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A NEW APPLICATION OF INTERVAL MATHEMATICS

Alexander V.Korlyukov

A new application of the interval mathematics to physical theories js
considered. Interval numbers form the two-dimensional pseudo-euclidian

space. The interval Lorentz group is studied. The interval Klein-Gordon
equation of a scalar field motion is obtained.

HOBOE HPI:'IMEHEHI/IE
NHTEPBAJILHOM MATEMATUKU

A .B.Kopuaioxkos

Paccmarpupaerca nosoe NPpUMEHEHUE UHTepBaJIbHON MaTeMaTuKky
K PU3NUECKUM TeopusaMm. MurepBanbybie uncna 06

Pa3yloT AByMepHoe
NCEBAOEBKIMIOBO NMPOCTPAHCTEO.

Wsyuaerca unrepsanbuan rpyn-
na Jlopenua. Ionyueno MHTEepPBaJlbHOE ypaBHeHMe Kneﬁua-l‘opnqraa
ABVKEHNA CKAJAPHOrO MoJiA.

\

On the set of positive interval numbers,

It ={[a",at]]|a", at € R, at >a™ >0}

the usual addition and multiplication operations (

see, for example, [1])
are written as

[a”,at]+ b7, b ] = [a~ + b™,a* + bt] .
[@™,a*]-[b7,b%] = [a™b7,atbt]. ()
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Let us consider the operations (1) in the case, where an interval is
defined by its center and semiwidth: [a™,a¥] = a + Aa, where a =

+ 44— + g
a j;za 3 Aa = & 2a i

Then we have
I = {a+ Aala,Aa € R, a > Aa > 0}
(a £ Aa) + (b Ab) = (a+ b) £ (Aa + Ab) (2)
(a £ Aa)- (bx Ab) = (ab+ AaAb) £ (aAb+ bAa).

The division of interval numbers is written as
atAa ab+ AaAb  alb+bAa 3)
b+ Ab b2 — Ab2 b2 — Ab?
Formulas (2), (3) imply '
Is

atAa _ (ax Aa)(bt Ad)

b+ Ab b2 — Ab? ’
that is, the interval numbers division is reduced to their multi-
plication with subsequent division by a real number.

1 bxAb
b+ Ab b2 — AB?’
that is, the division of 1 by an interval number is reduced to the
division by a real number.
3. If b? — Ab? =1, then ;755 = b+ Ab.
4. Formulas (2), (3) resemble the multiplication and division of com-
plex numbers, the difference is in signs at AaAb and Ab?.

Therefore, there is a possibility of introducing the structure of a pseu-
do-euclidian space on interval numbers [2].

Let us call the number

la £ Aal = Va2 — Aa?

by the length of the interval number a £ Aa.

The equations

|(a £ Aa)(b+ Ab)| = |a £ Ad - [b£ Ab]
la + Aa|+ b+ Ab| < [(a+ Ad) + (b £ Ab)|
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hold; second one is the reversed triangle inequality.

Every interval number of length 1 admits the writing in the form

1 v

+ , Where v < 1. 4
V1 —192 1—2v2 (4)

a(v) =

The multiplication by this number looks formally as the Lorentz trans-

formation:
t+ zv x4+ tv

VI—v2 " T2

The multiplication of two numbers of form (4) corresponds to the
relativistic rule of the velocity addition

(txz) a(v) =

a(v) - a(va) = a(v),

) +v
where v T e

It is possible to write the interval number a + Aa in the hyperbolic
form

a+ Aa = r(cosha + sinh o),

where r = |at+Aa|, tanh o = %, cosh @, sinh o, tanh o are the hyperbolic

cosine, sine, tangent.

The multiplication of two interval numbers in the hyperbolic form is
proceeded according to the formula, analogous to the Moivre formula for
complex numbers

(r1(cosh atsinh &) )-(ry(cosh B+sinh B)) =rirg (cosh(a+3)+tsinh(a+3)).

The analogy of the Euler formula

e = cosh o + sinh o

is true.

Then we consider the set
I'={atAa]|a, AaeR)}

with addition and multiplication operations (2).
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Let us define the interval number, intervally conjugate to the interval
number a 3 Aa :

rm atAa=az(-Aa).
(4) By analogy with the definition of the Hermitian scalar product in

the unitary space we shall introduce the scalar product of two interval
numbers by the formula
7 trans- S

(atAa, biAb) = (atAa)-(b+ Ab) = (ab—AaAb)+(—aAb+bAa). (5)

Then we note that the extension of operations (2) from the set I'* to
the set I leads to the distinguishing the obtained operations from the
to the usual ones [1] for the intervals which contain zero. Doing so we have in
mind the further applications to physical theories, where the homogeneity
of the space-time coordinates with respect to shifts and rotations leads
to the presence of the conservation laws.

As the hypothesis, let as assume that breaking operations (2) near zero
in the interval mathematics corresponds to the Heisenberg uncertainty

erbolic principle.
We consider the four-dimensional vector space V' over I with the scalar

product

:rbolic
((t1, 21,91, 21), (2, 22,92, 22)) = (t1, 12) ~ (1, 22) — (11, 92) — (21, 22),

orm is where the scalar product of two interval numbers is defined by equations
1la for (5).

Theorem. (3] The group O(1,3,1) of the isometries of the space V is
+0)). the 16-parametric group isomorphic to the group GL(4,R).

Corollary. There are 16 real conservation laws, from which 12 corre-
spond to 6 interval laws of the conservation of angular momentum and 4
do not have the analogy in the classic mechanics.

Theorem. [3] A movement of a closed system is characterized by the
conservation of the following quantities:

Z(EAt — tAE); Z(pxéx — zAp,);
D (pyAy — yApy); Y (p.Az ~ 2Ap,);
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Here the summation is carried over all particles of the system, E &+ AE
is the energy of the particle, p £ Ap is the momentum of the particle.

The physical space-time is a 4-dimensional space. The space V have
the dimension 4 over the set I, but the dimension of V over R is 8, the
space V has a signature (+ — — 4+ — + — +). For the construction
of physical theories, we use the notions of fractional differentiation and
integration (see, for example, [4], §7), assigning the dimension 1/2 to
every real coordinate of the space V.

Applying the developed computational technique to the field theory we
have a possibility to write the basic concepts of the theory, for example
the Lagrangian and the motion equations, in two forms:

— in 4-dimensional space over I with the fractional differentiation
and integration;
— in 8-dimensional space over R with the usual differentiation
and integration;
As the example we consider the Klein-Gordon equation [4, 5]
(O -m?)p(z) =0

for the real scalar field; here O is the 4-dimensional D’ Alembert operator.

Theorem. The equation of the interval scalar field motion is written as
(0% — m?)p(z) =0

where Ul is the 8-dimensional D’Alembert operator.

Corollary. In the interval quantum electrodynamics, there are no fa-
miliar divergences of the classical quantum electrodynamics.

For example, the convergence integral in interval electrodynamics
d®p
I(k) =
® = | G

corresponds{ to the simplest divergence integral in the quantum electro-
dynamics

- d’p
10 = | ot ===
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