Sections[2land[B] let us consider
the following three examples.

Example 4.1 (Case 1 [2]) Consider the function fi(t) = v/3/(2n(t> +t + 1)) and
its definite/indefinite integral on I:

/Oo fi(t)dt =1, (4.1)

/j fl(t)dt—%—‘-%amtan{%(T—t—%)}. (4.2)
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The integrand f1 satisfies the assumptions in Theorems[Z.3 and [T with o = 8 =1,
d=3/4, and K = V3e. In addition, fi satisfies the assumptions in Theorems [Z1
andBJ witha=0=1,d=mn/7, and K = 8\/§/e.

Example 4.2 (Case 2 [2]) Consider the function fo(t) = 2/(n(1 +t%)) and its def-
inite/indefinite integral on Ia:

/°° f2(t)dt =1, (4.3)
0

" 2
/0 fo(t)dt = p arctan(7). (4.4)

The integrand fa2 satisfies the assumptions in Theorems and (33 (i = 2) with
a=p8=1,d=-cosh(l), and K = 2/m. In addition, f2 satisfies the assumptions in
Theorems[Z:8 and [T witha =5 =1, d=3/2, and K = 2/.

Example 4.3 (Case 3 [7]) Consider the function f3(t) = e~ U+ /(1 4 t) and its
definite/indefinite integral on I3:

/°° f3(t)dt = E1(1), (4.5)
0

/T fs(®)dt =E1(1) —T(0,1+7), (4.6)
0

where E1 () is the exponential integral, and T'(s,x) is the incomplete gamma function.
The integrand f3 satisfies the assumptions in Theorems and [33 (i = 3) with
a=p8=1,d=3/2 and K = e"'. In addition, fs3 satisfies the assumptions in
Theorems 2.9 and [TH with o« = B =1, d = log(n), and K =e.

Numerical results are shown in Figures [[H6l All programs were written in C++
with double-precision floating-point arithmetic, and the GNU Scientific Library was
used for computing special functions (for this reason, rounding errors are not con-
sidered). In Figure @ ‘maximum error’ denotes the maximum value of absolute er-
rors investigated on the following 403 points: 7 = 0, £27100 £279 4971 490
421 ..., £2'9° Similarly, in Figures Bl and [6, errors were investigated on 201 points
(just the positive points of above), and their maximum is plotted in those figures. In
each graph, we can see that the error estimate by the presented theorem (dotted line)
surely bounds the actual error (solid line).

5 Proofs
5.1 In the Case of the SE Transformation

Let us first have a look at the sketch of the proof by using the Sinc quadrature as an
example. Let F(z) = f(¢smi(2))¥ép:(z) (recall that we employ the SE transformation
t = ¢sei(z)). Then, we have to evaluate the following term:

/°° F(z)dz —h i F(kh)|.

For the estimation, the function space defined below plays an important role.

/ F@Eydt—h " f(sm (kb)) e (kh)
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Figure 1: Error of Sinc quadrature Figure 2: Error of Sinc indefinite in-

for (&1]) and its estimate. tegration for ([{2)) and its estimate.
1ry ‘ ‘Observed‘error (SE)‘ —— A 1 ‘ ‘ ‘ ‘
Error estimate (SE) -
0.01 - Observed error (DE) —s— | 0.01
Error estimate (DE) ----- -
0.0001 | (OF) 1 5 00001
1e-06 |- S 1e06
2 1eo08t E  leos
o £
le-10 = le-10
g .
le-d2 1 le-12 * Observed error (SE) —— ]
le-14 F le-14 + Error estimate (SE) - |
Observed error (DE) —=—
le-16 | ) ) ) ) 1 le-16 ) ) Error estimate (DE)‘ fffff 1
0 20 40 60 80 100 0 20 40 60 80 100
n n

Figure 3: Error of Sinc quadrature Figure 4: Error of Sinc indefinite in-

for (3] and its estimate. tegration for ([{4]) and its estimate.
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Figure 5: Error of Sinc quadrature Figure 6: Error of Sinc indefinite in-
for (L3 and its estimate. tegration for (4.6]) and its estimate.
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Definition 5.1 Let L, R, a, 8 be positive constants, and d be a constant where 0 <
d < m/2. Then, Li® , 5(Za) denotes a family of functions F that are analytic on Da,
and for all ¢ € Pq and v € R, satisfy

L
F <
[F(Q)] < [14 e2¢ /2|1 4 e2¢ |B/27

(5.1)

R

|F ()] < (e 2%)o/2(1 F e22)72"

(5.2)

If F' belongs to this function space, the error of the Sinc quadrature is estimated as
below. The proof is omitted here because it is quite similar to that of the existing
theorem for case 4 [3] Theorem 2.6].

Theorem 5.1 Let F € L%, 5(Za), let p = min{a, B}, let h be defined as [23),
and let M and N be defined as Z4). Then, it holds that

|/°° F(z)dz —h i F(kh)

S z 2L +R efw/Zﬂd,u,n.
B (1 — e~ V2mdi) cos d}(otB)/2

This theorem states the desired error estimates with explicit constants for the Sinc
quadrature (if F € Li%; , 5(Za), which is not yet confirmed).

For the Sinc indefinite integration, the next theorem holds. This proof is also
omitted because it is quite similar to the proof for case 4 [3] Theorem 2.9].

Theorem 5.2 Let F € Li%; , 5(Za), let p = min{a, 8}, let h be defined as B2),
and let M and N be defined as [Z4). Then, it holds that

¢ N
/ F(x)dx — Z F(kh)J(k7h)(f)|

oo k=—M

<2 L =4+ LIR
12 (1 — 672 ﬂd”){cos d}(a+5)/2 d/,L

This theorem states the desired error estimates with explicit constants for the Sinc
indefinite integration.

In view of Theorems Bl and B2l our project is completed by checking F €
Li‘?&aﬁ(n@d) in each case: 1, 2, and 3. Let us check each case one by one.

ef\/ndun .

5.1.1 Proofs in Case 1 (Theorems [2.3] and B.1])

The claims of Theorems [2.3] and 3.1 follow from the next lemma.

Lemma 5.1 Let the assumptions in Theorem [2.3 or Theorem [31] be fulfilled. Then,
the function F(¢) = f(wsr1(¢))sr1(C) belongs to LSL]?R’Qﬁ(.@d) with

L =2"K/{cosd}”~"/? and R=2"K.
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Proof: First, consider the case a < 8. From the inequality (21I), it follows that

K

— L 9a 2¢ ((B—a)/2
Tt e X |a/2]1 1 eX |5/2 271 +e™ |

[F(Q] < K|E1(vse1(C); @) |[thsea (O]

for ¢ € 94 with Re( < 0, and from the inequality (2.2), it follows that

’ K 2°
|F(<)| S K|E1(¢SE1(C)7B)HwSEl(CN = |1 +e,2< |a/2|1 +62< |ﬁ/2 ' |1 +e,2< |(5,a)/2

for ¢ € 94 with Re( > 0. Setting ( = x + iy with x < 0, we have

[ 2 —a)/2 [ 2x —a)/2 Sin2 Y (G
2 |1+6C|(B )/ =92 (1+e )(5 )/ 1— 5
cosh” x

< 204(1 +eo)(5*0)/2 {1 _0}(5*04)/‘1

28
— 2(a+ﬁ)/2 < 25 < .
- - {COS y}(ﬁ*a)/z

Furthermore, setting ( = x 4+ iy with = > 0, we have

28 2°
I+e 2 [B-/2 PSRV sin2y | (B—)/4
[1+e] (1+em2e)(a=e/2 {1 — oot}
< 27 B 27
= sin2y \B-/% (B-a)/2"
(1+0)(B=)/2 {1 — sy {cosy}

Thus, because p = a and v = § in this case, it holds for all { € 2, that

1< K ) 2 7
|1 + 6724‘ |a/2|1 + e2c |/B/2 {COS d}(V*H)/Q

[F(C)

and it holds for all z € R that

K 2v
(14 e 22)a/2(1 4 e2%)8/2  {cos 0}(»—m/2"

|F(z)| <
In the case a > 3, the same inequalities hold. This completes the proof. []

5.1.2 Proofs in Case 2 (Theorems [2.4] and with i = 2)
The claims of Theorems [Z4] and (i = 2) follow from the next lemma.
Lemma 5.2 Let the assumptions in Theorem or Theorem [T be fulfilled with

i = 2. Then, the function F(¢) = f(¥se2(¢))tina(C) belongs to L, 5(Za) with
L=K and R=K.

Proof: From the inequality (26]) with ¢ = 2, (51)) and (52) immediately hold with
L=R=K. O
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5.1.3 Proofs in Case 3 (Theorems [2.4] and with i = 3)
The claims of Theorems [Z4] and (i = 3) follow from the next lemma.

Lemma 5.3 Let the assumptions in Theorem or Theorem [32 be fulfilled with
i = 3. Then, the function F(¢) = f(¢¥ses(¢))ins(¢) belongs to L o 5(Za) with
L=2°2¢, 4K and R =20~ 1=aD/2 i where co 4 is the constant defined in (28).

To facilitate the proof, we prepare some useful inequalities (Lemmas E4H5.7).

Lemma 5.4 For all { € Dy, it holds that

S i < S
1] e < arcsmb(e ) < e . (5.3)
V2 |14 e 1 + arcsinh(e¢) 1+e¢
Furthermore, for all x € R, it holds that
arcsinh(e®) < e’ (5.4)

1+ arcsinh(e*) = 1+e*’

Proof: First, consider (5.4]), which is proved by showing that p(t) < p(sinht) for
t >0, where p(t) =t/(1+1t) (just put = log(sinht)). Because p(t) is monotonically
increasing, the desired inequality p(t) < p(sinht) clearly holds. Hence, (54]) is proved.
Next, consider (5.3), which can be proved by showing that |g(¢)] < /2 and
11/9(C)] < V2, where
9(¢) = : arcsinb(ec) 1+e
+ arcsinh(e¢) e¢

The functions g and 1/g are analytic on Z,/, (and continuous on W/g) Therefore,
by the maximum modulus principle, |g(¢)| and |1/¢(¢)| have their maximum on the
boundary of Zr,,. It is sufficient to consider z = = +1(m/2) for z € R.

First, let us show 1/|g(2)| < v/2, which is relatively easy. Setting

X = Re{arcsinh(ie”)} and Y = Im{arcsinh(ie”)},

we have 9 2
2 . 2 —2x X +Y
9G) = lote +im/2) = (1 +e ) gy

Furthermore, from

x logle” ++ve?® —1] (if = > 0),
o (if = < 0),

/2 (if = >0),
arctan(e” /v/1 —e2*) (if x < 0),

it holds for = > 0 that

1 1 (1 4 log[e® ++v/e2@ —1])? + (1/2)?

lg(2)[*  14e-2® log®[e® +v/e?* —1] + (/2)?
1 (14 {VI+n2Z—-1}/2)% + (m/2)? -

STre®  ((VITm o 1)/27 + (w2
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and it holds for x < 0 that

1 1 1 1 1
lg(z)]?  1+e 2 { arctan?[e* //1 — e27] } T 1l+e 2 { (e®)? }
Thus, [1/g(x +i7m/2)|> < 2 holds for all z € R.
Next, let us show |g(z)| < v/2. It holds for = > 0 that
271, 2z 2
log®[e” +ve?* —1] + (71/2) <(+1)-1=2.

IO =0t ) A gler +ve® T + (/2"

For z < 0, we have

9(2)I = (1 +e7*)

arctan®[e” /v/1 —e2?] 2§ n ( s )2 1
1 + arctan?[e* /v/1 — e2%] 14 s2 tans/ 14 s2’

where 0 < s = arctan[e” /v/1 — e??] < 7t/2. In the case where 0 < s < 1, it holds that

s 2-12 ( s )2 1 212 |
< < 1) —— =2
E < Tt as) e <tre W e =2
and in the case where 1 < s < 7t/2, it holds that
2-(n/2)* 2 2-(n/2)* 2
PRI A S 1 L S
1+ (mt/2)? tans/ 1452 = 1+ (1/2)2 tanl/ 1+ 12
Thus, |g(x +im/2)|* < 2 for all € R. This completes the proof. [J

Lemma 5.5 For all ( € P2 and x € R, we have
1 < V2
e VI o]~ M+et]
1 1

< .
e? +vV1+e2r ~ 1+e”
Proof: First, consider (5.6]), which is proved by showing

1+e®
)= —— <1
9(x) i -
for x € R. Because

x

/ T € z T
g(x)=—e <1—\/ﬁ> ((1+e ) —V1+e? ) <0,
we have g(z) < limg— oo {g(x)} = 1, which is the desired result.

Next, consider (5.5), which is proved by showing |g(¢)| < v/2. The function g is
analytic on %/, (and continuous on %,/3). Therefore, by the maximum modulus
principle, |g(¢)| has its maximum on the boundary of Z/s, ie., |[Im(| = /2. It is
sufficient to consider z = z +1i(7m/2) for z € R. In the case z > 0, we have

2

2 1 . e " 1—'—6721‘ —2z
2)|° = —1i = <l+e < 2.
l9(=)] 1+vV1—e2 1+vV1—e 2 (1+V1—e2%)2 7 -

In the case z < 0, we have

lg(2)|* = } 1—e2 4 e —i(1—y/1—e2®)e”

This completes the proof. [

2
=1+e* <2
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Lemma 5.6 For all ( € P2, it holds that

1 < 1
Tt e] = JL+ e[/

Proof: Let x, y € R with |y| < /2, and let ( =z +iy. Then, we have

2 _ e ” (\/2(Cosh(x) + cos(y))? B 1)
2(cosh(z) + cos(y)) cosh(2z) + cos(2y) '

To show that the right-hand side is nonnegative, it suffices to observe

el
14 e 1+ e

2(cosh(zx) + cos(y))? 1= 1+ 2cosh(z) cos(y)

cosh(2z) + cos(2y) cosh?(z) —sin?(y) —
because it generally holds that if t — 1 > 0 then v — 1= (t —1)/(+v/t+1) >0. O

Lemma 5.7 Let xz, y € R with |y| < /2. Then, it holds that

cosh?[(x +iy)/2] cos®(y/2) 1 1
P cosh(z +iy) ‘S (1+cosy)'

cos y 2

z€R

Proof: First, we have

cosh(z +iy) N 2/cosh?(z) —sin?(y) ~ 24/cosh?(z){1 — sin? (y)}7

which is then estimated as

cosh?[(z +iy)/2] ‘ cosh(z) + cos(y) < cosh(z) + cos(y)

cosh(z) + cos(y) __cosh(x) 4 cos(y) < 1+ cos(y) .
2\/cosh2 (z){1 — sin2(y)} 2cosh(z) cos(y) — 2-1-cos(y)

This completes the proof. [
Lemma [5.3]is proved as follows.
Proof: From the inequality ([2:6]) with ¢ = 3, it follows that

arcsinh(e®) /2

1+ arcsinh(e¢)

POl < K |
IF(O)] < =

1
e +v1 4 e
First, consider the case 1 < a. From Lemmas [5.4] 5.5 and 5.6 it holds that

V2 V2

2
1+e ¢ 1+e

a—1 1/2

IP(Q)] <K' |
- 1+e2¢

(a—1)/2 B8/2 1/2

1
14 e2¢

1
14+e2¢

- 1
< 98/29( 1>/2K’
- 14+e %€

for all ¢ € 4. For x € R, this means that

reisx(7=)" () (es)
- 14+e® 1+e® 14e 2

1 (a—1)/2 1 B/2 1 1/2
Ko=) (me) (o)
14+e 22 14 e?® 14+e 22
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This completes the proof for 1 < a.
Next, consider the case 0 < a < 1. From Lemmas [5.4] 55l and (26, it follows that

V2 5’ 1
14+eS| |1+e2¢

(I—a)/2 NG}
1+e

1/2

IF(Q) < K |[V2(1+e°)

}lfa

2(1+e ¢)? /2

14+e-2%¢

]
1
=K
‘ ‘1—&-6*2(

Furthermore, from Lemma [5.7] it holds for ( = x +iy € 2,4 that
<2 (1 + L) .
cosy

B/2

cosh?(¢/2)

cosh((Q)

2(1+e 92|
14+e-2¢ |

Then, using Lemma [5.6] we have

Q)] < 25/2}({2 (1 " L)}(“a)/?

cosd

1 a/2

1+e%

1
1+e2%¢

for all ¢ € Z4. For x € R, it holds that

Fel <k (vE+e) " () ()

1+e= 1+e 22

21 4o ) “W( =) (=)
1+4+e 2= 1+e* 1+e 2=
1 (1—a)/2 1 B/2 1 a/2
<K|(2(1 —_ _ .
- ( ( +COSO>) (1+e2”) (1+e*2x>

This completes the proof for 0 < a < 1. [

[
=

5.2 In the Case of the DE Transformation

We need the following definition in the case of the DE transformation.

Definition 5.2 Let L, R, o, 8 be positive constants, and d be a constant with 0 <
d <m/2. Then, LY%% . 5(Za) denotes a family of functions F that are analytic on Pa,
and for all ¢ € Yq and x € R, satisfy

(t/2) L] cosh (|
|1_|_ef7'[sinhg |a/2|1+eﬂsinh(|ﬁ/2’

IF(Q)] < (5.7)

(7t/2)R cosh z
(1 + efnsinh;v)a/Z(l + e’i‘rsinhz)ﬁ/2 :

|F ()] < (5.8)

If F belongs to this function space, the errors of the Sinc quadrature and Sinc indefinite
integration are estimated as below. The proofs are omitted because they are quite
similar to those for the existing theorems for case 4 [3, Theorems 2.14 and 2.16].

Theorem 5.3 Let F € LY , 5(Za), let p = min{c, B}, let v = max{a, 8}, let h be
defined as 29), and let M and N be defined as (ZI0). Furthermore, let n be taken
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sufficiently large so that n > (ve)/(8d), Mh > x4/2, and Nh > 2/, hold. Then,

o N
}/ F(z)dz—h > F(kh)

k=—M

<

2 2L
< R 7w /4 —2mdn/ log(8dn/p) .
p | (I —e e/t {cos(F sind)}(@+8)/2 cosd e ¢

Theorem 5.4 Let F € LY%; , 5(Za), let p = min{co, B}, let v = max{a, 8}, let h be
defined as 2I1)), and let M and N be defined as (ZI0). Furthermore, let n be taken
sufficiently large so that n > (ve)/(4d), Mh > /2, and Nh > xg/5 hold. Then,

sup
£ER

—o0

¢ N
/ Fz)dz— > F(k:h)J(l@h)(g)‘

2
= d {(1 e %) {cos(

L
= + Re™OTAA DB (),
2

sin d) }(«+8)/2 cos d

In view of Theorems 3] and 54 our project is completed by checking F €
L2% o.5(Za) in each case: 1, 2, and 3. Let us check each case one by one. The
next lemma is useful for the proofs.

Lemma 5.8 (Okayama et al. [3, Lemma 4.22]) Letz, y € R with |y| < 71/2, and
let (=x+iy. Then,

1
(1 4 emsinh(@)cosy) cos(Z siny)’

IN

1
1+e™ sinh ¢

IA

1 1
1 + e—7sinh¢ ‘ (1 _|_ef7rsinh(ac)cosy)cos(g siny)'
5.2.1 Proofs in Case 1 (Theorems 2.7 and [3.3))

The claims of Theorems 2.7 and [B.3] follow from the next lemma.

Lemma 5.9 Let the assumptions in Theorem [2Z71 or Theorem [3.3 be fulfilled. Then,
the function F(¢) = f(¥pr1(¢))¥nr:(¢) belongs to LT o 5(Za) with

T (v—p)/2
L=2"K/ {COS(E sind)} and R=2"K.

Proof: First, consider the case a < 8. From the inequality (21), it follows that

K
|F(<)| < |1 _|_ef7'[sinhc |a/2|1 _|_e7'[sinh( |B/2

. 2a|1 + e’rrsinhc |(ﬁ7a)/2

for ¢ € 94 with Re( < 0, and from the inequality (2.2), it follows that

()l < K e
C = |1_|_e—7'[sinhc |a/2|1+e7'[sinh( |B/2 ’ |1_|_ef7'[sinhc |(Bfa)/2
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for ¢ € 94 with Re{ > 0. Setting ( = x + iy with = < 0, we have

2a|1 + e’rrsinh( |(ﬁ7a)/2

. . (B—a)/4
_ 2a(1 + eﬂsinh(x)cos y)(ﬂfa)/Q 1- SIHZ(TCCOSh(x) Slny) “
cosh?(mtsinh(z) cos y)

28
< 92%(1 0\(B—a)/2 1—-0 (B—a)/4 — 2(a+,8)/2 < Qﬂ < .
<2%(1+e) { } =7 7 {cos(Z siny)}B-)/2

Furthermore, setting ( = x + iy with > 0 and using Lemma [5.8] we have

2° 2°
|1 + e—7sinh( |(ﬁ7a)/2 < (1 +ef’rrsinh(:v)cosy)(Bfa)/Z{COS(g Siny)}(ﬁfa)/2

28
< .
= (14 0){cos(F siny)}B-)/2

Thus, because p = a and v = § in this case, it holds for all { € %, that

K 2Y
IF(Q] < |1+ e msinhC [a/2[] 4 ersinhC [B/2 {cos(Zsind)Jr=m/2’

and it holds for all x € R that

K 2"

F < - - . .
|F(z)] < (14 e-msinh)a/2(] 4 ensinhe)B/2  {cos(Z sin 0)}(v—1)/2

In the case a > 3, the same inequalities hold. This completes the proof. []

5.2.2 Proofs in Case 2 (Theorems and [3.4)

The claims of Theorems [2.8] and B4 follow from the next lemma.

Lemma 5.10 Let the assumptions in Theorem[Z8 or Theorem [3.7] be fulfilled. Then,
the function F(¢) = f(¢pr2(¢))¥nr2(¢) belongs to L% , 5(Za) with L = K and
R=K.

Proof: From the inequality (26]) with ¢ = 2, (57)) and (58)) immediately hold with
L=R=K. O

5.2.3 Proofs in Case 3 (Theorems and [3.5])
The claims of Theorems [2.9] and follow from the next lemma.

Lemma 5.11 Let the assumptions in Theorem [Z.9 or Theorem[3.3 be fulfilled. Then,
the function F(¢) = f(¢pms:(C))¥brs;(C) belongs to LE g 00 25(Za) with

L=2(G) °“K and R=2("")'""K,
where ¢q is the constant defined in (212]).

For the proof, we need the following estimate.
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Lemma 5.12 Let d be a constant with 0 < d < m/2. Then,

1+ 10g(1 + ev—rsinh() 1 ]
. ' ' mic | < G 5.9
CE% log(1 + emsinh¢) 1t o msmhc| = (5.9)
1 1 1 7tsinh x
sup + log( te - ) . 71 — /12, (5.10)
z€eR 10g(1+e7'[sln ;v) 1_|_e mtsinh x

where Cq is a constant defined in (212)).

Proof: First, consider (5.I0]), which is proved by showing

1+t
plt) = =

for t > 0 (put t = log(1 + e™*™2®)). Let A be a value with log6 < A < log7 so that
PN = (1+ A+ 2% —e)/(e* A\?) = 0. Then, p(t) < p()\) clearly holds. Furthermore,
using the relation 1 + X + A2 = ¢, we have

()\)_1—&—)\ =1\  1T+XAAA+N)  T+A+AD)+A
P == er DY er - er

1
(l—e <1+ %6 (< e™2)

=14+xe .

Because the function 1 + z e~ is monotonically decreasing for z > 1, 1 4+ Xe™ <

1+ (log6) e~ '8¢ holds (note that log6 < ). Hence, (5-I0) is proved.
Next, consider (5.9]). By the maximum modulus principle, it is proved by showing

Ip(&)| < 1+1log(2+e)

oga ey (e =4, (5.11)

where & = log(1 4 ™sMhEH DY and 4 = — log[cos(% sind)]. Here, notice that
Re§ _ 10g |1 + eﬂsinh(achid) | > 10g [(1 + eﬂsinh(x)cos d) COS(% sin d)] > —

holds from Lemma 58l Let us bound |p(€)| in the two cases: a) |¢] < log(2+€e”) and
b) |€] > log(2 4 €”). For case a), it holds that

2L (—£)kL  elk—1
(H&)Z% §(1+|g|)z|f| Rl S PRI

k! §
Furthermore, because (1 4+ x)(e* —1)/z is monotonically increasing, we have (G.I1)).
For case b), because Re& > ~, it holds that

1+ [¢] 1+ ¢ 1+ ¢
4 § §

Furthermore, because (1 + x)/x is monotonically decreasing, we have (GII)). This
completes the proof. [

Lemma [5.1T]is proved as follows.

Proof: From the inequality (2:6]) with ¢ = 3, it follows that

Ip(&)] =

p()] < 1+ = (1+e B8 < (1+¢).

11—«

F(Q)| < | L los( e ) [¥bes (O]
— 10g(1+ensinh() |1+e7'rsinhc|ﬂ
1 4 log(1 + €™ <) 1 e K(m/2)| cosh C|

log(1_|_e7rsinh() ’ 1+efrrsinhg“ |1+ef7'rsinhg“|a|1+e7'rsinh( |B'

Then, use Lemma [5.12] to obtain the desired result. [
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