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CONSTRUCTION OF A COMPARISON SYSTEM
FOR MULTI-DIMENSIONAL CONTROL PROCESSES
WITH INTERVAL STATE MATRIX

Akylay Akunova, Taalaybek A.Akunov and Anatoly V.Ushakov

A procedure of construction of a comparison system for multi-dimensional
control processes with interval state matrix is proposed. The procedure uses
modal control methods in a statement of an inverse dynamic problem.

KOHCTPYI/IPOBAHI/IE CHMICTEMBI CPABHEHUS
AJIA MHOI‘OMEPHBI§ HPOHECCQB YIIPABJIEHU A
- C UHTEPBAJILHOUI MATPUIEN COCTOSAHUS
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IIpeanaraercsa IIpollelypa KOHCTPYHUPOBAaHMA CUCTEMb CDaBHEHMsA
1A MHOIOMEPHBIX MPOLECCOB YOPaBJeHUsT C UHTEPBAJILHOM MaTpu-
ued cocrosHmng. IIpoueaypa UCIIONb3YeT MeTOoAbl MOAaJIbHOLG ynpa-
BJIEHMA B NlOCTaHOBKe o6paTHOM 3anaun AVHAMUKM.

A problem of a construction of a comparison system for a multi-
dimensional control process with an interval state matrix is formulated
and solved [1]. A multi-dimensional plant is included in this process. The
plant has a linear vector-matrix description

2(t) = Az(t) + Bu(t); 2(0); y(t) = Ca(s), (1)

where z(¢) is a state vector, u(t) is a control vector, y(t) is an exit vector;
re€RueR,;ye R™; A, B, C are state, control and exit matrices,
respectively, such that 4 ¢ R"X" B g R"*" C e Rmxn
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The problem considered is solved under following assumptions.

Assumption 1 (A1l). It is supposed that in (1), the basis of repre-
sentation is choosen such that entries A;;;¢,5 = 1,n of the state matrix
A of the plant are interval numbers, the matrices B and C' are fixed.

For convenience of computations, it is supposed that A is given in the
Frobenius basis; then it is a companion matrix with respect to its interval
characteristic polynomial

det(A] — A) = X" + [a]1 A" + [a]a A" 72 4. .. + [a]n.

Assumption 2 (A2). It is supposed that a pair of matrices (4, B)
is completely controlled and a pair of matrices (4,C') is completely ob-
servable for all A;; € [A);;:4,7=1,n.

The problem is solved on the basis of the comparison system apparatus
[4] combined with modal control methods formulated in a ”soft form” of
the inverse dynamic problem [2,3]. The problem is solved in two steps. On
the first step for plant (1) with interval matrix A, a modal model (M M)
[3] with state matrix I' is constructed. The matrix I' has a given degree
of stability . On the second step for a system with interval state matrix
designed by modal control methods, a comparison system is constructed.

Under constructing the matrix I', parameters of the modal Gershgor-
ing’s covering S¢ [5] of the matrix A of the initial plant and a property
of an algebraic spectrum of eigenvalues of a matrix-value function of a
matrix are used.

Definition 1 (D1). If a domain of a plane of eigenvalues of an arbi-
trary quadratic matrix is formed by intersection of Gershgoring’s circles
[5] such that

Sa={X¢: Redg <RedA<Redg, 0<|ImA|<ImA},

then the domain is called modal Gershgoring’s covering S¢.

Evidently, if the matrix A has interval parameters, then the parameters
of modal Gershgorin’s covering Sg have also interval properties. For
solving this problem, let us introduce parameters

ReSs = max Relg, ReSg = min Re)\c;:?
Aijelf_i_-j] Aijelﬁjl

t,j=1.,n t,j=1,n
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and also realizations A and A of the interval matrix A. Here A represents
the realization of the matrix A whose modal Gershgoring’s covering has
the right bound Re S and A represents the realization of A with the right

bound of covering S as Re Sg. Then the matrix T’ of the constructing
modal model with stability degree greater or equal to  may be given in
the form

I'=24- (ReSg)I - nl. (2)

As shown in [3], if T is the solution of the Sylvester equation
TT — AT = - BH, (3)

with an arbitrary matrix H consistent with B in dimension and forming
an observable pair (I', H), then the matrix K of feedback can be calcu-
lated with the help of the relation K = HT~!. Now, if the matrix K
of feedback is decomposed into the components K4 and K, according to
the matrix relation

(K, K] [i] =K, (4)

then the system obtained by the combination of plant (1) and the control
law with matrices K, in a circuit and A, in a feedback has the following
form:

() = Fa(t) + Gg(t); 2(0), (5)
where F'= A — BK, G = BK, g(t) is an external action.

We shall estimate properties of convergent processes in system (5) with
an interval state matrix by use a comparison system in the Shilak form

(see [4]) '
(1) +az(t) = vllg@®)ll, 2(0) = 3ll=(0), (6)

which leads to the majorant inequality

lz(®) < Be™*|=(0)]| V. (7)

Estimates of «, 8 and 7y according to [3,4] can be obtained by the
following matrix relations

FTP4 PF =—qQ, (8)

CO1l
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whel‘eP:PTaP>07Q=QTaQ>0a

det(pP - Q) =0, (9)

which allow us to write the following relations for a, 8 and 7 :

O = umm/z; B — (Al,max/Apmin)l/2 = C{P}l/z, (10)
7s\= IBA:;,/T.Z,XO{Gmnx, (11)

where C{P} is a spectrum number of conditionality of the matrix P,
qemas is the maximal singular number of the matrix G.

Essentially, the following is proved.
Assertion 1 (AA1). According to the rule of constucting matrix F' by

means of modal control, estimates of a and 3 (10) take interval values &
and 8 on the set of interval values of parameters of the state matrix A of

initial plant (1).

The key point in the obtained relations and, therefore, in values of
estimates of a and (3 is the pair of matrices (P, Q) calculated according
to the Lyapunov equation (8). For calculation of matrices P and @), the
following assertion turned out to be useful.

Assertion 2 (AA2). The matrices P and Q of the form
P=M1NT(M™), Q=-(M1T(A+ AT)(M_I),' (12)
where the matrices M and A satisfy the Sylvester matrix equation
MA - AM = -BL, (13)
where (A, B) is a controlled pair, (A,L) is an observable pair, and the
spectra of eigenvalues of the matrices A and A do not intersect, satisfy

the Lapunov matrix equation (8).

The proof assertion (AA2) is given in [3].

If the matrix A in the Sylvester equation (3) is diagonal (in the case of
presence of complex eigenvalues, it is block-diagonal), then the matrix P
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of form (12) allow us to control properties of a space of an operator with
the matrix F of a system with interval parameters in the form of control
of its conditionality.

The complete procedure of the solution of the problem can be written
as

p—

Construction (A, B,C) of description of plant (1).

2. Definition of the right bound of the modal Gershgoring’s cover-
ing.

3. Prescribing modal model (2) with the observable pair of matrices
(T, H).

4. Solving Sylvester equation (3) for 7.

5. Synthesis of the matrix of system (4) by the feedback K =

HT-!', F = A— BK and decomposition its on the components

K, and K, by the use of relation (4).

Construction of the diagonal (block-diagonal) matrix A (8).

Computation of the diagonalizing matrix M of a similarity trans-

formation constructed on eigenvectors of the matrix F.

8. Construction of the matrices P and @ of form (12).

9. Construction of estimates of o and § of form (10) and v of

form (11) of parameters of comparison system (6) for multi-

dimensional control processes on system (5).

=l
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