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An analytical method of constructing Hurwitz interval polynomials which ac-

company a given Hurwitz polynomial based on a vector-matrix form of the
Viete formulae is proposed.
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1 Introduction

When using a mathematical model of a control object, the natural question,
“to what degree do the model properties correspond to those of the object
described by this model?" arises. Since any mathematical model describes
its object in an approximate way, only those model properties which hold
under variations of its parameters within some limits can be of interest,
because only in this case can we expect the object properties to coincide
with those of the model. Varying the model parameters is necessary to
take into account the features of the physical components of the control
law applied, as well as to accomodate the changes in the object’s physical
parameters due to its aging.

If a property of the model motion is preserved under variations of the
model parameters, then this property is called robust. It is known that
asymptotic stability and instability properties are robust.

One of the most widespread mathematical models is the characteristic
polynomial, which is called a Hurwitz polynomial if its roots are located in
the left half of the plane of complex variable S. A Hurwitz polynomial is
endowed with an asymptotic stability property that is robust.

The quantitative robustness analysis of the asymptotic stability property
of the Hurwitz polynomial

d(S)=S5"+Y S,  a€eR" (1.1)
i=1

is connected with constructing the Hurwitz interval polynomial that accom-
panies the given polynomial (1.1)

D(S)=S"+ [a; @]« 5" (1.2)
i=1
i.e. the polynomial with coefficients that satisfy the inequality o; < oy < @,
1= 1,n.

The interval polynomial (1.2) provides an answer for the question: what
are the variations of coefficients under which (1.1) is still a Hurwitz polyno-
mial?

The history of this problem is discussed in detail in [1|, where a method
for its solution by Hermite-Biler polynomials was introduced. That method
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is based on an alternative formulation of V. L. Kharitonov’s [2| necessary
and sufficient conditions for the Hurwitzness of an interval polynomial (1.2)
in the form of the Hurwitzness of the following four polynomials:

di(S) = @, +a, 1S +a, 25* +a, 38°+a, 48" +..., (1.1.3)
dy(S) = @+, 1S+ @, 2S5 + @3S +a, 45"+,

d3(S) = a, +a, 1S+ 25* +a, 35 +a, ,S*+ ...,

dy(S) = a, + @18 + 25"+, 35+, ,S*+

To clarify the essence of the proposed method, we will present this for-
mulation as in [1, 3].

Hermite-Biler polynomials are related to the polynomial (1.1) by the
equality

d(S) = G(ap, 9,04, ...) + S * H(ap_1, 3,05, ...) (1.4)

where the following symbols are introduced (z = S?):

G, g, Qn_gy...) = Qp+ @p_2S*+ ay_gS* +--- (1.1.5)
= G(z) = &?_2[%] x pa(z), m= g} ,
ec(2) = (2 = ) = 2"+ BF2" 0 B2 B0 o B2
i=1
H(O‘n—la&n—?no%—&'--) = @n—1+an—352+@n—554+
p—1-2[2=1 1
= H(z) = -2 2]*@1-{(2), = {nQ ],

l

on(z) = | [(z—m) = 2"+ B0+ 8172 4 B0 4 BT+
1=1

where [...] denotes the operation of extracting the integer part of a real num-
ber, and g, g are the reduced polynomials that accompany the Hermite-
Biler polynomials G and H.
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In terms of Hermite-Biler polynomials, Hurwitzness of the polynomial
d(S) with a3 > 0 means that the roots of the corresponding reduced
Hermite-Biler polynomials ¢, g are negative, real, and intermittent, i.e.
they satisfy the inequalities

O0>pr>m>pe>me > > p >n > - (1.6)

The reduced Hermite-Biler polynomials that satisfy the inequalities (1.6)
are said to form a positive pair. In this case a positive pair is also formed
by the initial Hermite-Biler polynomials G and H.

The technique of Hermite-Biler polynomials allows computation of the
roots of the corresponding positive pair of the reduced Hermite-Biler poly-
nomials g and g from the characteristic Hurwitz polynomial (1.1), such
that the roots satisfy the inequality (1.6). The negative semiaxis of the real
axis is then split into non-intersecting intervals of possible variations of these
roots according to the inequality:

0>ﬁ1>M1>E1>ﬁ1>771>ﬂ1>"'>ﬁz’>/~%>ﬁi>ﬁi>m>ﬂi(>')"
1.7
where 7;, p., 7;, 1, are negative real numbers, to be determined, that rep-
resent the boundaries of the possible root variations of the positive pair
©a, i These boundaries are the roots of the Hurwitz polynomials (1.3)
which correspond to Hermite-Biler polynomials, and can be described by
introducing the corresponding symbols:

di(5) G1(Qn, @9, Wna,--.) + S x Hi(Qp-1,0,,_3, 05, ...[1.1.8)
d2(S) = Gi(@n, a9, 0p—a,...) + S * Hy(, 1, W3, 5, .- .),
ds(S) = Galay,, Q2,04 _4,...) + S * Hy(a,_1, W3, 5, .- .),
dy(S) Go(a,,, Op—9,Qy_yg,--.) + S * Hi(@—1,,,_3,0n_5,...).

If we denote the reduced polynomials corresponding to the polynomials

Boi(z) = 2"+ By 2" 4 S 4 By 2 4 fS 4 (1.1.9)
= (2 —p, )z = 1)( = B ) (Z = Tns) -

(I)GQ(Z):Z+5Gm1+522m2+ﬁGm3+642_—|—-'-
= (Z—Mm)(z—ﬁm_1)< :LLm—Q)( _Hm_g)"'a
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dri(z) = 2+ Ef]zl_l + éle_2 + szl—?’ + ﬁle“‘ 4.
= (z—n)z=7M_)E—n_J =13,
Do(z) = 2+ ﬁ?zlil + 5521*2 + ﬁgzl*?) + szl% + -
- (Z - ﬁl)(z - ﬂl_l)(’z - ﬁl—2)(2 - ﬂl—3) st
The necessary and sufficient conditions for Hurwitzness of the polynomial
(1.2) (equivalent to V. L. Kharitonov’s conditions) can be formulated as

a requirement that the polynomials G;, H; (i,j = 1,2) defined by the
expressions

for odd n
Gi(z) = axPai(z), Ga(z) = apxDPga(z),
Hl(z) = (I)Hl(z),f HQ(Z) = (I)HQ(Z), (1.10)
Gi(z) = Pai(2), Go(z) = Dga(2),

Hi(z) = a;xPyi(2), Hy(z) = @5*Pys(z)

constitute positive pairs.

The accompanying polynomial pair of the polynomial ¢ (¢m), that is
b1, Pao (Pp, Ppo), whose coefficients, according to (1.9), are intermittent
and satisfy the inequality

=G . —H . —
BY < B0 <8 (i=Tm), pl<p<B; (=11 (L1
was called a Lobachevsky pair in [1].

Thus, Hermite-Biler polynomials allow construction of the following al-
gorithm to solve the problem being discussed:

1) Form the Hermite-Biler polynomials G and H associated with the
given characteristic Hurwitz polynomial d(S);

2) Form the reduced Hermite-Biler polynomials ¢, @g associated with
the polynomials G and H;

3) Find the roots of the reduced Hermite-Biler polynomials ¢g, ©m;

4) Split the negative semiaxis of the real axis into non-intersecting inter-
vals of possible variations of the roots computed in Step 3 according
to the inequalities:
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for odd n (I =m)

0 >y >m>p >m>m>n > - (1.1.12)
> ﬁi>ﬂi>ﬂi>ﬁi>77i>ﬂi>"‘
> oy > fln > P > Ty > T > 1)

for even n (I =m — 1)

0 >y >m>p >m>m>n > - (1.1.13)
> H > g > > >0 > >
> g1 > il > >
> Tyt > M1 >0 >y > g > [

under the condition that the reduced Hermite-Biler polynomials ®¢q,
Do, Py, Ppo associated with the polynomials g, i constitute
Lobachevsky pairs satisfying the inequalities (1.11);

5) Choose upper and lower bounds of the coefficient oy to try to satisfy
the conditions following from (1.10):

for odd n
a; < min [0417045/§§,C¥9/§f,0413/§§,...], (1114)
—G —G —G
aq > max[ozg/ﬁl,047/53,0411/55,...],
_ —G —G —G
a; > max|og,a5/By,a0/B, 003/ B¢ 5],
@; < min [ag/ﬁf,aﬂég,@n/ﬁg,...],
for even n
@; < min [&1,a5/§5,@9/ﬁf,&13/ﬁf,...], (1.1.15)
—H —H —H
a, > max[az/By,a7/Bs,011/B5 .. .],
_ —H —H —H
ap > max[ozl,oz5/52 7059/6470413/56 7"']7
a; < min[ag/ﬁf,&ﬂﬁf,an/éf,...]

6) Form the Hurwitz interval polynomial (1.2) according to (1.10).
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Step 4 of the above algorithm (i.e. splitting the negative semiaxis into
non-intersecting intervals of possible variations of the reduced Hermite-Biler
polynomial roots and constructing the Lobachevsky pairs associated with
these polynomials from the bounds so obtained) is not formalized. Un-
fortunately, the recursive procedure proposed for this task in [3]| is very
time-consuming; its nature is similar to mere exhaustive search.

Thus, formalization of the procedure of constructing Lobachevsky pairs
by arbitrary splitting of the negative semiaxis into intervals of possible root
variations is the main purpose of this paper.

This work is supported by the Russian Foundation of Fundamental In-
vestigations, and was first reported in [4].

2 The vector-matrix form of the Viete
formulae and the main result

We propose an analytical method of constructing Hurwitz interval polyno-
mials based on the following special representation of the vector-matrix form
of the Viete formulae.

It is well known that for the polynomial

m

f(8)=s"+ars™ ! +as™ P+t ay 15+ ay = H(s —x;) (2.1
i=1

these formulae which relate its roots to its coefficients can be written as:

m
a; = —:1:1—xg—xg—m—---—:z:m,l—xm:—g zi,  (2.2.2)
i=1

as = (et a3+ a4+ Tpo1+ ) Fra(rzs+ T4+
+xm—1+xm)+"'+xm—2(~xm—l+xm)+xm—lxm

as = —3]1332(373 +Ty+ -+ Ty + ﬂfm) — 5131563(2134 + Ty + -
T 1+ Tn) — - — 1Ty 1T — Tow3(Ty + T35+ - - -



An analytical method of constructing. . . 09

Tl + Tp) — - — XXy — + — Typ—2Tp—1Ti

m
= - E Liy LigLi,

11=1

19=2

13=3
11<12<i3

Q] = (—1)m_1[:c1(:c2:c3 T 9T—1 + XT3 Tpy_oTy)

+JJ2(SE3ZE4 ce SCm)]
m

= (_1)m—1 Z LiyLjg o+ - xim—n
11=1

im_1=m—1
1< <im_1

ay = (—1)"x1[zom3. .. Tppp1Z4).

Hence, introducing the symbols

a = colon|ay, ag, ..., ap), (2.3)
x = colon|xy, o, ..., Ty,
L s |
Wo1 Woy Wz Wog v Wym—1 0
po| e e w0 0
Wm—i1 Wm—i2 0 0 e 0 0
We1 00 0 -~ 0 0
m
wy = (-1" Y iy .ow,, (Lj=2m—1)
11=7+1
=i
11 <--<l;—1

Wy = (=1)"xy. .. 2y,

we get
a=W(xg...,xn)x. (2.4)

We can see from (2.3) that the matrix W does not depend on the root xy,
and provided that there are no zero roots it is always invertible, i.e.,

r=Wa. (2.5)
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Let us demonstrate use of the formula obtained in constructing the Lo-
bachevsky pair associated with the polymonial ¢g. As shown in [1], the
relationship between the coefficients and the roots of this pair is expressed
by the inequalities:

B Ts 18Tt o--) < B (2.2.6)
—G . .
< Bz (Em7 Nm—l?ﬁmiy Mo —35 -+ - )
(i=1,3,5,...),

ﬁ (:U’m7 17ﬁm_2,ﬁm_3,...) < —ﬁjG
G — _
< _éj (Hm7:um—laﬂm_2,ﬂm_3, .- )
(j=2,4,6,...).

Using (2.4), we can write the inequalities (2.6) that define the Lobachevsky
pair in a vector-matrix form. For this purpose we introduce the following
symbols:

Bg = colon[BY, —BY, 85, —BY, .. ], (2.2.7)
By, = colon[ﬁf, ﬁ ﬁg,—ﬁf,...],
B = colon[g® —By, 85, By, ],
X = colon[. .., tm—3, hm—2; fn—15 fm);
X = colon]... ’Hmf?,’ﬁm—?’ﬁmfpﬁm]’
X = colon|... ’ﬁm—?ﬂﬂm_z’ﬁm—l’ﬂm]’
1 -1 -1 =1 e -1 -1
—wW21 —W»2 —W23 —W2a4q - —Wrm-1 0
W* = | ws  wz  wsy  ws - 0 0
—Wq1 —Wgo —W43 —Waq v 0 0

We can then write:

B =W*X)X < Bg =W*X)X < B, =W*X)X. (28)

The inequality (2.8) allows finding, from arbitrary bounds of possible
root variations pu; (¢ = 2,m), the bounds of possible variations of the root
i, Le. p, [, within which the polynomials ®g1, o form a Lobachevsky
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pair. Moreover, to find these bounds, only the lower line of the scalar form
(2.8) is needed, which is the main result of the paper.

Provided the initial characteristic polynomial (1.1) has an even degree n,
we can assume the bounds of possible root variations n; (i = 1,l =m — 1)
to be arbitrarily close (but not equal) to the respective root bounds u;
( =1,m), and then construct the second Lobachevsky pair from (2.8).

3 The algorithm for an odd power of the poly-
nomial (1.1)

If the initial characteristic polynomial (1.1) has an odd degree n, the con-
struction of the Lobachevsky pair ®¢1, Pgo is performed as described in
Section 2 of this paper. It is obvious from the inequality (1.12) that if the
bounds of possible root variations 7; (i = 1,m) are arbitrarily close to the
corresponding bounds of possible root variations u;(i = 1,m), we have to
choose only the root 7,,.

The analytical choice of this root requires that vector-matrix form of
Viete formulae that allows the matrix (2.4) to be independent of the root
. This form is attained by introducing the following symbols:

a = colon|ay, ag, ..., ap), (3.1)
xr = colon|xy, o, ..., Ty,
. | 1
0 foo fo3 fau - fom—a Jo.m
o 0 0 fs3 Jfaa o+ fame J3.m

0 0 0 0 fmfl,m—l fmfl,m

0 0 0 0 0 Form
j-1

fi=E0" > mya,, (=2 m—1),

i1=1
Qi1 =i—1
11 <-<tj_1
fm,m = <_1)m5l71 R S I8
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Thus we can write:

a=F(ry,...,Tm1)T. (3.2)

Analogously to the previous section of the paper, we introduce the sym-
bols

BH = COlOn[Bl ) 62 763 ) ﬁf? .. ']7 (333)
EZ = COlOn[ﬁ ﬁ 53 7_54 7]
E;I COlOn[ﬁ _52 ) 3 ) ﬁ4 y e ']a

X = colon|..., %m_3, Dm—2sMm—1,Mml>

X = colon|.. 3 Mm—21, 1777m]

X = colon|...,7,, 3,7 N, o Mm-1,1 ]

-1 -1 -1 -1 .- —1 —1
o 0 —fo —faz3 —fau - —fom-1 —fom

0 0 fazs 0 faa 0 fam—1 fam

for the Lobachevsky pair @1, g9 from (3.2). Thus we get an inequality
for determining the root to be found and the coefficients of the Lobachevsky
pair being constructed:

By = F* (X)X < By = F*(X)X < B;; = F*(X)X. (3.4)

As in the previous section of the paper, we use the lower line of the scalar
form to find the bounds of this root.

4 Example

Let us demonstrate the efficiency of the method presented by the following
example:

d(S) = S° 4+ 25* +105° + 125? + 165 + 10.

From (1.4) we obtain
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where G(S) = 284 +125%+10 and H(S) = S*+105?+ 16 are the Hermite-
Biler polynomials. Substituting S? = Z, we get

G(Z)=27*+12Z +10, H(Z)=Z*410Z + 16
and the accompanying reduced polynomials are

0g(Z) =2 +6Z+5, oy(Z)=H(Z)=Z*+10Z + 16.

The polynomial roots are as follows: for ¢g(Z), the roots are yu; = —1,
pe = —5; for i (Z), the roots are 9y = —2, gy = —8.

Thus, the roots satisfy the inequality (1.7).

Now we can determine the upper and lower root bounds for p; and us,
Le. ﬁlv :u17 ﬁ27 ,LL2

Assuming that p, = —6.5, i, = —3.1, we construct the inequality (2.8).
In our case it looks ] hke this:

B —1 —1 -1 -1
3] T | —un(m) 0Hﬁ§ '3.1 0||—%1.1| (44.1)
_ sy | —1 1| |m|_|-1 -1 —1‘:‘6|
—52 —wor(m2) 0 || e ) 0 ||—5 -5
A A ]
¢ —wa(p,) 0 ||, 6.5 0 |]|—6.5

To find the desired bounds, let us write out the lower line of the inequality:
3.1p, < =5 <6.50;
and hence

i, > —5/6.5 = —0.7692307, Hy < —5/3.1 = —1.6129032.

Thus, we can assume fi; = —0.1, g, = —1.7, which on the basis of (4.1)
allows determination of the Lobachevsky pair coefficients ®q1, 5o by the
equalities

By =6.6; p¢=48 B, =527, 5% =0.65.

Since the power of the characteristic polynomial d(S) n = 5 is odd, we
will use the results of Section 3 to construct the Lobachevsky pair.
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Let us assume 77, = —1.701, n, = —3.099, 77, = —6.501, i.e. close to the
corresponding roots p; with an accuracy of 0.001 (which accordmg to [1] is
the “unimprovability” interval of the polynomial constructed). Let us write
down the inequality (3.4) for our case:

éfH N L ='_1 H 3099| (4.4.2)
3 0 —ful,) 0 3.099
_ st | _ -1 —1 7 :‘—1 —1|'—2‘:| 10|
— B3’ 0 —fo(m) || m2 —16
Bt - :|—1 H—1701‘
-5 0 —Jfolm) | |n, 0 1.751

To find the desired bounds, we write down the lower line of the inequality
3.09977, < —16 < 1.701n,
and hence
Ty < —16/3.099 = —5.162956, n, > —16/1.701 = —9.4062

e., the chosen value 77, = —6.501 < —5.162956. Let us assume that

n, = —9.4> —9.4062. Then, from (4.2), we get

BT =96, B, =11.101; BT =15.9804; B, = 20.1466.

We then choose the bounds of the coefficient oy according to (1.14):

a; < minfay, 05/85] = min[2;10/0.65 = 15.384615] = 2,
a, > as3/B = 12/6.6 = 1.8181818,
@ > max|ar, a5/B5] = max[2;10/5.27 = 1.8975332] = 2,
oy < ag/fY = 12/48 =25
assuming a; = 1.82; oy = 2.49.
The final interval polynomial will be as follows:

D(S) = S°+[1.82;2.49]S* +[9.6;11.101]S® + [11.952; 12.0012]S*
+ [15.9894; 20, 14665 + [5.915; 13.1223].
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5 Discussion of the results

Summarizing the above, we can conclude that the analytical method pro-
posed allows construction, for any given Hurwitz characteristic polynomial
(1.1), the associated Hurwitz interval polynomial (1.2). In the process of
solving this problem, we cannot arbitrarily choose the following root bounds
of Hermite-Biler polynomials:

® [, iy for an even power of (1.1);
® ji, fiy, n for an odd power of (1.1);

e 7 in both above cases.

It should be noted that the visual geometrical interpretion of the arbi-
trary rule for choosing the bounds of possible variations of the other Hermite-
Biler polynomial roots is an important feature of this method. Besides, as
emphasized in [1]|, the bounds of possible variations of the coefficients of
the Hurwitz polynomial (1.1) that are found from the bounds of possible
root variations are “unimprovable” with respect to the distances between
the bounds of possible variations of neighbour roots, chosen to satisfy the
condition that roots should be intermittent:

i =M —p| (G=1m), ei=m,—nl G=1Lm-1) (5.1

and thus can be chosen infinitesimal.

A large number of works concerning the subject of this paper (see, e.g.,
[5-7]) are dedicated to estimating the stability radius in the space of coeffi-
cients of the polynomial (1.1) for different norms, assuming that in addition
to the coefficients of (1.1) the scales of possible errors for each coefficient are
given. It is easy to see that the “greatest” interval polynomial which is ob-
tained in this way may prove “improvable” with respect to the distances (5.1)

because of the arbitrarily chosen scales of possible errors for each coefficient
of (1.1).

In our method, the distances (5.1) may be infinitesimal, which is an
advantage in comparison with other methods. However, our method does
not reject the above approach since it allows applying reasonable scales for

the given errors, but in this case the concept of a radius of robust stability
loses its sense.
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A problem which is closer to the subject of this paper was considered
in 8], namely the problem of finding the greatest deviation for each given
coefficient of the polynomial (1.1) that does not break Hurwitzness of the
accompanying interval polynomial (1.2). However, in our opinion, express-
ing this problem in terms of Hermite-Biler polynomial roots instead of the
given Hurwitz characteristic polynomial coefficients has an advantage of vi-
sual geometrical interpretion provided by the inequalities (1.12), (1.13) and
equalities (5.1).

In conclusion it should be noted that the algorithm described here is
easily implemented on personal computers.
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