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ESTIMATING A RANGE OF VALUES
OF FUNCTIONS USING EXTENDED
INTERVAL ARITHMETICS

Vyacheslav M.Nesterov

In this paper, we describe several methods of estimating a range of
values of a function that use various generalizations of intervals. We also
describe results that describe the accuracy of the resulting estimates.

OLHEHMBAHMNE MHOKECTBA 3HAYEHUMN
®YHKIIHN C UCIIOJIb30BAHUEM
OBOBINEHHLIX NHTEPBAJILHBIX APUPMETHK

B.M.Hecteposn

B paboTe paccmarpuBaeTrcsA OLEHMBAHMEe MHOXKECTBA 3HaUEHHA
¢YHKIUY C IPUMEHeHHEeM €€ eCTeCTBEHHOI 0 PaclliMpeHUsa U Pa3IMUHBIX
o600611eHUi TOHATUA “uHTepBa”. IIpuBoAATCA pe3ynbTaThl, Kacalo-
LUMECA TOYHOCTHU TAKOIO OLIEHWBaHMII.

In this paper, we consider the problem of estimating the range of
values of a function. The problem is as follows: We are given a function
flz) : 8§ = R, 6 C R*and aset X, X C R*, X € ; and we are
interested in estimating the range of f, i.e., in finding a set Y C R such
that

zeX=>f(z)eY.

It is often required also that the set Y be of definite type, that is
Y €.

© V.M.Nesterov, 1992




48 V.M.NESTEROV

In different applications, the function f is specified differently. In this
paper, we consider the case that f is given analytically, that is, in the
form of a term composed by applying superposition to a given finite set
of functions which we will call basic. The set of basic functions will be
denoted F = {f1, f2,..., fn}- The set of functions that can be obtained
by such a composition will be denoted by S(F).

We can consider different classes (2;. In the simplest case, the set ; is
a set of n-dimensional intervals [1] for different n. In a more complicated
case, intervals can be replaced by other sets (examples will be given later).
Notice that, as a rule, no single set Q; is considered, but a family of sets

0k 0k C 22 In the estimation problem, it is usually assumed that
Qe = Q. We will denote ©; by Q.

The algorithm that is used in interval computations to estimate the
range of f can be generalized to the general case of arbitrary sets F, (),
as follows. To every basic function f; : 8 — R,6 C R™, its extension
F;: Q™ — Q is associated, satisfyiug the following condition: for any
z € 0 and X € O™,

z € X = fi(z) € Fi(X).

Next, in the term that specifies a function f, all basic functiens f; are
replaced by corresponding extensions F;. The resulting term describes
the desired function F' which guarantees estimating 4 range of values of
the function f, since clearly the following condition holds:

z € X = f(z) € F(X).

The function F' obtained in this way is called a natural eztension of the
function f.

A range f(X) of a function f(x) (that we are going to estimate) is
defined as follows:

FX)={y|3ze X y=f(z)}

The range is also called a joint eztension.

When we use this method to estimate a range of a function, we en-
counter two types of difficulties.
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First, it is not always possible to find reasonable extensions F; for
oI basic functions f; € F. In the simplest case of intervals, ranges f,
are usually taken as the desired extensions. Howeve;, this may not be
possible for some functions f; € F. For example, let Q* be a set of usual i-
Jimensional intervals. Consider the function d(x1,22) = 21 /9. If 0 € X,

then E(Xl ! ‘YZ) ¢ Q.

The second type of difficulties is caused by the fact that the above
algorithm gives only an “exterior” estimate for the range, and often this
estimate is an “overshoot”.

In this paper, we are principally concerned with the first type of diffi-
culty.

When we solve a problem of estimating the range of a given function
f for a given set X, then we have the following choices.

o First, we can change (to some extent) the collection of basic functions
F. Even though the given function f is already described as a com-
position of some basic functions, we can apply appropriate equivalent
transformations, and represent this very f as a comniposition of some
other functions f;. For example, we can thus eliminated undesirable
basic functions by replacing them with a composition of other func-
tions that are easier to estimate.

o Second, we can choose different extensions for basic functions.

e Finally, we can also change the classes Q° (that contain possible ap-
proximation sets).

In this paper, we will mainly exploit the third choice.

It is worth noting that these three choices are not independent. For
exarnple, the choice of a collection of basic functions influences the choice
of approximating sets Q' which in turn, influences the choice of extensions
of basic functions, and so on.

The main criterion for all these choices is the accuracy of the estimates
thereby obtained. By an accuracy, we mean some numerical measure that
describes the set F(X)\ f(X).

Let us illustrate this idea by examples.

We have already mentioned that in the simplest case the set Q% is a




50 V.M.NESTEROV

set of usual n-dimensional intervals [1], that is,

Q" = {([al’b1]7 vevy [anvbn])a ai,bi € R> a; S bz}

Usually, the set F of basic functions includes all four arithmetic oper-
ations. However, as we have already observed, in the case of (standard)
intervals, the interval extension of division can’t be defined if an interval
divisor contains 0. For definitions of other arithmetical functions, as well
as for elementary functions such as e, sinz, cosz and arctan z there are
no difficulties. Another example of a function for which interval extension
is difficult to define is In([a, b]) for'a < 0, b > 0.

In view of that, in interval computations, usually we consider a case
when there are no divisions by an interval that contains 0, and no other
problematic operations (like In([a, b]) for a < 0 < b) are applied.

"For such cases, we can apply the above-described strategy, and thus
compute F(X). Let us denote F(X) = [o, 8] and f(X) = [a,b]. Then,
according to the above result, [a,b] C [, 8]. So, F(X) is an estimate for
f(X). As the accuracy of this estimate, it is natural to consider either
the total length of the different set, i.e., the quantity g =a—a+b— 3, or
the ratio of this quantity to the diameter of the interval X. The following
theorem is well known (see, e.g., [1]): Assume that a function f satisfies
the Lipschitz condition. Then, there exists a constant k such that qg <
kwid(X), where wid(X) denotes the size of an interval X .

To overcome the fact that the set of usual intervals is not closed under -

these operations (division and In), the following well known approach is
used: to complete the set of standard intervals by adding infinite intervals.
Different authors propose different generalizations of the concept of an
interval. For example, one can add intervals infinite at one or both sides.
A survey of different possibilities can be found in [2]. The most general
case is when we take for the set ™ the following set:

0" = {(la1,b1], ... [an, bu]), @i,y €R}, R=RU{x}. (1)

Here, by a nonstandard interval [a,b], a > b, we mean a set (—o0,b] U
[a, +00) and by intervals [oo, ], [a,00] and [~o00,00] we mean the sets
(—00,b], [a,+00) and (—o0, 00), respectively.

It is easy to see that for d(a;l,‘xg‘) = a1 /xy, D(X,X,) € Q for any
X1 and X,. Apart from arithmetic functions, we can now all elementary
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functions into the set of basic functions, including such elementary func-
tions as lnz, sinz, cosz, tanz, cotanz. As a typical example, let us
consider the function e(z) = e®. As an interval extension E(X) of this
ynction one can’t consider a joint extension since if X = [a,b], a > b,
then e([a, 8]) = (0,e®] U [e?, 00) ¢ 2 (where 0 is the set of generalized in-
tervals defined in (1)). Instead of the set (0, eb]U [e®, 00) one can consider
as an extension either the generalized interval [e?, e’), or the generalized
interval [0, co]. The specific choice of one of them depends on the applica-
tion. Depending on this choice, we will end up with one of the following
definitions of interval extension for e®:

(le%,e’], a,beR
[0,e’], a=o0,beR
B(la,B]) = | [e“,0], a€R,b=oc0
[ [0,00], a,b=00
or
( e, €Y, a,beR,a<b
[0,e’], a=o0,bER
E([a,b]) = J [e, 0], a€R,b=oo
[0, oo], a,b =00 or
\ a,beR,a>b.

It is also possible to have a “hybrid” definition, when for some intervals
[a,b], @ > b, the extension is defined according to the first formula, and
for other intervals, the second formula is used.

This example illustrates a general method to overcome the situation
when the set of generalized intervals is not closed with respect to some
basic function. In this case, we propose to extend the range of values of
a basic function to a minimal (in some sense) generalized interval that
contains this range.

Another possible method (that we will consider later on) consists of
introducing so-called multi-intervals.

The accuracy of estimating a range of values of a function using gen-
eralized intervals is discussed in [3]. As the size of a generalized interval,
one can’t take its length, since for infinite intervals, length is always in-
finite. It is proposed instead to fix some monotone increasing function
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T : (=00,+00) — (—1,1) (for example, 7(x) = 2arctanz), and as a  can 'take not arbi
diameter of one-dimensional intervals, take the following quantity: particular comput
this paper.
¢ 7(b) — 7(a), a,beR, b>a pap
7(b)—1(a)+2, a,beR, b<a
q([a,b]) =< 1—7(a), a€R, b=oo (2)
1. Alefeld, G. and 1
1+ 7(b), beER, a=o¢ Press, New York
L 2, a=b=00. 2. Markov, S.M. Ext
As a diameter of a multivariate generalized interval, one can then take 6163 BaliEmEs 6
takes the largest of the diameters that correspond to each coordinate. 3. Nesterov, V.M. (
. . . estimation of the
For above-described generalized intervals, one can prove an analogue e comstrTcEitns
of the above-given theorem (that the accuracy ¢ of an interval estimate (in Russian).
is limi.ted by a expressiqn kwid(X ) that %s linear in the diar'neter wz’d(X- ) 4 Yakovlev, A.G. C
of an interval X on which the estimate is performed). This analogue 1s 125, Problem-ori

given in [3]. Assume that we are estimating a function f on a generalized
interval X. Let f satisfy the Lipschitz condition with respect to the di-
ameter of the generalized interval introduced above. Then the estimating
error for a range of values of the function is bounded by an expression
that is linear in terms of the on the diameter of a (generalized) interval
on which the estimation is done.

An alternative method of extending the range of values of a basic
function consists of introducing maulti-intervals [4]. By a multi-interval,
we mean a union of a finite number of (standard or generalized) inter-
vals. Practically for all the functions f that are used in applications, if
X1,..., Xk are intervals (finite or infinite), then f(X1q, ..., Xk) is a multi-
interval. Therefore, if X1, ..., Xx are multi-intervals, the range will also
be a multi-interval.

As a “diameter” of a multi-interval, it is natural to take the sum of
diameters of its components. So, for an arbitrary function f, to estimate
to what extent the resulting multi-interval F(X) is a good estimate for
an actual range, we can take the (thus defined) diameter of the set F(X):
the smaller this value, the better the approximation.

The main disadvantage of multi-intervals is the (relative) complexity
of their implementation on a computer.

In conclusion we remark that there is yet another way to generalize
the concept of interval, namely, as boundary points of an interval, one
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take not arbitrary real numbers, but numbers representable on a
articular computer; however this topic goes beyond the frameworks of
)

this paper-
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