EXISTENCE VERIFICATION FOR SINGULAR ZEROS OF
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Abstract. Computational fixed point theorems can be used to automatically verify existence
and uniqueness of a solution to a nonlinear system of equations F(z) = 0, F : R” — R” within
a given region @ of n-space. But such computations succeed only when the Jacobi matrix F’(z) is
nonsingular everywhere in @&. However, in many practical problems, the Jacobi matrix is singular,
or nearly so, at the solution z*, F(z*) = 0. In such cases, arbitrarily small perturbations of the
problem result in problems F‘(m) = 0 either with no solutions in & or with more than one solution
in @; thus no general computational technique can prove existence and uniqueness. This leads to a
fundamental philosophical problem: “What is meant by existence and uniqueness in such cases?”

Here, an interpretation of verification is given in the singular context: proof that a given number
of true solutions exist within a region in complex space containing .

Proof that a given number of true solutions exist within a given region of complex space is
possible by computation of the topological degree, but such computations heretofore have required
a global search on the (n — 1)-dimensional boundary of an n-dimensional region. Here, it is observed
that preconditioning leads to a system of equations whose topological degree can be computed with
a much lower-dimensional search. Formulas are given for this computation, and the special case of
rank-defect one is studied, both theoretically and empirically.

Key words. nonlinear systems, interval computations, verified computations, singularities,
topological degree

AMS subject classifications. 65G10, 656H10

1. Introduction. Given an approximate solution & to a nonlinear system of
equations F(z) =0, F : R™ — R", it is useful in various contexts to construct bounds
around & in which it is proven that there exists a unique solution z*, F'(z*) = 0. For
continuously differentiable F' for which the Jacobian det(F’(z*)) # 0 and for which
that Jacobian is well conditioned, interval computations have no trouble proving that
there is a unique solution within small boxes with x* reasonably near the center;
see [5, 9, 10]. However, if F’'(x*) is ill-conditioned or singular, such computations
necessarily must fail. In this singular situation, what is meant by “unique solution”
can be defined in several ways. A particular interpretation may be most appropriate
in a particular practical context. Also, given a particular interpretation, various
computational procedures can be developed to verify existence and uniqueness. In
this paper, one interpretation and its corresponding computational procedure are
considered.

1.1. Notation. We assume familiarity with the fundamentals of interval arith-
metic; see [9, 10] for an introduction in the present context. (The works [2, 5, 11] also
contain introductory material.)

Throughout, scalars and vectors will be denoted by lower case, while matrices
will be denoted by upper case. Intervals, interval vectors (also called “boxes”) and
interval matrices will be denoted by boldface. For instance, = (x1,...,x,) denotes
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an interval vector, A = (a;;) denotes a point matrix, and A = (a; ;) denotes an
interval matrix. Real n-space will be denoted by R™, while the set of n-dimensional
interval vectors, i.e. n-dimensional boxes, will be denoted by IR". Similarly, complex
n-space will be denoted by C", while the space of n-dimensional complex interval
vectors will be denoted by IC". The midpoint of an interval or interval vector x will
be denoted by m(«). The non-oriented boundary of a box & will be denoted by dx
while its oriented boundary will be denoted by b(x). (See §2.)

1.2. Traditional Computational Existence and Uniqueness. Computa-
tional existence and uniqueness verification rests on interval versions of Newton’s
method. Typically, such computations can be described as evaluation of a related
interval operator G(x); G(x) C x then implies existence and uniqueness of F(z) =0
within @. To describe these, we review

DEFINITION 1.1. ( [10, p. 174], etc.) Let F' : R® — R™. The matriz A is
said to be a Lipschitz matrix for I over x provided, for every x € x and y € x,
F(z) — F(y) = A(z —y) for some A € A.

Most interval Newton methods for F' : R™ — R™, abstractly, are of the general
form

(1.1) r=N(F;z,&) =2+,
where v is computed to contain the solution set to the interval linear system
(1.2) Av = —F(&),

and where, for initial uniqueness verification, A is generally a Lipschitz matrix! for F
over the box (interval vector) « and & € x is a guess point. We sometimes write F’(x)
in place of A, since the matrix can be an interval extension of the Jacobi matrix of
F. Uniqueness verification traditionally depends on regularity of the matrix A. We
have

LEMMA 1.2. ([9, 10]) Suppose & = & + v is the image under the interval Newton
method (formula (1.1)), where v is computed by any method that bounds the solution
set to the interval linear system (1.2), and & C x. Then A is regular.

The method of bounding the solution set of equation (1.2) to be considered here
is the interval Gauss—Seidel method, defined by:

DEFINITION 1.3. The preconditioned interval Gauss—Seidel image GS(F;x, %) of
a box x is defined as GS(F;x, &) = (&1,...,%n), where &; is defined sequentially for
i=1ton by:

& =x; N (:i:z - Nz‘/()/iAi)>7

where
i—1 n
N, =YF(#)+ Y YiA;(® — &)+ > Yid;(@; —&)),
j=1 j=it1
and where & = (&1,...,4,)7 is an initial guess point, Y A € IR"*"™ and Y F(&) are the

matriz and right-hand-side vector for the preconditioned interval system Y A(x — &) =
-YF(&), Y € R"™™™ is a point preconditioning matriz, Y; denotes the i-th row of Y,
and A; denotes the j-th column of A.

However, see [9, 12] for techniques for using slope matrices.
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Lemma 1.2 applies when N(F;x,%) = GS(F;«, ), provided we specify that
GS(F;z, %) be in the interior int(x) of . (We must specify the interior because of
the intersection step in Definition 1.3.) In particular, we have

THEOREM 1.4. ([9, 10]) Suppose F : @ C R™ — R™ and A is a Lipschitz
matriz such as an interval extension F'(x) of the Jacobi matriz. If & is the image
under an interval Newton method as in formula (1.1) and & C int(x), then there is
a unique x* € x with F(z*) = 0. Various authors have proven Theorem 1.4; see
[9, 10]. In particular, Miranda’s theorem can be used to easily prove Theorem 1.4 for
N(F;z,&) = GS(F; x, &); see [9, p. 60].

EXAMPLE 1. Take

fl(xlvx2) = l’% — T2,

f2($17352) =T — 3657

and x = (ml, xg)T = ([—0.1,0.1}7 [—0.1, 0.3])T. There is a unique root * = (0,0)T of
F = (f1, f2)T within . In Example 1, if # = (0,.1)7, then F(z) = (-0.1,-0.01)T,
and an interval extension of the Jacobi matrix is

Fi(=) = ( 2? —;ig > - ( [_'21’ 2 [—05,10.2] )

If the preconditioning matrix Y is taken to be the inverse of the midpoint matrix of
F’(x), then

-1 —-0.2 1
v fmr) = (920,
We obtain, rounded out to four digits,
GS(F;z, %) = ([-0.07292,0.09375], [—0.01875,0.01875])" C int(x).

Therefore, this computation proves that there is a unique solution to F(x) = 0 within
x.

Inclusion in the interval Gauss—Seidel method is made possible because the in-
verse midpoint preconditioner reduces the interval Jacobi matrix to approximately a
diagonal matrix.

1.3. Singularities: Philosophical Considerations. Theorem 1.4 is applica-
ble only when the matrix A is regular, i.e. when A does not contain singular matrices.
But consider

ExamMpLE 2. Take

and & = (x1,@5)" = ([~0.001,0.001],(~0.001,0.001])". Even though there is a
unique root z* = (0,0)T of F = (f1, f2)* within & when F is as in Example 2, the
interval Gauss—Seidel method cannot prove this, since the Jacobi matrix F’(z*) is
singular. In fact, the interval Jacobi matrix is computed to be

oo (2@ -1\ [ [0.0020002 -1
F (m)_<2w1 1)~ \ [0.002,0002] 1 )°
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and the midpoint

wE@) = (g 7).

matrix the inverse of which is often used as the preconditioner matrix Y, is not
invertible?.

Symbolic methods can be used to show that Example 2 has a unique solution in
a small region containing x; = 0, zo = 0. However, arbitrarily small perturbations of
the problem result in either no solutions or two solutions. Consider

EXAMPLE 3. Take

and @ = (z1,25)" = ([~0.001,0.001], [=0.001,0.001))". Here, |¢| is very small.

The system in Example 3 has two solutions for ¢ < 0 and no solutions for € > 0.
But roundout in computer arithmetic and, perhaps, uncertainties in the system itself
due to modelling or measurement uncertainties, make it impossible to distinguish
systems such as in Example 3 for different ¢, especially when computer arithmetic is
used as part of the verification process. In such instances, a new interpretation needs
to be given to existence / uniqueness. One expects the appropriate interpretation to
be application-dependent in general, but the following is possible: verify that the
system has an exact number of solutions within a larger space containing
the original space. This paper will be based on this interpretation.

To be specific, we can extend an n-dimensional box in R™ to an n-dimensional
box in C"* by adding a small imaginary part to each variable. If the system can
be extended to an analytic function in complex n-space (or if it can be extended to
a function that can be approximated by an analytic function), then the topological
degree gives the number of solutions, counting multiplicities, within the small region
in complex space. (See §2 for an explanation of multiplicity.) When the imaginary
parts are small, we can view the complex roots as approximating a multiple real
root. For example, the degree of the system in Example 3 within an extended box in
complex space can be computed to be 2, regardless of whether € is negative, positive
or zero. (See the numerical results in §8.) The topological degree corresponds roughly
to algebraic degree in one dimension; for example, the degree of z™ in a small region
in C! containing 0 is n.

1.4. Organization of This Paper. A review of properties of the topological
degree, to be used later, appears in §2. The issue of preconditioning appears in §3.
Construction of the box in the complex space appears in §4.

Several algorithms have previously been proposed for computing the topological
degree [1, 7, 14], but these require computational effort equivalent to finding all so-
lutions to 4n (2n-1)-dimensional nonlinear systems within a given box, or worse. In
85, a reduction is proposed that allows computation of the topological degree with a
search in a space of dimension equal to the rank defect of the Jacobian matrix. A
theorem is proven that further simplifies the search.

2 Alternate preconditioners can nonetheless be computed; see [9]. However, it can be shown that
uniqueness cannot be proven in this case; see [9, 10].



SINGULAR ZEROS VERIFICATION 5

In §6, the actual algorithm is presented and its computational complexity is given.
Test problems and the test environment are described in §7. Numerical results appear
in §8. Future directions appear in §9.

2. Review of Some Elements of Degree Theory. The topological degree
or Brouwer degree, well-known within algebraic topology and nonlinear functional
analysis, is both a generalization of the concept of a sign change of a one-dimensional
continuous function and of the winding number for analytic functions. It can be used
to generalize the concept of multiplicity of a root. The fundamentals will not be
reviewed here, but we refer to [3, 4, 7]. We only present the material we need.

Here, we explain what we mean by “multiplicity”. Actually, there is a more
general concept indez (see [4, Chapter I]) for an isolated zero. The topological degree
is equal to the sum of the indices of zeros in the domain. The index is always positive
in our context. So, we use multiplicity as an alternative term for index since it’s more
suggestive.

Suppose that FF : D € C* — C" is analytic. Then the real and imaginary
components of F' and its argument z € C" may be viewed as real components in
R, Let z = x + iy and F(2) = u(x,y) + iv(x,y), where x = (21,...,7,),y =
(Y1, yn) u(z,y) = (w2, y),. . un(,y)) and v(z,y) = (vi(z,y),...,v0(2,y)).
We can define D by

D = {(Ilvylv"'7xn7yn)|(zl +iy17---755n +Zyn) c D}
and F : D C R?" — R?" by
F= (U1, V1, Up, Up).

Then, we have the following property of topological degree d(F,D,0), and relation-
ships between d(F,D,0) and the solutions of the system F(z) =0 in D.
THEOREM 2.1. Suppose F : D C C" — C" is analytic, with F(z) # 0 for any
z € 0D, and suppose D and F : D — R2" are defined as above. Then
1. d(F,D,0) > 0.
2. d(F,D,0) > 0 if and only if there is a solution z* € D, F(z*) = 0.
3. d(F,D,0) is equal to the number of solutions z* € D, F(z*) = 0, counting
multiplicities.
4. If the Jacobi matriz F'(z*) is non-singular at every z* € D with F(z*) = 0,
then d(F, D, 0) is equal to the number of solutions z* € D, F(z*) = 0.

To obtain Theorem 2.1, we need to notice that F'(z*) = 0 for z* € D is equivalent
to F(z*,y*) = 0 for (z*,y*) € D, where z* = z* 4 iy*. In Theorem 2.1, the first
conclusion is easily obtained by knowing |d(Fgr,Dg,0)| < d(F,D,0), where Fg is
function F'(z) with z in a corresponding n-dimensional real domain Dy € R™. (See [4,
p. 49].) The third conclusion is actually Theorem (5.2) in Chapter I of [4], considering
the definition of topological degree. The fourth conclusion can be obtained by the
third conclusion, Theorem (7.2) and Lemma (9.3-2) in Chapter I of [4]. As for the
second conclusion, it’s easy to see that d(l*:’ ,f),O) > 0 implies there is a solution
(z*,y*) € D, F(z*,y*) = 0. (See Existence Theorem (6.6) in Chapter I of [4].) The
reverse is obtained by noticing the third conclusion and the fact that the multiplicities
are positive.

The following three theorems will lead to the degree computation formula in
Theorem 5.1 in §5, the formula used in our computational scheme.

THEOREM 2.2. (See [13, §4.2].) Let D be an n-dimensional connected, oriented
region in R™ and F = (f1,..., fn), where fi, k =1,...,n, are continuous functions
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defined in D. Assume F # 0 on the oriented boundary b(D) of D, b(D) can be sub-
divided into a finite number of closed, connected (n — 1)-dimensional oriented subsets
kL k=1,...,r, and there is p, 1 < p < n, such that:
1. Fop = (fiye s foo1s forts- - fn) # 0 on the oriented boundary b(3%_,) of
5717 k=1,...,r; and
2. f, has the same sign at all solutions of F_, = 0, if there are any, on B%_,,
1<k<r.

Choose s € {—1,4+1} and let Ko(s) denote the subset of the integers k € {1,...,r}
such that F-, = 0 has solutions on BX_, and sgn(f,) = s at each of those solutions.

Then

d(F,D,0) = (-1)"'s Y d(F.,,B5_,,0).
keKo(s)

The formula in Theorem 2.2 is a combination of formulas (4.15) and (4.16) in
[13]. The orientation of D is positive and the orientations of 3%_;, whether positive
or negative, are induced by the orientation of D. If we assume that the Jacobi matrices
of F_, are non-singular at all solutions of F., =0 on #%_;, then

d(Fﬂpvﬁ’LpO) =t( 571) Z sgn(JF-p(z)),

k
z€B 4

Fop=0
where t(8X_;) = +1 or —1 depending on whether 8X_, has positive orientation or
negative orientation, and JF-,(z) is the determinant of the Jacobi matrix of F-, at
x . (See Theorem (5.2) and (7.2) in Chapter I of [4].) So, under this assumption, we
can simplify the formula in Theorem 2.2.

THEOREM 2.3. Suppose that all the conditions of Theorem 2.2 are satisfied and
the Jacobi matrices of F-, are non-singular at all solutions of F—, =0 on B%_, for
each k € Ko(s). Then

d(F’Da()):(_l)p_ls Z t( 7,271> Z Sgn(JF—'P(x»v

k‘GKo(S) zepk

n—1
Fop(z)=0

where t(B_1) = +1 or —1 depending on whether 3%_, has positive orientation or
negative orientation, and JF-,(x) is the determinant of the Jacobi matriz of F-, at
x.

In our context, the region D is an n-dimensional box

= (x1,...,Tn),
where n > 2 and x, = [z;,Tr]. The boundary Oz of z consists of 2n (n — 1)-
dimensional boxes
Tp = (T1,. .., Th1, Lpyy Tht 1, - - L)
and
xr = (T1, o, k1, Th, Thp 1y -+ - Ty,

where k=1,...,n.
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F1a. 2.1. Positive center decomposition of @ when n = 2.

Before introducing the next theorem, for completeness in the exposition, we con-
struct the so-called positive or negative center decomposition of x (although such
decompositions are undoubtedly known among experts). This center decomposi-
tion shows us how to specify orientations of the faces of . We follow the con-
vention that an n-simplex < Py, Py, ..., P, > in R™ has positive or negative orienta-
tion if the determinant A, ((1, Py), (1, P1),..., (1, B,)) is positive or negative. Here,
P, = (z41,...,%in),i=0,1,...,n, are n + 1 points in R™ represented by row vectors,
and (1, P;) = (1,21, ..,%in),t =0,1,...,n, are (n+1)-dimensional vectors that form
the n + 1 rows of the determinant. See [3, 4, 7] for further details.

We construct the center decompositions of & inductively. Without loss of general-
ity, assume xy, = [—1,+1],k = 1,...,n. So, the center of x is (0,...,0). When n = 2
the positive center decomposition is shown in Figure 2.1, in which Py = (0,0). It’s
easy to check that each of the 22 - 2! 2-simplexes has positive orientation. So, = has
positive orientation. Sometimes we say the orientation is +1 or —1 if it’s positive or
negative. It’s clear that the orientations of x, 7, 2 and x5 are —1, +1, 4+1 and —1.
The negative center decomposition of & can be obtained by taking all the simplexes
with the negative orientation. Sometimes we say a center decomposition with sign
+1 or —1 if it’s positive or negative, respectively.

Suppose we already have center decompositions of (n — 1)-dimensional (n > 2)
boxes with each decomposition consisting of 2"~1 - (n — 1)! (n — 1)-simplexes . We
construct the positive center decomposition of an n-dimensional box x as follows. We
take the center decomposition with sign (—1)* of the (n — 1)-dimensional box ), and
we take the center decomposition with sign (—1)¥*1 of the (n — 1)-dimensional box
xz, where k=1,...,n.

We use

< Q(()k,—l) gk,—l)’ o Q(k,—l) >

n—1
or

< Cgélc,jtl)7 (1I<:,Jr1)7 o Qslk_’il) >

to denote an (n — 1)-simplex in the center decomposition of ) or x, where

Qi = (i1, - .- y Li(k—1) Li(k+1)s - -+ 79€m)



8 R. B. KEARFOTT, JIANWEI DIAN AND A. NEUMAIER

and

QY = (21, s Ti(k—1)s L, Ti(ky 1) - -+ Tin)-
So,
Sgn( ((1 QO) (LQl)a"'?(vanfl)))

= (—1)" on @4 and (—1)*™! on zf.
For each (n — 1)-simplex

<Q(k71’ (kfl’”.’Q 71))

or
< Q(k +1)’ (k, +1) Q(k +1))
we add the center Py = (0,0,...,0) of x as the first point to form an n-simplex
< P07Qg)k’71)7ng’71)7"'7Q 71)
or

<P, Q.Y

It’s easy to see that there are altogether 2" - n! n-simplexes. Next we verify that each
of those n-simplexes has the positive orientation.

Au((L R, (1 Q“H) (L™, 1,QF )
An 1 (QF D QD Q)
= (_1)kAn—1((1aQ0)v(17Q1)7"'5(LQR 1))

W1, Py), (1,QY ), (1,1, .. (1, 1Y)y

A

Api( (()k,+1)’Q§k,+1)’”. (k+1))
S: (=D 1A, 1((1,Q0), (1,Q1), ..., (1,Qn_1))-
07

sen(A,((L o). (1.Q5" ™), (L@ ), (L))
= (-1)*(-1)* =+1, and

sgn(An (1, R), (1,QST), (1,08, ..., (1,QTY))

1

— (71)]67 (71)k+1 +1.

This means we actually do get a positive center decomposition of . We can get
a negative center decomposition by taking all the 2" - n! n-simplexes with negative
orientation.

From the above we know that if we decompose x by the positive center decom-
position, then x has positive orientation, the induced orientation of x is (—1)’“,
and the induced orientation of @7 is (—=1)**!. b(x) can be divided into xj and @z,
k=1,...,n, with the associated orientations. So, F' # 0 on b(x) is the same as F' # 0
on 33: Slmllarly, F_,(x) = 0 on b(xy) or b(xy) is the same as FL,(z) = 0 on dxy or
Oxy. Let Ko(s) denote the subset of the integers k € {1,...,n} such that F., =0

has solutions on @ and sgn(f,) = s at all the solutions, and KO( ) denote the subset
of the integers k € {1,...,n} such that F., = 0 has solutions on x; and sgn(f,) = s
at all the solutions, Where s € {—=1,+1}. Then, by Theorem 2.3, we have
THEOREM 2.4. Suppose F # 0 on Ox, and there is p, 1 < p < n, such that:
1. F, #0 on Oz, or Oz, k=1,...,n



SINGULAR ZEROS VERIFICATION 9

p
1 0 o 0 %ok
0O 1 0... 0 =x *
YFI(:B): 0 O. 1 *
0 0 0 0...0
0o ... 0 0 0...0

Fic. 3.1. A singular system of rank n — p preconditioned with an incomplete LU factorization,
where “«” represents a non-zero element.

2. fp has the same sign at all solutions of F_, = 0, if there are any, on x) or
xz, 1 <k <mn;and
3. the Jacobi matrices of F-, are non-singular at all solutions of F—, = 0 on

ox.
Then
d(F,z,0)
OF.
_ (—1)1“5{ (-1)* sgn ; )
ke%o:(S) ;ﬁ D12 BT
F—p(z)=0
oF
+ —1)ktl sgn " o
Z( ) zezm; & 8x1x2.~-ﬂfk—1f’3k+1"'x"(>
k€eKo(s) Fﬁp(m;czo

3. On Preconditioning. The inverse midpoint preconditioner approximately
diagonalizes the interval Jacobi matrix, when F”(z*) is non-singular (and well-enough
conditioned). This preconditioner can be computed with Gaussian elimination with
partial pivoting. We can compute (to within a series of row permutations) an LU
factorization of the midpoint matrix m(F’(X)). The factors L and U may then be
applied to actually precondition the interval linear system.

When the rank of F'(z*) is n — p for some p > 0, then Gaussian elimination
with full pivoting can be used to reduce F'(x) to approximately the pattern shown
in Figure 3.1. Actually, an incomplete factorization based on full pivoting will put
the system into a pattern that resembles a permutation of the columns of the pattern
in Figure 3.1. However, for notational simplicity, there is no loss here in assuming
exactly the form in Figure 3.1.

In the analysis to follow, we assume that the system has already been precondi-
tioned, so that it is, to within second-order terms with respect to w(x), of the form
in Figure 3.1. In the rest of this paper, we concentrate on the case p=1, although the
idea can be applied to the general case.

4. The Complex Setting and System Form. In the remainder of this paper,
we assume
1. F:D CR"™ — R"” can be extended to an analytic function in C™.
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2. x = (1,...,2,) = ([21,71],- .-, [z, Tn]) is a small box that will be con-
structed centered at the approximate solution Z, i.e. m(x) = (&1,...,&n,).

3. & is near a point z* with F(z*) = 0, such that || —2*|| is much smaller
than the width of the box @, and width of the box x is small enough for a
quadratic model to be accurate over the box .

4. F has been preconditioned as in Figure 3.1, and F’(z*) has null space of
dimension 1.

So,
ile) = (o= £8) + 92 (3) (@ — 20) + O (o — )
for1<k<n-1.
zn:zn: Oz )ow = @)@ — 1) + O (|l - 3l)°)
20 18xk8xl

For F: R™ — R", extend F' to complex space: x + iy, with y in a small box

Yy = (y17-~.7yn) = ([glvyl]w "a[yn’yn])a

where y is centered at (0, ..., 0). Define 2 = (z1,Yy, ..., Tn, y,,) = ([21, T1]. [y, Gils- -

[gn’fn]>[yn’yn])7 uk(xay> = %<fk(x + ’Ly)) and Uk('rvy) = %(fk(x + Zy)) With this,
define

F(I‘,y) = (ul(x,y),vl(x,y),. . 7un('ray)7vﬂ($7y)) : RZTL - RQTL'

Then, if preconditioning based on complete factorization of the midpoint matrix for
F’(x) is used, the first-order terms are eliminated in the pattern of Figure 3.1, and,
for1<k<(n-1),

ur(z,y) (wr — &1) + 52 (2) (@p — &)
(A1) +O(Mx—mym),

w(@y) = vt @y, +0 (Il -y,

and

un(®,y) = 3 Zk 1211 8$k8xl( &) (z — i) (T — &1)
2 Zk 121 1 6z Bz, @)Yk
(12) +O(Mx—mym§,
on(@,y) = Doho D aii’é’;l (@) (e — T) Y
+0 (@ - z,m)I°)

5. Simplification of a Degree Computation Procedure. To use Theo-
rem 2.4 to compute the topological degree d(ﬁ' , 2z, 0) directly in a verification algorithm
would require a global search of the 4n (n—1)-dimensional faces of the 2n-dimensional
box z for zeros of Fﬁp. This is an inordinate amount of work for a verification process
that would normally require only a single step of an interval Newton method in the
nonsingular case. However, if the system is preconditioned and in the form described
in §3 and §4, the verification can be reduced to 4n — 4 interval evaluations and four
1-dimensional searches.
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To describe the simplification, define
T = (mla Yo 3 Th—1,Yp—1> L Ygos Lht 1, Ypt15 - - - T yn)z
and
T = (1, Y1 o1, Yk 1> Th Yy Thot 1 Yho 15+ -+ Ty Yo )

Similarly define y;, and y7. Also define

Z:Zu” (x,y) = (ul(x, Y),v1(2,9), -y U1 (2, y), Un—1 (2, y), vn(x, y))

To compute the degree d(.l:"7 z,0), we will consider Fﬁu" on the boundary of z. The
boundary of z consists of the 4n faces @1, 1, Y1, Y1, - - -, Tn, Tws Yy, Yz
Observe that, for 1 <k < (n —1),

Fo, (xz,y) =0on x4

0
— )~ @ )+ D #) £ =0
= |£k - i‘kl = |8fk/6$n(i")||xn - £n|

w(zy) < w(z).

=w(xy) < |0fk/0x,(E)|w(x,), or m <

Similarly,
F_o,(z,y) =0 on xz

y w(xp)
= w(xy) < |0fk/0x,(E)|w(x,), or m < w(zxy).

Also observe that, for 1 <k < (n—1),

oy, (z,y) =0 on yy,

0
— uel,9) %y, + 50 (#)y, = 0
— 10,1 = 105/02a (@)l

w(yy)

=w(yy) < |0fk/0zn(7)|W(y,), or [0F%/02n(@)] <w(y,)-

Similarly,
F—\un(xay) =0on yE

w(yy)

=w(yy) < |0fr/0zn(2)|W(y,), or 107+ /02 (7)| <w(y,)-

Thus, if x,, is chosen so that

w(ar:k) }
|0/ Oxn(2)] ]

then it is unlikely that ug(z,y) = 0 on either x; or ;.
Similarly, if y,, is chosen so that

1
. < - i
o1 W) <, in, {

w(yy)

1 .
(5.2) W) <5 1<kin1 {W%(M}’
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then it is unlikely that vy (z,y) = 0 on either y, or y;.

Here, the coefficient 3 is to take into consideration the fact that ux(z,y) ~ (zx —

Tr) + %(f)(mn — Zyn) and vg(z,y) ~ yi + %(i)yn are only approximate equalities.

When 9, /0x, () happens to be 0, we can think that ‘afr;(aa;’:}(j)l and \3fzv/(8l:lc:)(a‘c)\
are +00.

By constructing the box z in this way, we can eliminate search of 4n — 4 of the
4n faces of the boundary of z, since we have arranged to verify F‘Wn (z,y) # 0 on
each of these faces. Elimination of these 4n — 4 faces only needs 4n — 4 interval eval-
uations. Then, we only need to search the four faces x,, s, ¥y, and y; for solutions

of F_,,, (z,y) = 0, regardless of how large n is. This reduces total computational cost
dramatically, since searching a face is expensive. The following theorem forms the
theoretical basis of our algorithm in §6.1.
THEOREM 5.1. Suppose
1. up #0 on xp and Tz, and v, #0 on yy, and y;, k=1,...,n —1;
2. ﬁ'ﬁun = 0 has a unique solution on x, and xm with y, in the interior of y,,,
and Fﬂun = 0 has a unique solution on y,, and Yy with x, in the interior of
T; B
8. u, #£ 0 at the four solutions of ﬁ'ﬁun =0 in condition 2; and
4. the Jacobi matrices ofl*:’ﬁun are non-singular at the four solutions ofl*:’ﬁun =0
in condition 2.

_ OF_,
d(F,z,0) = — sgn ~ x,
( ) Z 8 ozr1y1 .. .xn_1yn_1yn( )

Tp=x
nTZn

Foyy, (2,y)=0
un (z,y)>0

OF_,
+ sgn 2 x,
Z & oz1y1 .. -$n—1yn—1yn( v)

Py (@.9)=0
wp (,)>0

OF.,
+ > sen . (,9)

yn—y 31713/1 <o Tn—1Yn—1Tn
—-n

Fou,, (2,4)=0
un (z,y)>0

OF_,,
- ) sem (z,)] -

3I1y1 o Tpn—1Yn—1Tn

N Yn="un
Foyy, (z,y)=0
un (z,y)>0

Proof. Condition 1 implies F' # 0 on Tp, 7, Y and Yy, k=1,...,n—1, and 2
and 3 imply F # 0 on Ty, Tw, Y, and Yz. So, F #0on z.

Condition 1 implies Fﬁun # 0 on Oxy, Oz, Oy, and Oy, k=1,...,n—1. Oz,
consists of 2(n — 1) (n — 2)-dimensional boxes each of which is either embedded in
some T, T, Y Or Y5, 1 <k <n—1, oris embedded in y,, or y5. So, by 2 and 3,

]:Zun # 0 on Ox,. Similarly, ﬁ‘wn # 0 on Ozxy, Oy, and Jy5. So, condition 1 in
Theorem 2.4 is satisfied. B
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Condition 2 in Theorem 2.4 is automatically satisfied since F-,, = 0 either has no
solutions or a unique solution on xy, Tz, Yy, or yz, 1 <k < n.

Then, by noticing 4, the conditions of Theorem 2.4 are satisfied. The formula is
thus obtained with s = +1. O

The conditions of Theorem 5.1 will be satisfied when the system is that as de-
scribed in §3 and §4, the box z is constructed as in (5.1) and (5.2), and the quadratic
model is accurate. (See Theorem 5.2 and its proof of the results when all the approx-
imations are exact.)

In Theorem 5.1, the degree consists of contributions of the four faces we search.
We can compute the degree contribution of each of the four faces and then add them
to get the degree.

In Theorem 5.1 we choose s = +1. We can also choose s = —1. That doesn’t
make any difference in our context if we ignore higher order terms in the values of u,,
at the solutions of Fﬂun = 0 on the four faces x,, T, ¥, and y;. To be specific, the
four values of u,, are B

. 1 . \2 . 3
U = 5 Az, — ) +O(H(x*fw)ll )

7]. _ . \2 . 3
tn = 5A@n = #a)* + 0 (2 - 7,9))*)

_ L o
wn = =3802 +0 (@ =2 ) .

N RPN
wn = =3 A7+ 0 (@ = ,9)I°)

respectively, where, A is defined in (5.3). When we choose w(y,,) the same (or roughly
the same) as w(wy), the values of u, as a function of y  (or 7,,) will be the same (or
roughly the same) as the values of u,, as a function of z, — &, (or T, — &,). So, if we
ignore higher order terms, the cost of verifying u,, < 0 and searching for solutions of
Fﬁun = 0 with u,, > 0 is approximately the same as the cost of verifying u,, > 0 and
searching for solutions of F_,,, = 0 with u,, < 0.

Next, we will give a theorem which will further reduce the search cost by telling
us how we should search. Before introducing the theorem, define

0 fk
=~ (x <k<n-
o &cn(x)’ 1<k<n-1,
a, =—1,
02 fy,
= T 1<k< 1<l <
B axkaxl(x) <k<n,1<i<n,
(5.3) A= Buaka
k=1 1=1

Note B = B

THEOREM 5.2. If the approzimations of (4.1) and (4.2) are exact, if we construct
the box z as in (5.1) and (5.2), and if A # 0, then d(F, z,0) = 2.

Proof. Under the assumptions,

(5.4) up = (g — &x) + ap(Tn — &n), 1<k<n-1,
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(5:5) Uk = Yk + kY, 1<k<n-1,
1 n n 3 3 1 n n
(5.6) Un = B Z Zﬂkl(mk — @) (T — T1) — 3 Z Zﬁkzykyz
k=11=1 k=11=1
(5.7) Up = Z Zﬁkz(wk — Ir)y
k=11=1

Due to the construction of the box z,
Uk = (@k - i"k') + ak(mn - fn) 5& 0
on x and 3, and
Vg =Y, T apyn # 0

on y, and yi, where k =1,...,n— 1.

Next, we locate the solutions of Fﬂun =0on zy, 7, ¥, and y5.
1) On xp;

(5.8) uk:Oﬁfck:jk—ak(gn—jn), 1<k<n-1,
(59) Uk:()ﬁgk:—akym 1§]€§7’L—1,

Plugging equations (5.8) and (5.9) into equations (5.6) and (5.7), we get

1 n n 1 n n
(5.10) Un =3 S Buarau(z, — in)? - 3 S Buarawy;
k=11=1 k=1 1=1
1 ) 1
= iA(Qn Fn)? — iAyi
(5.11) Up = Z Zﬂklakaz@n — &n)Yn
k=11=1
Then,
(5.12) Uy =0 = g, =0,
since A # 0.
Thus, by equation (5.9)
(5.13) G = 0= g = 0, 1<k<n-—1,

So, F.,,, = 0 has a unique solution

(Z,9) = (#1,0,...,%p-1,0,2,,0)

s Emy

on .
Plugging (5.12) into (5.10), we get the u, value at this solution, which is
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n

1
(5.14) Uy = iA(g —in)?.

Next, we compute the determinant of the Jacobi matrix of F.,,, at this solution.
Define

n
=Y Buou.
=1

Noting equations (5.4), (5.5) and (5.7), we have

OF_., o
(5.15) 5 ,9)
1Yl -+ - Tn—1Yn—1Yn
ouq Ouy Ouq Ouq ouq
Oz Oy1 Oz OYn—1 OYn
8v1 % 8v1 (9’01 6711
Oy Y1 T OTn_1 OYn—1 OYn
= OUun_1 Oun_1 Oun_1 Oun_1 Oun_1
oz Oy1 Y Omp-1 OYn-—a Oyn
Ovp 1 Ovpn—1 Ovp_1 OVp—1 OVn_1
oz Jy1 T O0Tp—1 OYn-—1 OYn
vy Ovp Ovp Vp Ovn
oz oY1 T O0Tp—1 OYn—1 OYn
1 0 ... 0 0 0
0 1 ... 0 0 aq
0 0 1 0 0
O O O 1 Qp—1
0 -1 (Qn - i’n) 0 _’Vn—l(gn - j;n) 7’Vn(§n - :En)
1 0 0 0 0
0 1 0 0 Qg
= 7(1‘71 - jjﬂ) : :
0 0 1 0 0
0 0 0 1 Q1
0 m 0 Ym-1 M
n
= —(z, — In)(— Z Yk
k=1
n n
= (z, — &) Yok > By
k=1 =1
n o on
= (2, —&n) DY Bk
k=11=1
n n
= (2, —&n) DY Braka
k=11=1
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2) On z7;

Similarly, F,, = 0 has a unique solution (Z,¢) on x7.
The u,, value at this solution is

1
(5.16) Up = iA(En —in)?.

The determinant of the Jacobi matrix of F_,, at this solution is

OF_,
5.17 n ,9)| = (Tn, — n)A
(5.17) DT1Y1 - Tn1Yn1yn ( )
3) On y,,;
(518) uk:0:>.fk:i‘k7ak(wnfi‘n), 1§k§n71,
(5.19) v =0= g = —ayy,, 1<k<n-1,

Plugging equations (5.18) and (5.19) into equations (5.6) and (5.7), we get

(5.20) Up = Z Z Briogou(xn — &n)? — % >0 Buoray®

2o k=11=1
= %A(xn —Zn)? — %Agi
(5.21) Uy = Z Zﬁklakal —Zn)y,
k=11=1
= A(zy — Zn)y, -
Then,
(5.22) Oy =0 = iy, = dn,
since A # 0.
Thus, by equation (5.18)
(5.23) B = Ep = ), = @y, 1<k<n-—1,
So, F_,,, = 0 has a unique solution

(I7y) = (ilagla s aicn—hgn—hi‘nagn)

on y,,.
Plugging (5.22) into (5.20), we get the u, value at this solution, which is

1 2
(5.24) un = —5Ay2.

Next, we compute the determinant of the Jacobi matrix of ﬁ'ﬁun at this solution.
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Noting the equations (5.4), (5.5) and (5.7), we have

OF-, i
(5.25) (Z,9)
321312/1 v Tp—1Yn—-1Tn
ouq Ouy ouq Ouy ouq
Jx1 Jy1 e O0Tn—1 OYn—1 [oE2
vy ovr vy vy vy
oz oy1 T 0w OYn—a Ozyp,
| Oun: Bun_s Oun—1  OUun—1  OUn_1
Oxy 0y1 Y Ompo OYn—1 Oy,
Ovp_1 Ovn_1 Ovp_1 Ovn_1 Ovp_1
oz Oy e OTn_1 OYn—1 On
Ov, Ov, Ov, Uy Ov,
Jx1 dy1 Y Ompoa OYn—1 Oy
1 0o ... 0 0 (6731
0 1 ... 0 0 0
0 0 1 0 ap_q
0 0 0 1 0
—’71Qn 0 _FYn—lgn 0 _’Yngn
1 0 0 0 m
0 1 0 0 0
— 7%7; : : :
0 0 . 1 0 an.
0 0 . 0 1 0
Mm 0 oo Y1 0o,
n
==y, (= Do)
k=1
n n
=y, > ax ) Buc
k=1 =1
n o n
=y, > > Buwara
k=11=1
n n
=y, > D> Buaka
k=11=1
= QnA'
4) On yy;

Similarly, F_,,, = 0 has a unique solution (Z, ) on ys.
The u,, value at this solution is

1
(5.26) Up = —iAgi.

The determinant of the Jacobi matrix of F_, at this solution is

17
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OF..,

5.27
( ) 33312/1 co Tn-1Yn—1Tn

(i'7g) =Yy A

n

Finally, we can use the formula in Theorem 5.1 to compute the topological degree
d(F, z,0).

If A > 0, then we know from the equations (5.14), (5.16), (5.24) and (5.26)
that u,, is only positive at the solutions of Fﬁun = 0 on x,, and xn. We also know the
signs of the determinants of the Jacobi matrices at the two solutions from equations
(5.15) and (5.17). So,

d(F,2,0) = —(-1)+ (+1) =2

If A < 0, then we know from the equations (5.14), (5.16), (5.24) and (5.26)
that w,, is only positive at the solutions of ﬁ‘wn =0 on y,, and y5. We also know the
signs of the determinants of the Jacobi matrices at the two solutions from equations
(5.25) and (5.27). So,

d(F,z,0) = +(+1) — (1) =2

|
The proof of Theorem 5.2 tells us approximately where we can expect to find the
solutions of ., = 0 on the four faces we search and the value of the degree we can
expect when the approximations (4.1) and (4.2) are accurate.
From (4.1), we know that if x,, is known precisely, formally solving ux(x,y) =0

for xj gives sharper bounds &, with w(&;) = O (||(a:f§3,y)|\2), 1<k<n-
1. Similarly, if y, is known precisely, formally solving vy (x,y) = 0 for y; gives
sharper bounds g, with w(g,) = O (H(a: - i,y)||2), 1 <k <n-—1. So, when we

search x, (or ) for solutions of F.,, = 0, we can first get sharper bounds for
7,1 < k < n—1, since x, is known precisely. Then, for a small subinterval y®
of y,,, we can solve vg(x,y) = 0 for y; to get sharper bounds g, with w(g,) =

(@] (max(H(a: — &), Hy%”)), 1 <k <n—1. Thus we get a small subface of x,, (or

x7) over which we can either use an interval Newton method to verify the existence
and uniqueness of the zero of F_,,, or use mean-value extensions to verify that F_,,
has no zeros, depending on whether ¢° is in the middle of y,, or not. So, we end up
with searching over a 1-dimensional interval y,,. This further reduces the search cost.
We can search y,, or y5 in a similar way.

The analysis in this section leads to a practical algorithm in the next section.

6. The Algorithm and Its Computational Complexity. In this section, we
will present the actual algorithm and give its complexity.

6.1. Algorithm. The algorithm consists of three phases. In the box-setting
phase, we set the box z. In the elimination phase, we verify that u; # 0 on z and
xg, and v, # 0 on y;, and yz, where 1 <k <n — 1. In the search phase, we verify

the unique solution of ﬁ'ﬁun = 0 on x, and xy with y, in the interior of y,,, and on
y,, and y; with x, in the interior of x,, compute the signs of w,, and the signs of

the Jacobi matrices of ., at the four solutions of F_, = 0, compute the degree
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contributions of the 4 faces ., *, y,, and y; according to the formula in Theorem
5.1 and finally add the contributions to get the degree.
ALGORITHM
Box-setting Phase
1. Compute the preconditioner of the original system, using Gaussian elimina-
tion with full pivoting.
2. Set the widths of x, and y,, (see explanation below), for 1 <k <n — 1.
3. Set the widths of x,, and y,, as in (5.1) and (5.2).
Elimination Phase
1. Dofor1<k<n-1
(a) Do for x) and xz
i. Compute the mean-value extension of uj over that face.
ii. If 0 € uy, then, stop and signal failure.
(b) Do for y, and yz
i. Compute the mean-value extension of vy over that face.
ii. If 0 € vy, then, stop and signal failure.
Search Phase
1. Do for x,, and xx
(a) i. Use mean-value extensions for uy(x,y) = 0 to solve for z to get

sharper bounds ; with width O (H(:c — I, y)||2>, 1<k<n-1

ii. If & Nz = 0, then return the degree contribution of that face as
0.
iii. Update xy.
(b) i. Compute the mean-value extension u,, over that face.
ii. If u,, < 0, then return the degree contribution of that face as 0.
(c) Construct a small subinterval y% of y,, which is centered at 0.
(d) i. Use mean-value extensions for vi(x,y) = 0 to solve for y; to get
sharper bounds y, with width

o (max(H(m — i), | y%”)), 1 <k <n-—1, and thus to get a

subface z0 (or ) of x,, (or x7.)

ii. If g, Ny, = 0, then stop and signal failure.

(e) i. Set up an interval Newton method for F.,, to verify existence and

uniqueness of a zero in the subface 2 (or z2.)
ii. If the zero can not be verified, then stop and signal failure.

(f) Inflate y° as much as possible provided the existence and uniqueness
of the zero of Fﬂun can be verified over the corresponding subface, and
thus get a subinterval y}, of y,,.

(g) In this step, we verify Fﬁun = 0 has no solutions when y,, € y,, \ y..
¥, \ y. has two separate parts; we denote the lower part by y, and the
upper part by y&. We only present the processing of the lower part.
The upper part can be processed in a similar way.

i. Do
A. Use mean-value extensions for vi(x,y) = 0 to solve for y to
get sharper bounds for yi, 1 < k < n — 1, and thus to get a

subface of x,, (or x7.)

B. Compute the mean-value extensions F_, over the subface ob-
tained in the last step.
C. If 0 € F_,,, then bisect y!,, update the lower part as a new y!,
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and cycle.
If 0 ¢ F,,, then exit the loop.
ii. Do

A If Q:L < @;, then exit the loop.

B. g, — [T, T+ w ()]

C. Use mean-value extensions for vi(x,y) = 0 to solve for yi to
get sharper bounds for yx, 1 < k < n — 1, and thus to get a
subface of &,, (or x5.)

D. Compute the mean-value extensions F' —w, over the subface ob-
tained in the last step.

E. Ifo¢ Fﬁun, then cycle.

If0e F_,,, then y!, «— [y} ,mid(y},)] and cycle.
i. Compute the mean-value extension of u,, over % (or IB%)

n
ii. If u,, < 0, then return the degree contribution of that face as 0.

. AF.,, oF.,

1. Compute | z——"=n —— ()| (or T )

. AF ., 0 OF ., 0

i If0 € |grm—r=m— (@) | (or 0 € |5y — - (mﬁ)’), then

stop and signal failure.
Use the formula in Theorem 5.1 to compute the degree contribution of
that face.

2. Do for y,, and y5

()

Same as Step la except change zy, to yr, Z to Y., Tk to Yy, and uy to
V-

Same as Step 1b.

Same as Step lc except change y° to ¥, y,, to x,, and 0 to i,.

Same as Step 1d except change yi to 2k, Y, to Tk, Y, to xk, acg to yg,
:t:% to y%, x, to y, and z7 to yg.

Same as Step le except change &, to y) and 2 to y2.

Same as Step 1f except change ¢ to 0, y! to . and y,, to x,,.
Same as Step 1g except change y,, \ ¥y to =, \ z..

Same as Step lh except change :I;% to yg and z2 to y2.

Same as Step 1i except change

OF 0 OF iy 0
3$1y1---zn—1yn—1yn(xﬂ) to 3I191~»-1n—1yn—11n(y£) and
OF iy 0

OT1YL...Tr—1Yn—1Tn (yﬁ)

to

OF 0
OT1Y1--Trn—1Yn—1Yn (xﬁ)

Same as Step 1j.

3. Add the degree contributions of the four faces obtained in steps 1 and 2 to
get the degree.

END OF ALGORITHM

An Explanation of the Algorithm

1. In the box-setting phase, in Step 2, the width w(xy) of ), depends on the
accuracy of the approximate solution Z of the system F'(z) = 0. w(x;) should
be much larger than |, — z}|. But, at the same time, it should not be too
large since the quadratic model needs to be accurate over the box.

2. In the search phase, in Step 1b (or 2b), we check the sign of u,, on that face
and discard that face at the earliest possible time if u,, < 0 on that face, since
we know the degree contribution of that face is 0 according to the formula
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in Theorem 5.1. This will save time significantly if it happens that u, < 0
on that face. It did happen for all the test problems. (See §8 for the test
results.)

3. In the search phase, in Step le ( or 2e), we precondition the system Fﬂu”
before we use an interval Newton method, so that the method will succeed
(see §1.2 and §3). The system F., is nonsingular over the subfaces under
consideration. In the actual implementation, LINPACK routines DGECO and
DGESL were used to compute the preconditioners.

4. In the search phase, in Step 1f (or 2f), we first expand the subinterval y¥ (or
x?) by € = Zw(y?) at both ends. If the existence and uniqueness of the zero
of flun can be verified over the corresponding subface, then we expand the
subinterval by 2¢ at both ends, and then 4e and so on until the existence and
uniqueness of the zero can not be established.

5. In the search phase, in Step 1g (or 2g), the underlying idea is that the farther
away the interval y!, is from the interval y% whose corresponding subface of
x, (or xz) contains a unique solution of -, = 0 and/or the narrower the
interval y!, is, the more probable it is that we can verify that Fﬁun # 0 over
the subface of @, (or ) which corresponds to y,.

6.2. Computational Complexity.

Derivation of the Computational Complexity

Box-setting Phase: Step 1 is of order O (n3) Step 2 is of order O (n). Step 3 is of
order O (n?).
Thus, the order of this phase is O (n?).

Elimination Phase: Step lai and 1bi are of order O (n2) Step laii and 1bii are of
order O (1).
Thus, the order of this phase is O (n3)

Search Phase: Step la and 2a are of order O (n3) Step 1b and 2b are of order
O (n?). Step 1c and 2c are of order O (1). Step 1d and 2d are of order O (n?).
Step le and 2e are of order O (n3) Step 1f and 2f are of order Ny, s *O (n3)
(See explanation below.) Step lg and 2g are of order Np,o.*O (n3) (See
explanation below.) Step 1h and 2h are of order O (n2) Step 1i and 2i are of
order O (n3) Step 1j and 2j are of order O (1) . The last step of this phase
is of order O (1) too.
Thus, the order of this phase is O (n3)

The order of the overall algorithm is thus O (n3)

Remarks

1. There are two performance measures in the algorithm, Ny, s and Nppoc. Ninfi
is the number of inflations the algorithm did in Step 1f or 2f. Npc is the
number of subintervals of y,, \ y. the algorithm processed in Step lg or
subintervals of @, \ ! the algorithm processed in Step 2g, i.e. number of
yl’s plus number of y“’s in Step 1g or number of x!,’s plus number of z%’s
in Step 2g . (See the algorithm in §6.1).

2. The order of the algorithm cannot be improved, since computing precondi-
tioners of the original system and the system F ", 1S necessary and computing
each preconditioner is of order O (n?).
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7. Test Problems and Test Environment.

7.1. Test Problems. Before describing the test set, we introduce one more
problem. Motivated by [6, Lemma 2.4], we considered systems of the following form.
EXAMPLE 4. Set

f(x) = h(z,t) = (1 —t)(Az — 2?) — tz,

where A € R™™™ s the matriz corresponding to central difference discretization of the
boundary value problem —u” = 0, u(0) = u(1) = 0 and 2?2 = (22,...,22)T. t was
chosen to be equal to

t1=A1/(1+ A1),

where \1 is the largest eigenvalue of A.

The homotopy h in Example 4 has a simple bifurcation point at t = ¢1, where the
two paths cross obliquely. That is, there are two solutions to f(z) = 0 near 2 = 0, for
all ¢ near ¢; and on either side of ¢;. Furthermore, the quadratic terms in the Taylor
expansion for f do not vanish at ¢t = ¢;.

The test set consists of Example 2, Example 3 with ¢ = +107% and —1075,
and Example 4 with n = 5,10, 20, 40, 80, 160, 320. For all the test problems, we used
(0,0,...,0) as a good approximate solution to the problem F'(x) = 0. Actually, it’s the
exact solution in Example 2 and Example 4. w(zy) and w(y,,) were set to 1073 for 1 <
k<n-1. w(x,) and w(y,,) were computed automatically by the algorithm. In fact,
w(xy) and w(y,,), 1 <k < n—1, can also be computed automatically by the algorithm,
depending on the accuracy of the approximate solution. At present, we used the known
true solutions to Example 2 and Example 4 and the known approximate solution to
Example 3 to test the algorithm and set the widths apparently small but otherwise
arbitrary.

For all the problems, the algorithm succeeded and returned a degree of 2.

7.2. Test Environment. The algorithm in §6.1 was programmed in the Fortran
90 environment developed and described in [8, 9]. Similarly, all the functions in
the test problems were programmed using the same Fortran 90 system, and internal
symbolic representations of the functions were generated prior to execution of the
numerical tests. In the actual tests, generic routines then interpreted the internal
representations to obtain both floating point and internal values.

The LINPACK routines DGECO and DGESL were used in Step 1 of the box-setting
phase, and in Step le, 2e, 1f and 2f of the search phase to compute the preconditioners.
(See the algorithm and its explanation in §6.1.)

The Sun Fortran 90 compiler version 1.2 was used on a Sparc Ultra model 140
with optimization level 0. Execution times were measured using the routine DSECND.
All times are given in CPU seconds.

8. Numerical Results. We present the numerical results in Table 8.1 and some
statistical data in Table 8.2.
The column labels of Table 8.1 are as follows.
Problem: names of the problems identified in §7.1.
n: number of independent variables.
Success: whether the algorithm was successful.
Degree: yopological degree returned by the algorithm.
CPU Time: CPU time in seconds of the algorithm.
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TABLE 8.1
Numerical Results

’ Problem \ n  Success Degree \ CPU Time Time Ratio ‘

Example 2 2 Yes 2 0.0761
Example 3

(e =+1079) 2 Yes 2 0.0511
Example 3

(e=—-1079) 2 Yes 2 0.0513
Example 4 ) Yes 2 0.6806
Example 4 | 10 Yes 2 3.3403 4.91
Example 4 | 20 Yes 2 19.440 5.82
Example 4 | 40 Yes 2 140.34 7.22
Example 4 | 80 Yes 2 1123.6 8.01
Example 4 | 160 Yes 2 8891.3 7.91
Example 4 | 320 Yes 2 65395.5 7.36

Time Ratio: This only applies to Example 4. It’s the ratio of two successive CPU
times.

The column labels of Table 8.2 are as follows.

Problem: names of the problems identified in §7.1.

n: number of independent variables.

Ninsi: number of inflations the algorithm did in Step 1f or 2f for the indicated face
Zn, Tw, Y, O Ty (see explanation of the computational complexity of the
algorithm in §6.2).

Nproc: number of intervals the algorithm processed in Step 1g or 2g for the indicated
face @, Tw, Y, or Ty (see explanation of the computational complexity of
the algorithm in §6.2).

We can see from Table 8.1 that the algorithm was successful on all the problems
in the test set. The algorithm is of order O (n3) But the are many O (n3) and O (n2)
steps. Some steps have many O (n3) and O (nz) substeps, and some of the substeps
still have many O (n2) structures. So, when n was small, those lower order structures
had significant influence on the CPU time. But, when n was large, the O (n3) terms
dominated. We can see this from the time ratios of Example 4 in Table 8.1.

In Table 8.2, for all the problems, there were two faces of x,, xx, y,, and y; for
which N;j, ¢ = 0. This is because the algorithm verified that u,, < 0 on each of those
two faces in Step 1b or 2b, and returned a degree contribution of each of those two
faces as 0. So, the algorithm didn’t proceed to Step 1f or 2f. For the same reason,
Nproc = 0 for those two faces. For the remaining two faces for which the algorithm
did proceed to Step 1f or 2f, Ny, s is small.

In Step 1g or 2g which immediately follows the inflations, N, = 0 for Example 2
and Example 3. This is because the inflations had covered the whole interval y,,. (See
the algorithm in §6.1 and the explanation of its computational complexity in §6.2.)
More significant is that Ny, = 2 in Example 4 regardless of small n or large n. This
is because only one interval was processed to verify that Fﬁun = 0 has no solutions
when 2, € !, and only one interval was processed to verify that F.,, = 0 has
no solutions when z,, € x¥. (See the algorithm in §6.1 and the explanation of its
computational complexity in §6.2.) This means that the algorithm was quite efficient.
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TABLE 8.2
Statistical Data

N, infl N, proc
Problem n| Ty, Tm Y, Yn | Th Tw Y, Yn
Example 2 2| 6 6 0 0 0 0 0 0
Example 3
(e =+1079) 2| 2 2 0 0 0 0 0 0
Example 3

(e=—1079) 2
Example 4 5
Example 4 10
Example 4 | 20
Example 4 | 40
Example 4 | 80
Example 4 | 160
Example 4 | 320

(en] Hen) Hen) Hev) Hev) New) Nanl | V]
(en] Hen) Hen) Hen) Hen) Nen) Nanl | \V]
W[ |0y o O
W | O OO
(en) Hen) Hen) Hen) Hen) Nen) Nen) Hean)
(en] Hen] Hen) Hen) Hon) Nev) Nev) Nan)
NN NN NN O
NN NN N O

9. Conclusions and Future Work. When we tested the algorithm, we took
advantage of knowing the true solutions. (See §7.1.) For this reason, we set w(xy)
and w(y;), 1 < k < n — 1 somewhat arbitrarily. But we plan to have the algorithm
eventually compute these, based on the accuracy of the approximate solution obtained
by a floating point algorithm and the accuracy of the quadratic model.

We presented an algorithm which was designed to work for the case that the rank
deficiency of the Jacobian matrix at the singular solution is one. But the analysis
in §5 and the algorithm in §6.1 can be generalized to general rank deficiency. Also,

at present, it is assumed that the second derivatives a‘zié’;l, 1<k<n1<I<n
don’t vanish simultaneously at the singular solution. In fact, the analysis in §5 and
the algorithm in §6.1 can be generalized to the general case that the derivatives of
fn of order 1 through = (r > 2) vanish simultaneously at the singular solution. But
computing higher order derivatives may be expensive. Those two generalizations can
also be combined, i.e. any rank deficiency and any order of derivatives of f, that

vanish. We will pursue these generalizations in the future.

Another future direction of this study is to apply the algorithms to bifurcation
problems and other physical models.
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