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Numerical methods using defects

Boris S. DosroNETS

The paper deals with numericai methods using defects The defects are used to smooth numerical
solutions, to construct a posteriori error estimates and difference schemes, to correct solutions.

MeToaAB!, UCTIOAB3YIOIIVE HEBSI3KN

L C. AosroHEU
B pa()mc leCCM;l'IpHBZII()I‘CH METOUDBI, HCIOALIYIOIHE HEBA3KU Hessizku llp"MeHﬂK)l(:H ULt CriiaKuBa-

HHA YHCIHEHHBIX peuxeﬂnﬁ, TOCTPOCHUA AOCTEPHOPHBIX ONEHOK HOFPEUIHOCTH, YTOYHEHHSA peuxemm H
HOCTPOCHHA PAZHOCTHLIX CXEM

Introduction

Let R™ be the space of n-dimensional vectors. In what follows, we denote interval numbers
a = [g, @] with bold font: a, b, ¢, f, wid{(a) =@ — a, R" is the space of n-dimensional interval
vectors, H'()) denotes the usual L,-Sobolev space of order I. Finally, we denote by Hy(S2) the
space all u € H*(2) with u =0 on 9 (in the sense of trace).

1. Approximation of numerical solutions by finite
elements of high degrees

Let us consider the Dirichlet problem:

Lu = f, ze Q (1)
u(z) = 0, z€ 90 (2)

where (2 is a bounded open convex domain in R?, with piecewise smooth boundary o0,

L] a
Lu= —-Za—ml (“”a_zi“) + qu.

i=1
We assume that the coefficients a; € CH(Q), ¢, f € C() and that
a;>c>0, ¢q=>0, z€ Q.
Let 7, be a partition of §} comprised of elements T and

Q=uT, T.nT;=0, orcommon edge, or common corner, I # j.
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Q= {z;}}¥, are the nodes of the partition and u? = u"(z;), i = 1,..., N are the values
of some numerical solutions of the problem (1), (2).

If 7, is a triangulation, then the finite element space SP* is defined by introducing a
piecewise-polynomial basis on a Th:

Sp = {s(z)ls € H'(Q) N Hy(Q),slr € P, T € T} (3)

where P" is the set of polynomials of degree n. In the case that 7 is a rectangular partition
the subspace S7* is defined by piecewise Hermite polynomials of degree n [4, 14].

Consider the problem of approximation of u® by s € S¥, k > 3, such that

sl o < KR
Ls = fllza < Kh°?,  for some appropriate ol,02 > 0.

In order to construct finite elements of high degree [4, 14] we need some subset of the
values of s(z), 8,1 s(x), i,j =0,1,2,... for some points T € Q. Let 2o = (201, Toz2) be one
of such points.

For this purpose consider a local grid Z,54 = {zi;}, zi; = (241, Zij2):

sign(4)abs(i6)"/d + x93,
sign(f)abs(j6)"/d + xo2, 4,7 =0,£1,£2,...

24,1

2i,5,2
where 7, §, d are parameters and 7 > 1,6 > 0,d > 0.
Define p as a polynomial p = 52, aihi(x — zp) such that
ny n2
3 ailp(v}) — w(W)I? + 3 BilLp(vf) — f(v)° — min “)
i=1 i=1
where 1); are given linearly independent functions. Let, for definiteness,

Yolz) = 1,91(z) = z1, %2(x) = T2, Y3(x) = 13, oW, (z) =25, ny=(n+2)(n+1)/2

{v}}, and {v?}[2, be the nodes of the auxiliary grid, disposed in the neighborhood of the

i=1

point To. Here v} € Qpn, v2 € Zrsg, n+1n2 2 np+ 1,0y > 20+ 1,

a = a-1/(p(v} )" +as),
Bi = B/ P(Uiz,Io)"-l'*'ﬂ—z)

where p(z,y) is a distance between the points z, y; _;, O-; is expressible in terms of the
accuracy of the numerical solution u:

”U - u:HLoo(Qh)’
h'”u —u “Lco(Qh.)'

a_i,0-9,31

B-2

o~
~
~
~

The problem (4) is reduced to the solution of the system of linear algebraic equations

Ba=d
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where

{8y
H

{bij}i5=0s
(a07 ai, a’27 vy a“n,,)y

by = Y authi(v) — Zo)w;(vf — z0) + 3 Bilai(v} — zo) Le; (v} — o),
=1

=1

S
I

4 = Zl o (v} )i (v — o) + Zzﬂlf(vf)Lwi(vlz — 3p).
=1 =1

We can put s(zo) = p(zo), ;5 s(x0) = 8, p(xo).

Theorem 1 [7]. Let u € C*() be the exact solution, Qp, is a uniform rectangular grid and
1" is the numerical solution of problem (1), (2) by a certain difference scheme [12] s € S}
constructed as above and S3 is the piecewise Hermite polynomials subspace. Then

e —utl|o@n S Kh?
lIsllLwany < Kh,
Ls = flliwiy < KA?

where h is the meshsize, K is a constant independent of h.

2. A posteriori error estimate

Let us consider the use of an approximation of numerical solutions by finite elements of high
degrees for an a posteriori error estimate of boundary value problems for elliptic equations.
The base of this method is the principle of monotony {2, 3, 15].

Let u" be a numerical solution of the problem (1), (2) obtained by a certain difference
scheme [12] and s € S} constructed as above. We can use the defect

0(z,5) = Ls — f(z), z€Q )

We solve numerically the additional problem
Luw =1, zinQ, (6)
u(z) = 0, z on A8 (N

and also build sy in an analogous way. As a consequence of Theorem 1, for sufficiently small

h > 0 the inequalities
Ls;>1-Kh*>0 on 0Q

hold. Then the interval solution has the form
u=s+[aals + (8,0

where

il
il

max(—p/Ls1), min(~p/Ls1),
Q [¥]

wl &
il
= R

Irégx(—'dsl —-5,0), = nalgzn(-gsl —-3,0).

Theorem 2 [7]. Assume that the assumptions of Theorem 1 hold. Then
Iwid(W)]|Loy(ey < KA?

where h is the meshsize, K is a constant independent of h.



386 B. S. DOBRONETS
3. Defect correction method

Defect correction method is the common name of special discrete Newton’s methed {1, 9, 13).
In this section we consider the defect correction method for problem (1). We will use the
finite element method only with linear elements, but the final solution will have accuracy
corresponding to cubic elements.
The solution of (1) is understood in the following weak sense: find a function v € H}($2)
such that
L{u,v) = (f,v), Yve Hy(Q) 8)

where (-,-) is the inner product in Lo,
2
Llu,v) = /QZaiaiuaiv + quudQ.
i=1

We define the finite element solution u® of the problem (1) as a function from S} that satisfies

the equation
Lluhoh) = (fioh), Whes] ©)
= 0, on Of.

h

Further, using the finite element solution u" we construct s € S3(Q) according to Section 1.

Consider the identity
Lis,v) = (fiv) -, Woe HYQ) (10)
where ¢ = (f,v) — L£(s,v). Subtracting (10) from (8) we have:
Llu—-s,v) =9, YveHI(Q). (11)
Denoting € = u — s we write the equation for ¢ in the weak form
L(e,v) = o, | Yu € HYHQ). (12)

Further, let £* be an approximate solution to the problem (12) by the finite element method
in Si. Then the corrected solution is

Scor = S + et

Theorem 3 [5]. Let u € H*(Q), Q4 be a uniform grid.
Then
H'lL - Scor“Lz(Q) S Kh4l|ul‘H4(Q)
where h is the meshsize, K is a constant independent of h.
If we take the initial solution u® = 0 and sy = 0, then the correction procedure should
be done several times:

— € ) —
Sy =8 +s, 1=01,...

where s¢ € S} is the approximation of eh.
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4. The cell approximate solution method

In this section, we present a method for the construction of difference schemes for the problem
(1) on nonregular grids.

Choose the node zg € Q0 and let zy,...,Z, € £l be nodes that lie in the neighborhood
of zo. We define the cell {2 as a minimal convex polygon, such that € 3 z;, 1 =0,1,...,n.
We will seek an approximate solution s = p in {p by the process (4), with n; = n, v} = z;
(i=1,. .,n), and with u = uz;) (i =1,...,n) as parameters. Put u} = s(zo) and

s=s(z,ul, ... ul).

‘I ien we obtain

up =Y v + Foht (13)

where 7;, Fp are constants, depending on the coordinates of the points z;, 7 = 0,1,2,...,n
and coefficients of the problem (1), & is the diameter of {1y . If we take zy equal to each point
of the mesh £, then we obtain a difference scheme for u”.

The precision of the difference scheme (13) depends on the precision of the approximate
solution s. Assume, that u; = u(z;) and the inequality

fula) — s(z0, ..., ua)| < O
is fulfilled. Then, following {12], we have
[u(z) — w™(z)| < CA7*, 1€

Observe that in the general case | = n+ 1 and k£ = 2 for s € P". Following this method
we can construct practically all known difference schemes for elliptic and parabolic equations.
Taking s in the form of the generalized polynomial, we can construct some difference schemes
with given properties.

41. Two-point boundary-value problems
Consider
Lu = ~a% (p(—i%u) +qu=/f, =ze€(0,1) (14)
u(0) = u(l)=0. (15)
Suppose
p(z) >c1 >0, ¢z} >0, z € (0,1),

g, f€CT0,1], peC0,1]

for some integer 7 > 0.
For the interval {0, 1] we choose the mesh points

Qh={0=l‘0<l'1<'”<171v=1}, N > 2



388 B. S. DOBRONETS

Consider the cell Q; = [Ti_1, Zi41]. Let P™[zi—1, 2i41] be the set of polynomials of degree n on
the interval [z;.1,2;+1]. We will seek the approximate solution s € P" in the cell 2; of the

form

l

s=> afr—x)

n
1=0
and require that for s the conditions

s(ioy) =ulny s(zia) = uly (16)
be valid. In the cell 2;, we choose the knot sequence

wi ={zis1 <21 <+ < 2a1 S Tig1 )

In order to construct s we use the methods of Section 1 with n; = 2, v} =z, v% =T
- 2 _ .
n,=n-—1,v = z;
Ls(z) = f(z), l=1,...,n-1 an
Thus to determine s we have to solve the system of linear algebraic equations
Ba=4d
where the vector d has the form:

d= (uty,uly, (2, f(2), . Fzn ).

Note that B is invertible. Let B~} be the inverse matrix to B. Then we have

n+l1

ul =s(z;) =ag = Bl_,zlﬂiz

1=1
and the difference scheme
uf =l + Nl + PR (13)

where F; are linear combinations of f(z1),..., f(zn-1).
Consider the accuracy of the scheme (18). Let p € P™zi1, Zis1], u € C™[zi1, Tisa]. If p

interpolates u, then
|p(‘7“) - U(I)l < Khn+1, T e [xi_l. Ii+1].

Hence, it follows from [12] that
lu(z) — u(z)| KCA™Y, €

where K is a constant independent of A.

This scheme is similar to the “exact” difference scheme [12]. But this approach does not
require the exact solution of problem (14) and is applied here, in particular, to boundary-value
problems with small parameter € > 0, ¢ < 1.

Consider

Lu = _9 (ezéu) +qu=f z€{01), (19)
(20)

i~y
—
[e=)
=
Il
I
—
fom
~—
It
(o]
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We will seek the approximate solution in the cell €; of the form
s=Y oz —z)" + anrrexp (/\O(z)/s) + Otpip €XP (/\1(:5)/5;‘).
1=0

The functions Ag, A are solutions of the initial value problems
exg+ (M) —q=0, 7€ (zi,Tir1)

Ao(xi-1) =0, Ao(@i-1) = y/q(zi-1)
N + (M) —q=0, z€(zi1,Zir1)

A1) =0, M(Ziv1) = /a(Tirr).

As a numerical example, we consider the problem [8]

- +u = —cos®(rz) ~ 2e*n? cos(2nz), (21)
u(0) = wu(l)=0. (22)

The exact solution is
u(z) = (exp ( —-{1- x)/e) + exp(—x/s))/(l + exp(——l/s)) — cos®(mzx).

The problem (21) can be solved on uniform grids §2, with some meshsize A, n = 2. Numerical
results are presented in Table 1.

€ h=02} h=011]h=0.05
1.0 265E-3 | 1.71E~-3 | 140E-3
0.1 790E—4 | T64E-5 | 5.10E-6
001 | 458E-5|8.70E—-6 | 3.21E-7
0.001 | 536E~-7 | 1.78E—7 | 5.96E—-8

Table 1. Errors max.cq, |u(z) — v*(z)|

42. Elliptic partial differential equations

The subject matter of this section is the application of CASM to elliptic partial differential
equations.

To construct a difference scheme we use polynomials p € P* on a nonuniform grid. The
convergence order for this finite difference scheme is k = 3 [6].
Consider the model problems
Au; = fi in
U; 0 on 9%

i

where

i = ( -1/r—-(1- r)rz) sin(z1z2) — 4z122 cos(z1za)/r, T = y/2} + 1,
fo = —(1 —exp(1l ~ rz))rz/ cos?(z,z2) — 8exp(l — r?) tan(z1z;)z122
+4exp(l —r3)(1 -1 In (cos(rlmz)),
fs = (-=10/r + 100)exp(-10r),
=0 = {z;>0,z;>0,z2+2% <1}.
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The exact solutions to these problems for ¢ = 1,2 are:

wp = (1 —r)sin{zzs),

upy = (1 —exp(1l — r2)) In (cos(xlxg))

and for ¢ = 3 is:

Q3 = {.’E% +1L‘% < 1},

uz = exp(—10r)~exp(-10), r = \/z?+ z}
Numerical solutions are obtained by using grids with the number of nodes from 16 to 256.
The grid were optimized with respect to minimizing the defects.

Number of problem | |} - ||z, | || - ||z
1 440 341
2 495 421
3 5.67 4.28

Table 2. Convergence order

Since polynomials p smooth numerical solution, we have the effect of superconvergence,
and the convergence order of finite difference schemes for problems 1-3 is greater than the
theoretical estimate.
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