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Verification methods for inclusion disks

Laana D. Perkovi¢ and Mirostav Tragxovié

In drcular complex arithmetic a problem of finding an including circular approximation of some
complex-valued range often arises. In this paper different approaches to verify the enclosure are
considered. For each method an example is incorporated.

Metoap! BepuduKaIym AASL AUCKOB
BKAIOUEHILT

A. A. Ierkosua, M. Travkosud

B Kpyroso#i KOMNAEKCHOM apH(PMETHKE 4acTO BO3HHKAET NMpoh/ieMa HaXOXICHHMA BK/NOUAIOLIEH Kpyro-
BOWM aNNpPOKCHMAUNH HEKOTOPOM KOMIUIEKCHO-3Ha4HOH o06aacTH. O6CyXAaioTcsA pasHYHBE NMOAXOAH K
BepHHUKAUMM TaKHX BKMIOYeHHH. 1A KaXI0ro H3 METOAOB MPHBEAEH IPHUMEp.

Introduction

Let Z ={z:|z— (| <r} be a disk in the complex plane with the center ( = mid Z € C and
the radius 7 = rad Z > 0, denoted shorter by parametric notation Z = {(;r}. If f is a closed
complex function then the complex-valued set f(Z) = {f(z) : z € Z} is closed. In general,
the range f(Z) is not a disk, which is quite impractical in calculations. In order to remain in
the realm of disks, it is convenient to introduce a circular including approximation, denoted

by [(f(Z)), which completely includes the range f(Z), that is, I(f(Z)) 2 f(Z). The disk
I ( f(Z )) is called a circular including approximation, or shorter, I-approximation. The practical point
is to find an as good as possible [-approximation for given f and Z.

Many authors have studied [-approximations, especially for elementary functions, polyno-
mials, rational functions and analytic functions. For a given disk Z = {{;r} and a function
f let us assume that we have found (using some useful technique or an assumption based on
geometrical construction) a disk {c; R}. Then the following important question arises:

Does disk {C; R} completely contain the complex-valued range f(2), that is, is the enclos-
ing condition

[f(z) - <R (z€2) (1)
valid?

The checking of the inequality (1) is often very difficult. In some cases a suitable
approach or technique can solve this problein. This paper is devoted to some methods for the
verification of the enclosing condition (1). We present several such methods, together with
illustrative examples (for demonstration).

In the sequel, an inclusion disk of the form
L(f(2)) = {f(¢; R} 2 f(2)
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whose center is the image of the center of the domain Z, will be called the centered form
for f(Z). Obviously, among all inclusion disks with the centered form, the best enclosure is
attained by the disk with the radius

R = Ro = max|f(z) - f(() = max[f(z) = f(O)I

where T is the contour of disk Z. This is the so-~called optimal centered form, denoted by I, ( flz ))
Evidently, the best J-approximation to the closed range f(Z) would be a disk with the

diameter equal to the diameter

d = diam{f(Z)} = max [f(z1) - f(22)] (2)

z1,22€Z

of the range f(Z) under the condition that this disk contains completely f(Z). As it was
proved in [5], if such a disk exists then it is unique and its center ¢ (say) is the mean of
the diametrical segment lines. This disk is called the diametrical including approximation or D-form

for f(Z), denoted by Id(f(Z)) = {¢;d/2} (see [4]). The enclosing condition is given by the
inequality

fo)-dss (:€2) ®

Inclusion disks I, ( f(z )) and I ( f(z )) with centered and diametrical form are shown in
Figure 1.

1(fZ))

Figure 1. Centered and diametrical disks for the range f(Z2)

1. Method of extremum

We find the maximum of the function |f(z) — ¢], z € Z, and show (according to (1)) that it is
not greater than the radius R of the possible inclusion disk {c; R}.
Example 1. Optimal centered form for the range Z", n € N.

Let ' be the contour of a given disk Z = {{;7}, { # 0 (the case { = 0 is trivial). Then
an arbitrary point z € Z is given by

z=(+ret =((1 +pei(t"")) =((1 +pei9)
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where
r

|—C~l, o =arg(¢), 6€][0,2nm).

Than for f(z) = 2" we find the radius Ry of the optimal centered form:

p:

Ro = max|f(z) - f{Q)] = max|e" — " = [¢"| max (1 + pe”)" — 1]

()1 ()

" z (;)pk = P+ - 1.

= "

2. Circular arithmetic

Since the absolute value of a disk W is defined as |W| := |midW| + rad W, we find
I .pproximation [ ( fz) - c) and reduce the enclosing condition (1) to the inequality

|£(2) = clzez < max|f(2) o] < [midI(f(2) ~ )| +rad I(f(Z)~c) <R (4)

Example 2. Diametrical form for log Z.
Let 0 ¢ Z = {¢;r} and let p = r/|{| < 1. Using circular arithmetic the following
inequality has been derived in [8]:

1
|log 21 ~ log 7| < log ;2 (5)

for all 21,29 € Z. Therefore, the diameter of the range log Z is given by

i 1+ +r
d = diam{log Z} = zﬁf‘éczllngl — log z2| = log 7 P log }g: —-

The boundary of the range log Z is centrally symmetrical in reference to the two mutually
perpendicular axes which are parallel to the real and imaginary axes (see Borsken [2]). Hence,
we can conclude that the equality in (5) appears for z} = ( + Te'*8¢ and zj = { — re!*ES,
which means that these points lie on the diametrical segment line. As mentioned previously, if
a diametrical disk exists (that is, if the enclosing condition (3) is valid), then its center is the
mean of the diametrical segment lines. Therefore, the possible center of the diametrical disk
for log Z must be the point determined by

log 27 + log 25
A=8AaT08% ; 8% =log/[¢]2 —r? +iarg(.

Thus, the disk {A;d/2} will be the diametrical disk for the principal-value range log Z if the

enclosing condition

{logv — Af = {p=r/IKD (6)

= —log

d 1 1+p
2 2 1-

is fulfilled for all v € Z.
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Let v = +re®, § € [0,27) be an arbitrary point belonging to the disk Z = {¢;7}. Then

we have

Hogv — A = |log(¢ +re) —log/|¢|? — 2 —iarg(
8¢e{0,2m)
; 1
= |log(1 + pe'*) — = log(1 ~ p?)
2 g=6—arg(
P e Pt
= — dt —/ — dt
/0 14 tew o 1—1¢2
Pl €% t
/o 1+te"‘f’+1—t2 d.
By circular arithmetic and (4) we estimate
e Lt 1 (1 1 ) Lt !
l+tete  1—¢2| |t 1+tew/)  1-—¢2
1 1 t
< 21— )+—
= t( {1;t})+1—t2
_ 1 {ne | {oe} |1
Tolt(1-#2) t(1-¢2) | [tQ-) | 1-¢2
so that s 1 ] 1+
P
logv — A </ dt = ~log — L.
llogv — Al < J/ 7z dt = 3log T
Therefore, the inequality (6) is valid so that the disk
1
{A;d/2} = Ii(log Z) = {log\/]CP — 712 +jarg(; Elog I‘gll +:}

is the diametrical disk for the range log{¢;r}, || > r.

3. Method of normals

In some examples the following theorem, established by the authors (see [8]), can be useful:
Theorem 1. A disk D will completely contain the region G with the boundary T'¢ if all points
belonging to the boundary I'¢ whose normals pass through the center of the disk D lie inside
the disk D.

Example 3. Diametrical form for the range Z im ¢Z, meN.

Let Z = {¢;r} and let us assume that the disk Z does not contain the origin, that is,
p:=r1/l{| <1. As it was shown in [6], the construction of the diametrical disk for the range
ZY™ reduces to the following problem:

Let D = {uo;d/2} be the disk with the center

(L +p)™+ (1~ p)/m
)

Uy =

and the radius

d_ (1+p)/m—(1-p)/m
2

o := = 5
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and let G be the image (one of m) of the disk {1;p}, p € (0,1), under w = z"/™ with
argzt/™ € [—L arcsinp, L arcsinp]. The question arises whether G is completely contained
inside the disk D.

F 3

A%

Figure 2.

Let H(u,v) be an arbitrary point on the contour 7y whose normal passes through the

—_—
center ug of the disk . From Figure 2 we can find the modulus of the radius vectors OH'

——
and OH, i
Ry g = ugcos ¢ £ up Sy \/p* — sin® me. (7)

sinmy

Using the polar coordinate system (R, ) the contour I'p of the disk D can be written as
R? —2Rugcosp + (1 — p2)/™ = 0. (8)

Let S; and S; be the points of intersection of the circle I'p and the straight line OH. Then
from (8) we find the distances Rs, and Rg, of the intersection points S; and S; (see Figure 2)
from the origin,

Rs, s, =upcosy + \/u?, cos? p — (1 — p2)i/m. (9)

To prove that disk D contains the region G, according to the Theorem 1 it is necessary
and sufficient that the point H belong to the interior of I'¢, denoted by int['p. From Figure 2
we see that H € intI'p if and only if the inequalities Rs, < Rz and Ry < Rg, hold. Taking
into account (7) and (9), the two last inequalities reduce to the inequality

sin g

2 _ qin2 < 2 2 — (1 — p2)l/m,
smm‘p\/p sin my < y/ud cos? i — (1 — p?)

Uy

After a short rearrangement and some manipulations presented in [8], this inequality becomes
arcsin

(L+p)™ = (1= p)™ > [(1+p)™ + (1 — p)/m] Sin(~7n—£>-

This inequality was proved in [8]; therefore, the disk D completely contains the closed region G.
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4. Analytical inequalities

In some suitable cases the inequality (1) can be proved directly using some particular inequalities
in the complex plane.
Example 4. Optimal centered form for the range eZ.

As mentioned above
z=(+ret=C+z, n=reteQ:={v: | =r}

We have
max | f(z) = f({)|

z€l

il

max |e* — °| = max [e¢T* — €|

zel neq

E =2y — 1‘
o k!

¢ N ¢°°1 k

= |e*| max —27l < e —

e“lma |3 et < 11X
o0

= (X gt 1) = leflle - ).

k=0

= |e‘|max |e* — 1] = |e*| max
z1€EQ 21€Q

Since |£(0) — f(¢)] = |€¢|(e” — 1), the above maximum is always reached at the point z = 0 so
that we have optimal centered form {e¢;|e¢|(e” — 1)}.

5. Method of curvature

We use the following Blaschke’s result [2]:

Theorem 2. If the curvature of the simple closed smooth boundary w(f) of a region G is
strictly positive and has exactly 2A extreme points, then the contour w(d) has at most 2A
intersections with any circle. Tangential intersections are counted as double intersections.

Sometimes, Theorem 2 enables us to check (1) in an elegant and simple way proving that
the curvature of the curve w(f) is greater than the curvature of a possible inclusion disk.

Example 5. Diametrical centered form for log Z:
Let Z = {1;p} be a disk in z-plane, and let G be the image of disk Z under w = log z.
Obviously, boundary I'g of G is given by

w(f) = log(1 +pe®), 8¢ [0,2n).
Let D denote the disk |w — ¢[ < R with

1 2 1 1+p
c= §Iog(1 -p°), R= EIOgT:_p'
The mapping w = log z sends points z =1 £ p to the points w = log (1 £ p) = c £ R, so that
G can not have diameter less than 2R. We shall prove in the same manner as in [3], that disk
D is diametrical form for log Z.
T¢ is tangential to the circle D in the points ¢ + R. To prove that I'g lies inside D we
compute its curvature.
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The curvature k& of the curve w(6) in the complex plane is given by

where dots denote differentiation with respect to 8. For w(f) = logz(8) with z(8) = 1 + pe®,
we compute

) i
. _1pe . __pe
w(d) = (@) and w(6) (@7
Hence 14 P
pcos
k() = ————
@) = =@

wherefrom we see that the curvature is strictly positive; therefore the domain G is strictly
convex. Further, we compute

—psiné(p + cos )
12(0)1°

We see that k() has precisely four simple zeros in [0,27), at § = 0,7 and = arccos (—p).
Since circle D is tangential to w(f) in two points there are no more points of intersection.
Hence w(f) lies either completely inside or completely outside D.

It remains to show that in the point ¢ + R the curvature of w(#) is greater than the
curvature 1/R of D. Thus we want to show that k(0) > &, or

k(6) =

1+p
It >2 1
ogT—, > (10)
for 0 < p < 1. Let h(p) = log {2 — 2p. Since h(0) = 0 and h'(p) = 2p*/(1 — p*) > 0, for
0 < p < 1, we conclude that the inequality (10) holds and the proof is completed.
Regarding the domain Z = {(;r} with p = r/|(| it is easy to construct the diametrical disk
for the range log {¢;r}. Of course, the result is the same with that established in Example 2.

6. Conclusion

In this paper we have considered the problem of the complete covering of the exact range f(Z)
by a circular region (assumed or calculated) which leads to checking the enclosing condition
(1). This is often a difficult problem and there is no a unified approach to solving it. For that
reason we were forced to develope various methods for checking procedure. In this way, we
have formed a base (certainly not complete) for solving problems of this kind. Which procedure
should be employed depends on the form of the considered function f. One should also have
in mind that for a given range f(Z), inclusion disks are not all the same being of the centered
form, diametrical form, etc (see Figure 1). So if one procedure is not successful we can still try
with another.
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