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Abstract. We present a step control for continuation methods which 1s
deterministic in the sense that (1) it will never cause the algorithm to
jump across paths; (ii) it computationally bul rigorously verifies that
the corrector iteration will converge; and (iii) each predictor step s
as large as possible, subject to assured convergence of the corrector
teration. The technique is general in the sense that it can be used with
various choices of predictor direction and corrector manifold. We present
performance data and comparisons for Brown’s almost linear function

and the Layne Watson exponential function in various dimenslons.

1 MOTIVATION AND INTRODUCTION

Throughout, we will assume knowledge of both continuation methods
and interval mathematics. An excellent introduction to continuation
methods appears in [2]. Thorough introductions 1o interval methods
appear in the books [13] or (1]. The proceedings |14 contains surveys
and descriptions of applications of interval methods, while the recent
survey [10] summarizes some of the basic facts.

C'ontinuation methods are used to compute sequences of points on
<olution manifolds of systems of n equations 1 7 + 1 unknowns; 1.€.,
they are used to compute points on arcs in the set

(1.1) Z ={Y e R"" | H(Y) =0},
where H: R*T! - R™.

There is a wealth of literature on applications which involve finding
" arcs in the set Z of (1.1). These applications divide naturally into two
classes. In the first class, H models a parametrized physical system,
which we wish to study as the parameter varies, such as in (12]. In the
second class, we introduce an artificial parameter in order to solve (or
find all solutions to) a system of n nonlinear equations in n unknowns
for which locally convergent ethods are unsuccessful. For problems in
the second class, we may have mathematically rigorous guarantees that
we will ind all solutions to the original system of equations, provided
the continuation method reliably tracks the arcs 1n Z of (1.1); see [15],
for an introductory explanation.

Many continuation methods are instances of the following general

predictor-corrector algorithm.




ALGORITHM 1.1.
1. Input:
(a) the initial point on the arc ¥ « Tg and an arc-following stopping
criterion PS;
(b) the minimum predictor stepsize dmin, and the maximum predictor
stepsize Omayx; and
(c) a corrector stopping criterion (5.
2. (Predictor-corrector iteration) Repeat the following until 'PS 1s satis-
fied.*
(a) Compute a predictor step length ¢;
(b) Compute a predictor step direction B (where |Bll, = 1) and a
predicted point on the arc

Lo = Y +468.

(¢) Choose an n-dimensional corrector manifold S such that Zy € S.

(d) Compute a corrected point Z by using a locally convergent method
whose starting point is Zy and whose iterates all lie in S; 1terate
the method until CS 1s satisfied.

(e) ReplaceY by Z.

The direction B may be taken to be tangent to the arc, it may be a
 coordinate vector which is adaptively chosen on each corrector step, 1t
may be a fixed coordinate vector, or 1t may only be implicitly given as
B =Y — Z, when a higher-order method is used to determine Zo.

The corrector iteration manifold S is often taken to be the afline space
containing Z, and orthogonal to B. In that case, the corrector 1teration
may be defined by applying Newton’s method or vanations (such as

quasi-Newton methods) to the augmented system H(Y) = 0, where

(12 H(Z) - (BT(HZ(%)ZO))

Alternately, for the same S as in (1.2), the corrector iteration may consist

of applying Newton’s method to the system H = 0, where

(1.3) H(P) = H(Zo + ijwj) =0,
j=0

where P = (p1,p2,...,Pn) and where {Wj}?:l is a set of orthogonal
vectors such that W, o B = 0 for j between 1 and n.

1The items in this step may be computed in an order different from that given here,
depending on the details of how they are computed.
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Step 2(a) of Algorithm 1.1, termed the steplength algorithm, has been
much studied; see [5], [6], [7], and [20], among much such work. As
is mentioned in [7], such step controls involve heuristics which, under
certain circumstances, may lead to failure of Algorithm 1.1. In partic-
ular, if & is chosen too large, then the corrector iteration may converge
to a point which is not on the original arc; see Figure 1. Such failures
would be difficult to detect automatically, and may lead to misleading
conclusions about the problem. The failure can be corrected for specific
problems by using a more conservative heuristic, but only provided we

know it has occurred.

Fig. 1. An undetectable failure of the step
control algorithm.

In this paper, we describe a step control for which 1t 1s mathematically
impossible for failures as in Figure 1, even when the procedure 1s 1m-
plemented on a finite precision computer. Our step control 1s based on
interval arithmetic procedures which provide computational verification
that there is a unique root in a given region, and that Newton’s method
will converge to that root. Such procedures generally give unambiguous
results provided the size of the region is small enough, while, 1n our
context, we may control the region’s size by increasing or decreasing the
stepsize.

An alternate interval method for describing the solution set Z of (1.1)
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is given in [18]. In that method, Neumaier obtains the entire solution
set, as opposed to a set of points on a single arc. However, that technique
involves (adaptive) subdivision of the entire space; for some problems,
the amount of work may increase too rapidly as a function of n. In con-
trast, the method proposed here reliably solves a more modest problem,
but may possibly be more easily modified to work practically for larger
.

In Section 2, we present the ideas underlying the interval step control.
In Section 3, we give the interval step control algorithm, and we also
present a simple but successful non-interval step control which we will
use for comparisons. In Section 4, we present our numerical comparisons.
In Section 5, we summarize and present conclusions.

9 THE UNDERLYING CONVERGENCE TEST

Throughout, we will denote points in R™ or n-vectors by uppercase
letters and scalars by lowercase letters. We will denote the corresponding

interval quantities by boldface.
We denote the box in n-space described by

{X =(z1,22,...,2,) | i <z <u;for 1 <1 < n}
by X. We may then transform the nonlinear problem

Find all solutions of the nonlinear system

F(X) = (fl(:cl,:zzz,...,z:n),...,fn(:zzl,mz,...,:cn)) = 0,

where bounds [, and u; are known such that
; <z, <u;forl1 <1<n

A—— PTE——

(2.1)

to the linear interval problem

Find a box X which contains all solutions of the
linear interval system

(22) F/(X)(X - X) = ~F(X),
where F'(X) is an elementwise interval extension
of the Jacobian matrix,

and where X € X is an approximation to a root of F. (See, eg. [13].)
Neumaier shows in [17] that, for many common ways of solving (2.2),

if X ¢ X, then the system of equations in (2.1)
(2.3) has a unique solution in X, and Newton’s method
starting at X will converge to that solution.
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Furthermore, if directed roundings (¢f. [13]) are used, then the condition
in (2.3) may be checked with mathematical rigor on a computer.

Our interval step control will be based on (2.2) and (2.3). By including
the interval value d = [0,6] in the computations, we will venfy the
condition (2.3) simultaneously for all corrector iterations corresponding

to predictor steps between 0 and ¢.
In the remainder of this section, we will first present the convergence

test based on (2.2) and (2.3) in a general setting. We will then de-
scribe the specific version of this convergence test which we used 1n the
numerical experiments. |

Suppose that the corrector manifold S corresponding to initial point
Y and predictor step § is given by

(2.4) S = {r(Y,6,P)| P e R"}

Also choose a function g(é) such that
(1) ¢(0) = 0;

(2) () is a monotonically increasing function ot 5

We make the following assumption in order to assure that the test will
accept the predictor step for all sufficiently small 6.

ASSUMPTION 2.1. The functionsr and q are continuous, and r 1s one-to-
one. Furthermore, for each ¢ such that 0 < ¢ <1 and each € > 0, there
exists a 8, > 0 such that, if § < &y, then, for every W with ||[Wij, =1
and W o B > ¢, thereis a V = nW for some n withn < ¢, with V' =
r(Y,8,X)—Y for some X in the interior of { X € R™ | || X||, < gq(g)}
Also, the Jacobian matrix Or(Y,8, X)/0X is of full rank for every X such
that || X || < 6¢(6), and each vector U with U o (r(Y,8,X) —Y)=01s

in the range of Or(Y,6,X)/0X.

The conditions on the Jacobian matrix Or(Y, 8, X)/0X preclude the
surface 7(Y, §, *) from dipping tangentially towards Y. They also assure
that the surfaces (Y, 8, O) where O is a fixed open set in the interior of
X with 0 € O will intersect, in the limit as § — 0, all arcs emanating
from Y at an acute angle with B. These conditions are convenient in
the proofs, have not been proven to be necessary.

Assumption 2.1 would hold if S is defined as in (1.3), if

o(V,6P) =Y +6B+ ) p;Wj,

j=0

and if g(8) = 67 for some 1 > 0. This situation 1s illustrated in Figure
2.




Fig. 2. Hlustration of Assumption 2.1 when S
1s the hyperplane perpendicular to B.

Assumption 2.1 would also hold if the S corresponding to 6 were a
sphere of radius é centered at Y, and if the parametrization P and g(6)

were such that {X € R™ | || X]|_ < Sq(g)} were the hemisphere centered

at Y + §B. (Such could be arranged easily with a parametrization in
terms of spherical coordinates and with é¢(é) the appropriate constant.)

When we solve (2.2) for X, the components of X will generally have
smaller widths than those of X provided each matrix A in the interval
extension F'(X) of the Jacobian matrix of F' is well-conditioned and pro-
vided the widths of the entries of F'(X) are sufficiently small. {Compare
‘with Proposition 5 in {17].) For common interval extensions of compo-
nents of continuous F', the widths of F'(X) tend to zero as the widths
of X tend to 0. In other words, if there1s an X* € X with F(X*) = 0, if

the entries of F' are continuous, and if F'(X ™) 1s nonsingular, then (2.3)
will hold provided the widths of the components of X are sufficiently
small. For this reason, we wish to have the following property.

ASSUMPTION 2.2. Assume lims_.q 8g(8) = 0.

We may now state our main results. For 0 < 5 < 8, let

X;={XeR" || X|, <8q(8)}
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or(Y, 6, X)
oxX
Furthermore, define the extension of Fs5(X) to d by

Fi(X)=H'(r(Y,6 X))

Fa(X) = H (+(Y,d, X)),
and extend Fd to X by
Fs(Xs) = H(r(Y,d,Xs)).

Similarly extend 13’6’ by

or

(2.6,) FL(Xs) = H' (r(Y,d, X5)) %

(Y,d, Xs).

where 22(Y,d, Xs) is the matrix of partial derivatives of 7 with respect
to the variables X, formally evaluated with argument Y and interval

arguments d and X5 We then have

THEOREM 2.3. Assume X € X;s. Consider (2.2), with X replacing
X, F3(X) replacing F(X) (where X € X; replaces X), and Fi(Xs)
replacing F'(X). Also assume that the interval enclosure X of the so-
Jution set to (2.2) is inclusion monotonic with respect to F'(X) and

F(X).2 If X C X, then, for each 0 < § < 8, the system of equations
F{(X) = H (r (Y,&,X)) — 0 has a unique solution X3, and Newton’s

method applied to Fx (X)) and with starting point X W1H converge to
X.

PROOF OF THEOREM 2.3: As described 1n the statement of the theo-
rem, (2.2) becomes

(2.7)

H'(r(Y,d,X5s)) or(Y, 5, X) X — X a( X

5y (Y,d,Xg)- (X - X)=—Fa(X).

On the other hand, the system corresponding to (2.2) for FE(X) = ( 18

2Such is the case for the methods of obtaining X treated in [16] and [17].
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(2.8)

, e or(Y,6,X) . - — y -
H (r(}‘,cs,Xg)) (@X —(Y,0,X5) | (X5 = X ) = —F5(X)
Comparing, we see
r = or(Y,6, X) . -
H’ (T(}’(S’XE)) 8Y (}75JXS—)
_ or(Y,6, X |
(v, x0) T a %)

provided we have made inclusion monotonic interval extensions

(¢f. [13]). Since we also have Fs(X) C F4(X) and since we are also
assuming that X in (2.2) is inclusion monotonic with respect to the
interval function and Jacobian matrices, we obtain

igg XC‘X‘S,

where the second inclusion 1s true by hypothesis. Therefore, (2.3) is true
for fg replacing X, with X; replacing X, and with Fg replacing F' 1n
(2.1). That completes the proof.

Theorem 2.3 assures us that, if (2.7) holds, then there is a unique
solution to the corrector equation (as in (1.2) or (1.3)) for each predictor
step § € [0, 8], and corrector iteration with initial guess X will converge
to that solution.

T'he next theorem will assert that the point X5 of Theorem 2.3 to
which corrector iteration converges corresponds to a point Z € Z of
(1.1) on the same connected component of Z as the previous point Y;
in other words, we are assured that the phenomenon of Figure 1 cannot
occur. We make the following assumption in order to apply the implicit
function theorem as in [4].

ASSUMPTION 2.4. Assume that H, q, and r have continuous first partial
derivatives. ' '

We make the following assumption so that, in combination with As-
sumption 2.1, we may conclude that »(Y,d, X;) has an (n + 1)-dimen-
sional interior.

ASSUMPTION 2.5. If H'(Y )V, =0, then Vy 0 B # 0.

1T'HEOREM 2.6. Suppose the hypotheses of Theorem 2.3 and Assump-
tions 2.1, 2.4, and 2.5 hold. Then the point Xz to which corrector
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iteration converges corresponds to a point Z on the same arc of Z as Y .
Furthermore, the Jacobian matrix 1s nonsingular at every point on the
arc between Y and Z.

PrROOF OF THEOREM 2.6: First, observe X must contain all solutions
to all systems of equations of the form A(X — X) = Fs(X), where

A € F%(Xg); therefore, Fé(X) 1s nonsingular for every X € X4 and every
6 with 0 < § < §. Thus, H' (»(Y, 6, X)) isof full rank and Or(Y, 6, X)/0X

must be nonsingular for every (4, X') € d x Xj, so the implicit function
theorem as stated on p. 20 of [4] is true at every point Z; € r(Y,d, X5).
Also, r(Y,d, Xs) 1s compact and, by Assumption 2.1 and Assumption
2.4, must be (n + 1)-dimensional. These facts allow us to conclude that

Z N r(Y,d,Xs) consists of a finite number of nonintersecting arcs and
circles.

Let Yo(s) represent the arc such that Y,(0) = ¥ and such that s
represents arclength, let V(s) = Yy(s)—Y", and let 1} denote the tangent
to the arcat Y, i.e. Vo = ¥5'(0). Furthermore, orient V; so that Vo B =
2¢g > 0. Also, since lims_o {V(s)/||V(s)ll,} = Vi, there 1s an § such
that, for s < 5, (V(s) o B)/||V(s)]l, > co.

The above and Assumption 2.1 allow us to conclude that there is a
09 < ¢ such that, for each 5§ < o, there 1s an s < § such that Y;(s)

corresponds to a solution of FE(X) = 0 in X;5. To see this, choose
e < maxs<s|V(s)|,, then use Assumption 2.1 to set a §p so that, if

5 < 0o, there are W and V' as in Assumption 2.1 with W o B > ¢,.

Now note that, since lim, ¢ ||V (s)||, = 0, there are an s; < § such that

V(s1)ll; = miny, 5 x,)[[Wlly, and an s» with sy < 52 < 5 with

V(s2)ll, = maxy, . v5x,) (Wl Then, for each s with 5; < s <

s2, define W(s) € r(Y,8,Xs) to be a vector in (Y, §,Xs) in the same
direction as V{(s). (W(s) must exist by Assumption 2.1.) We then set
h(s) = |[V(s)|l, — [|[W(s)||,- Then, from the portion of Assumption 2.1
dealing with Or/0X, W(s) may be defined so that h(s) is continuous.

Furthermore, h(s;) < 0 and h(sy) > 0. Therefore, for some s3 between
sy and sp, h(s3) = 0, so V(ss) = W(ss). Thus, since Theorem 2.3
asserts that such solutions in X4 are unique, 1f § = 89, the conclusion of
Theorem 2.6 1s true.

Assume that 6 > 6y, and that the conclusion to Theorem 2.6 is
not true. We note that {Yy(s)|s >0} N »(Y,d,Xs) 1s closed since

X5 and d are closed. But, if for each § < 6, there were an sz with
Yo(s7) € r(Y,8,Xs), then Theorem 2.6 would be true by the unique-

ness conclusion of Theorem 2.3. Therefore, we must conclude there are
an s4 and a 8; > 4y such that Yy(ss) € Or(Y, 8;,Xs), and there 1s no
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point of Y5(s) in r(Y, §,Xs) for § > 6. (See Figure 3.) However, for
each § with §; < § < 8, there must be an arc Y= =(s) and an s; such

that Yz(s7) € r(Y,6,Xs). But Ys =(s) N r(Y,d, X;) raust also be closed,

so there 1s a 65 withgd; < 6 < 3 such that there 1s no point of Y% 1n
r(Y, é.,Xs) for 8, < 6. Therefore, there must be a third arc Y;. which
intersects 7(Y,d, X5). We may continue this argument to conclude that
there are an infinite number of arcs which intersect 7(Y,d, Xs); but that
contradicts our previous conclusions. Therefore, Theorem 2.6 must be

true. §
V- (SS) | l{ Y‘l gsxS]

I Y,Sg,xS )

"

Fig. 3. Illustration of what must occur if con-
vergence 1n lheorem 2.3 1s to more than one
arc.

The final theorem in this section assures us that X C X whenever
we choose § small enough.

THEOREM 2.7. Suppose Assumptions 2.1, 2.4, and 2.5 hold, and Xg,
Fs, and F are as in Theorem 2.3. Furthermore assume H' 1s of full rank

in a ne1ghborhood of Y. Finally, assume that the interval extension F:S

is such that, if A € F(Xs), then A — F!(X) as (d, Xs) — (8, X). Also,
assume we solve (2.2) via one of the methods explained in [17]. Then,
for X sufficiently close to a solution of Fs(X) = 0 and for § sufficiently

small, X C X;.
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We note that most common interval extensions obey the assumption
on F’ in Theorem 2.7. We also note that most common predictor steps
B a,nd corrector manifolds r obey Assumptions 2.1, 2.2, 2.4, and 2.9,
provided ¢ is chosen as explained below Assumption 2.1.

PROOF OF THEOREM 2.7: The proof will be based on Proposition 9, p.
265 of 171,

By the assumption on the interval extension Fé, by the nonsingulanty
assumptions on H' and 0r/0X, by Assumption 2.2, and by the portion
of Assumption 2.1 dealing with the range of 57’/@Y we may choose a

5§, such that, if 6 < 01, ‘rhen each 4 € F .(Xs) is nonsingular, so that the

interval inverse F' (Xg) (in one of the senses in [17}) exists. Also, let
X be the solution to F—(X) — (0 which corresponds to the arc through

Y. Then, as in the proof of Theorem 2.6, we may take 5 < 87 so that
Xz e mt(X5) for § < 6 < &y, where 1nt(X5) is the interior of Xs.

If X = (x1,X2,...,Xn), where x; = [a;, b;], then we define p(X) to be
the vector ~(bl — a,l,bg —ay,...,by —ay), and define p(M) similarly, if
M 1s an mterval matrix. Also, we define

.X1 - (max{’al’a !b11} >max{]a21> 1b2‘} y+ o 7max{}a1}> ‘bl’}%

and define [M| similarly. (See [16] for details of these definitions.) Then
a consequence of Proposition 5 of |17} 1s

(2.9) X - XZl|l <o X - Xzl

o0 O

where

- I -~
o= || F5(Xs) F5(Xs)

O

On the other hand, since X © int(X;) and since [0, 8] is compact,

T = min d(X—- 8X5) > 0,
0<6<6

where d( P, 8Q) is the distance of the point P to the boundary of the set
Q in the infinity norm. By this definition, it follows that

}X*-X:} <T:}>X_EX5,

o0

X - X2l <.

oo




o . T _
X - X2l <7 if X —-XZ) < - for every 65 <o
0 X0 5 o0 g ‘
To complete the proof, we show that we can make | X - X%‘ as
O
small as we please by making é small and by making ! A — Y;E o small.

But, for 6 small enough, we may apply the implicit function theorem on
p. 20 of [4] to Fj to obtain, for 0 < 6 <9,

(2.10) Xz - X7 =0().

We complete the proof by applying (2.10) in conjunction with the tr-
angle inequality. |

We conclude this section with some interpretive observations. First,
Assumptions 2.1, 2.4, and 2.5 are not restrictive, but can usually be
made to hold if the continuation method algorithm is constructed prop-
erly. Also, Assumption 2.2 deals with how we construct the step control
algorithm, and can be made to hold. Finally, we note that we can ob-
tain an interval extension to any function which is Lipschitz continuous.
Hence, we can, in theory, devise a foolproof continuation method for
any parameter-dependent system H the components of whose Jacobian
matrix are Lipschitz continuous.

3. SPECIFIC ALGORITHMS

In this section, we give details of the algorithms in which we have
implemented the ideas in Section 2, while 1n Section 4, we report nu-
merical experiments based on these algorithms. Our algorithms have
several parts, which we single out. In Section 3.1, we describe the con-
struction of » and construction of the function Fg and interval Jacobian
matrix 1?‘:5 In Section 3.2, we detail the interval Gauss-Seidel procedure
we use to solve (2.2). In Section 3.3, we describe the algorithm we use
to adjust § so that the conditions of Theorem 2.3, Theorem 2.6, and
Theorem 2.7 are satisfied. In Section 3.4, we outline the non-interval
step control procedure we employ for comparisons. Finally, in Section
3.5, we indicate the three ways which we choose the predictor step B 1n
the experiments.

3.1 The functions Fs and F.
As is indicated above (2.6), we must compute r in order to obtain

values for Fs and F.. In our experiments, we take r consistent with
& P 3
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(1.3), namely

(3.1) r(Y;6,P) =Y + 6B+ Y p,W,,

7=0

where P = (p1,p2,...,pn) and where {I-%-’j};":] is a set of orthogonal
vectors such that W, o B = 0 for 7 between 1 and n.
See Section 3.5 for the three ways in which we select B in the expern-

ments.
Once we have computed B, we determine the orthogonal set {W,}"
1=1

by computing a Q R-factorization of the Jacobian matrix of H defined in
(1.2); the first n columns of @ are then vectors W; which are orthogonal

to B.
Once B, {VV} ., and 8 (c¢f. Section 3.3 below) are available, we

compute Fg, Fy, and Fgq directly from (3.1) and from the definitions
of Fy and Fq above (2.6). We similarly compute F’(X) and F'(X)

directly from (3.1) and (2.6), once we have observed that j*" column of

ar(};}i Y)(Y d, X5) 1s simply W,.

We also similarly compute Fs and jal

The computations simplify considerably if B.1s one of the coordinate
vectors. In that case, the W, are also chosen to be coordinate vectors.

3.2 The interval Gauss-Seidel procedure.

The basic procedure for computing enclosures to the system (2.2) is
similar to that in [10] and in [11], but is adapted to this context. The
purpose of the algorithm in this context is to determine whether a given
stepsize § is acceptable according to the criterion X C X of Theorem
2.3, Theorem 2.6, and Theorem 2.7. We summarize in the following
algorithm.

ALGORITHEM 3.1.

(1) Input Y, B, {W}_l,andé

(2) (Get hypothetical bounds for the new point on the arc.}
(a) Evaluate ¢(8) = 6*7*, where

{ log(T')/log(ém) if log(T)/log(ém) > —1

a = ,

—-.9 if log(T)/log(bm) < —1

where T is the maximum allowed tangent of an angle between

the predictor step and the tangent to the arc at Y, and 4,

is the minimum predictor stepsize.®

3This sets it up so that the secant between the arc at Y and the point on r at ém 1s

assumed to be at most T. In the experiments, we used T = 50 and 6, = /106, =
4.7 x 1078, where €,, is our double precision machine epsilon.
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(b} Compute X = ()(1,}{2J .., Xn) by setting x;, = [—q(6), q(d)]
for1=1,. '
(3) (Obtain the pomt approx1mat10n )
(a) If possible, compute an apprOXJmatjon X = (&1,89,...,&n)

to the solution of F(g(.‘\'_r) — 0 by applying the traditional
Newton’s method to this equation.®
(b) If Newton’s method in (a) does not seem to converge, then
X « 0.
(4) (Check the interval function value.)
(a) Compute Fq(X).
(b) If0 ¢ Fq(X), then return with an indication that the stepsize
b 1s too large.
(5) Compute the interval Jacobian matrix F’é
(6) (Compute and check the preconditioner matrix. )
(a) Compute the matrix Y, as in [10]/, etc.”
(b) If Y is numerically singular, then return with an indication
that the stepsize ¢ 1s too large.

(7) Form G = (giaj)zg‘:l = }FE(X) and K = (kl,kz,...)kn)T —
Y Fa(X).

(8) INSIDE « TRUE.

(9) (Do the actual interval Gauss-Seidel method; one pass through
each substep represents the method applied to one coordinate.)

Do the following for 1 = 1 to n.
(a) Compute

X; = &; — k “Zgz,j _33_7 /gi,i

:;ez

in extended interval arithmetic.

(b) If x; Nx; = 0 or if X; consists of two intervals, then return
with an indication that the stepsize § 1s too large.

(c) If X; ¢ x;, then INSIDE — FALSE.

(d) Replace x; by x; NX,.

(10) If INSIDE = TRUE, then return with an indication that the step-

size 0 1s acceptable.

*This value will actually be used as the corrected point Z in Step 2(d) of Algorithm

1.1, provided that the stepsize has been verified to be adequate.

5In the experiments, we chose Y to be the inverse of the midpoint matrix of F’ 5 (X);

different choices could significantly affect this algorithm. Research on the ch01ce ot

Y appears in (8] and [9].
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(11) Compute the ratio of volumes of the old X (before execution of
Step 9) to the present X.°

(12) If the volume ratio in Step 11 1s too near to 1, or if 0 ¢ X, then
return with an indication that the stepsize é is not acceptable.

(13) If this step has been reached more than MAXITR times, then
return with an indication that the stepsize & is not acceptable.
Otherwise, return to Step 8.

3.3 The step adjustment procedure for the interval criterion.
Algorithm 3.1 gives a criterion for acceptance or rejection of a predic-
tor stepsize §. Here, we give one possible scheme for adjusting 6 based
on the outcome of Algorithm 3.1. The ansatz for this scheme is the
assumption that it is always advantageous in the overall algorithm to
use the maximum predictor step § which Algorithm 3.1 finds acceptable,

regardless of the expense of determining that 0. This assumption may
not be reasonable in practice, but in initial studies it should give us an

indication of the limits of the method.

ALGORITHM 3.2.

(1) Input an initial §.
(2) Execute Algorithm 3.1 initially.
(3) If the initial stepsize is acceptable, then do the following.
(a) Compute MAXIT based on the present 6 and the maximuimn
allowable stepsize. (See Step (c) below.)
(b) 6 « 26.
(c) If this step has been reached more than MAXIT times, then

return with an error message.

(d) Execute Algorithm 3.1. If the present 0 is acceptable, then
return to Step (b); otherwise, take §/2 as the present predic-

tor stepsize.
(4) If the initial stepsize 1s not acceptable, then do the following.

(a) Compute MAXIT based on the present § and the minimum
allowable stepsize.

(b) 6 — 6/2.

(c) If this step has been reached more than MAXIT times, then
return with an error message.

(d) Execute Algorithm 3.1. If the present 6 is not acceptable,
then réturn'to Step(D); dinerwise, rdxe v ‘oL et hrepreset.
predictor stepsize.

6We actually only compute the volumes of the projections into the subspace of R™
containing those coordinate vectors whose corresponding components of the old X

have acceptably large widths.
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3.4 The non-interval step control.

It is difficult to computationally compare an interval step control
with a non-interval step control, since non-interval step controls involve
heuristics and parameters which can be used to tune the step control
to specific problems. For some values of these tuning parameters, the
heuristic step control will cause Algorithm 1.1 to follow many arcs safely
but inefficiently, while for other values, Algorithm 1.1 will follow some
arcs efficiently, but jump across other arcs. In contrast, the only 1ssue
in our interval step control 1s efhiciency.

Nonetheless, we have chosen the following simple but effective step
control algorithm for comparison purposes.

ALGORITHM 3.3.
(1) (Input)
(a) Input the present predictor direction B, the previous predic-
tor direction B, the upper target dot product C,.x, and the

lower target dot product Cphin.
(b) Input the number of times I that Step 2(d) of Algorithm 1.1

has been executed before (S was satisfied. Also input the
upper target value I,,x and the lower target value I, for

I.
(2) If Bo B > Crmay and I < I, then
(a) 6 «— 26.
(b) If § > bnax then § «— bpay.
(3) If Bo B<Cyinorl>1I,.. then
(a) 6§ — &/2.
(b) If 6 < émin then § «— bpmin.

The above algorithm 1s used when B 1s taken to be the tangent to
the arc. In the cases where we use the elevator predictor or the sim-

- plified Rheinboldt/den Heijer local coordinate scheme (see Section 3.5),
we delete all references to Crmin, Crmax, and B o B ( and delete the corre-
sponding conditions in Steps 2(a) and 3(a)).
In our experiments, we took Inin = 3 and I.x = 6. When applicable,
we also took Crax = .9 and Cpyip = .1
Since Algorithm 3.3 is heuristic, 1t 1s possible that the corrector iter-
ation (Step 2(d) of Algorithm 1.1; Newton’s method applied to (1.2))
will fail. In such instances, we must adjust §, then restart the correc-
tor iteration. The following algorithm (unnecessary for the interval step
control) checks for divergence at the beginning of each corrector step.

ALGORITHM 3.4. (Adjustment of § when corrector iteration diverges)
(1) (Input)
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(a) Input the magnification factor Mz by which the Euclidean
norm of the corrector step can increase from one corrector
iteration to the next.

(b) Input the magnification factor My by which the Euclidean
norm of ﬁ(Z) can increase from one corrector iteration to
the next.

(c) Input the maximum allowable number M;; of corrector 1ter-
ations.

(2) Let s denote the Euclidean norm of the present corrector step, let
s denote the Euclidean norm of the previous corrector step, let u
denote the Fuclidean norm of the present ];T(Z), and let u denote
the Euclidean norm of the previous H(Z). Also let I denote the
number of corrector steps which have been executed to this point
in the present predictor step. If

(1) s > ]\"fzs, or

(11) w > Mpyu, or

(iii) I > ]W;t,?

then

(a) & —6/2; _

(b) Compute a new predicted point Zy in Step 1(b) of Algorithm
1.1 using the new 4.

(c) Restart the corrector iteration with I « 0.

In the experiments of the next section, we chose M, = My = 10.0
and M;; = 15.

We wish to emphasize here that in the non-interval case, the corrector
iteration is executed by applying Newton’s method to (1.2), whereas, 1n
the interval case, the corrector iteration is executed in Step 2 of Algo-
rithm 3.1, and consists of applying Newton’s method to (1.3).

3.5 The predictor direction B.
In the experiments, we select B to be one of the following three pre-
dictor steps:

(1) the tangent to the arc (i.e. the approprately oriented vector B
such that H'(Y )B = 0);

(2) a coordinate vector chosen via a simplified version of the scheme
in [19].

(3) the ”elevator” predictor, i.e. the coordinate vector

End1 = (0, 0, R ,O, 1)T

"We may also check |H(Z)|| and the condition number of the Jacobian matrix of
H(Z) in order to prevent overflow when we compute the corrector step. However,

that condition seldom occurs.
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There are a number of satisfactory ways to obtain the tangent vector
B asin (1); we computed it from the QR-decomposition for the Jacobian
matrix for H. The elevator predictor in (3) requires no computation.
The following algorithm, used in our experiments, 1s a simplified version

of that in {19].

ALGORITHM 3.5 (CHOICE OF COORDINATE VECTOR).

(1) Compute the tangent vector T' = (t1,t5,...,t,) to the arc at Y.

(2) Possibly change the sign of T so that its dot product with the
previous predictor step 1s positive.

(3) Take as predictor step that coordinate vector B = e; such that

!tgf — maxlgign 'tz‘!.
(4) Possibly change the sign of B so that Bol > (

4. THE NUMERICAL EXPERIMENTS

We describe here the test problems and experimental results.
Our goal here is not exhaustive comparison, but an initial exploration
of the interval step control. With this in mind, we chose the following

two test functions. We use the notation
H(Y) = (hi(Y), ha(Y), ..., hu(Y))",

T
and Y = (y1,y2,. .oy Yn -+ 1) :
TEST FUNCTION 1. Brown’s almost linear function.

hz(Y)____{y‘l_!_yn‘F]hz]_]y](n+1)L forlgzgn_l

(1 — yn-l-l)yn T Yn+1 [H?:l y; — 1] fori=mn

The coordinate yn.1 increases monotonically for this function along
a single path from yn+1 = 0 to yn4+1 = 1. However, the Jacobian matrix
becomes 1ll-conditioned at y,+1 = 1, especially for large n.

TEST FUNCTION 2. The Layne Watson exponential cosine function.

hi(Y) = Y; — Yn+1€Xp | COS iZ Y; 1 <1 < n.
7=1

This function has a path fromY = 0 to y,4+1 = 1. However, this path
has sharp changes in curvature and numerous turning points in Yn41,
especially for n greater than about five or six.

In the tests, we started the algorithm at ¥ = 0 in the direction of
increasing yYn+1, and completed the computation when y,., attained or

crossed the value 1.
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In the tests, we used the simple, reasonably portable Fortran-77 rou-
tines in [11] for the interval arithmetic; we specially wrote interval rou-
tines for the sine, cosine, and exponential which use that package. We
computed analytic Jacobian matrices manually, but we interfaced our
package with the Augment precompiler (c¢f. |3]) to ease the burden of

programming the interval operations.
Behavior of the non-interval step control algorithm (Algorithm 3.3)

depends strongly on the tolerance with which we follow the arcs. In

particular, we select v; and vy such that the corrector stopping criterion
CS is satisfied if either the norm of the most recent corrector step 1s less
than v; or the norm of the most recent value of H is less than v,. In
the experiments, we took v; = vy = 107°.°

Additionally, an initial predictor stepsize g must be heuristically cho-
sen for the non-interval step control. We selected §; = 107° in the ex-
periments. (This value 1s also used imitially in Algorithm 3.1, but 1ts
size has little effect there on subsequent values of §.)

Because we did not wish at this point to be concerned with opti-
mization of the interval arithmetic for our particular machine and test
problems, because the philosophy behind Algorithm 3.2 is to maximize
the predictor steplength at each iteration, regardless of cost, and because
of technical questions concerning CPU time, our main comparisons do
not involve CPU time. (However, we give some CPU times at the end
of this section for a rough idea.) In our tables, we report the total num-
ber of predictor iterations Ny;.q to traverse the arc from y,4; = 0 to
Yn+1 = 1, the minimum attained predictor steplength 6;, the maximum
attained predictor steplength é,, the average predictor steplength é,, the
minimum number of corrector iterations (7, the maximum number of
corrector iterations Cy, and the average number of corrector iterations

C.

8The interval step control algorithm in theory also depends on these tolerances, since
we use Newton’s method to obtaln a point approximation to the next point on the
arc in Step 3(a) of Algorithm 3.1. However, Algorithm 3.1 is in practice insensitive
to the accuracy of this point approximation.
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Problem Nf,red

n =2

Interval

Non-int.

n =4

Interval

Non-int.

n =5

Interval

Non-int.

n = 10

Interval

Non-int.

76
117

496
156

8oT
172

4854

120

Problem Njieq

n =2

Interval

Non-int.

n =4

Interval

Non-int.

n=2>5

Interval

Non-int.

56
20

7708

460

711867

915

Table 1(a). B is the tangent vector.

Brown’s Almost Linear Function

01

6.2 x 102
4.0 x 103

7.7 x 107°

4.0 x 10°°

3.9 % 107 ¢
4.0 x 10°°

2.4 % 107°

4.0 x 1073

01

2.5 x 107°
4.0 x 107°

1.9 x107*

4.0 x 1073

4.8 x 107°
2.0 x 1073

02

20 %x 1071
1.6 x 1074

49 %10°
1.6 x 102

49 %1074
1.6 x 10°

2.5 % 1072
3.2 x 1072

02

4.9 x 1072
3.2 x 1072

1.2 x 1072
3.2 x 1072

6.1 x 1073
6.4 x 102

20

Oq

2.4 x 1077
1.6 x 107

49 % 1072
1.6 x 104

3.2 x 10"
1.6 x 1072

7.7 x 107*
3.1 x 1074

Table 1(b). B is the tangent vector.
Watson’s Fxzponential Cosine Function

Oq

2.9 x 1072
3.0 x 1072

8.5 % 10*
1.4 x 1072

2.1 x107*%
1.6 x 1072

Ch

&

1.41
1.96

1.05
1.97

1.00
1.97

1.00
1.95

1.84
1.89

1.00
1.98

1.00

1.98



Table 2(a). B 1s by Algorithm 3.5.

Brown’s Almost Linear Function

Problem Ngreqa 63 55 5, C, C, C,
n =2
Interval 21 25x107° 20x107' 64x107% 1 3 1.95
Non-int. 160 4.0x107° 16x107% 83x107° 1 2 1.97
n =4
Interval 94 15x107° 99x107% 16x10° 1 3 1.66
Non-int. 316 4.0x107° 16x107% 46x10"° 1 2 1.98
n-—2o
[nterval 155 7.7x107% 99%x107° 9.7x10"* 1 3 1.59
“Non-1nt. "350 ‘U xX'TT TITo X'T0% ‘4o X101 Sz 100y
n = 10
Interval 872 2.4x107° 99x107% 19x107° 1 3 1.30
Non-int. 384 4.0x107° 16x10°% 43x10"° 1 2 1.98
Table 2(b). B is by Algorithm 3.5.
Watson’s Ezponential Cosine Function
Problem Npreda 63 05 S, ¢, O, o
n =2
Interval 24 49%x107° 99x107% 56x107% 1 3 258
Non-int. 121 4.0x107% 16x107%2 11x1072 1 2 1.96
n=4
Interval 2152 7.7x107* 49x107% 24x10™®* 1 3 1.49
Non-int. 411 4.0x107° 32x107% 13x107%2 1 2 1.98
n=3>
Interval 17766 1.9x107* 25x107% 63x107* 1 2 1.00
Non-int. 2768 2.0x 1073 32x10"2 41x10~® 1 3 2.00

The computation time was excessive for the interval step control and
Watson’s function for higher values of n.

The interval step control algorithm does better vis a vis Algorithm 3.3
when the predictor direction B 1s chosen to be a coordinate vector. This

may be due to less widening of intervals during the computation when

one of the coordinate intervals has width zero during evaluation of H.
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Even better results could probably be obtained if we took additional care
with the form in which we program H. Also, the interval step control
should generally work relatively better for H which are algebraically
simple, such as low degree polynomuals or, perhaps, systems arising from
low-order discretizations of partial differential equations.

We note that the degree of the last component of Brown’s function
creases with the dimension. This could account for the more rapid
erease with n in the number of predictor steps required when the
interval step control algorithm is used. Also, our additional work on the
interval Newton algorithm, as in [8] and [9], would help on systems like.

Brown’s almost linear function.

Y(S)
0.3 0.4 0.9 0.6 8.7 0.8 0.9 1
5 i 1l L 1l

0.2

s

0.0 3.1

& o

Y(4]

Fig. 4. Iterates for the Watson exponential co-
sine function with n = 5, the elevator predictor,
and interval step control.

Except for those H for which theory justifies 1ts use, the elevator
predictor (i.e. always using en1 for B) generally gives inferior results
vis & vis the predictor chosen via Algorithm 3.5. We used it mainly to
test the interval step control, since, if it 1s properly programmed, 1t will
never allow a step which jumps beyond a turning point. Our experiments
confirmed this. In fact, for Watson’s function the interval step control
stalled at a turning point, as it should, whereas when Algorithm 3.3 and
Algorithm 3.4 were used, the iterates jumped across large loops of the
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1
1.0
) |

0.9
1

0.9
i

Yi5)
0.5 0.6 0.7

0.4
1

2.3

0.2

0.1

0.0

' 14
2.0 0.3 1.0 s 2.0
Y{4)

Fig. 5. Iterates for the Watson exponential co-
sine function withn = 5, the elevator predictor,

and non-interval step control.

curve without indicating trouble. Figures 4, 5, and 6 illustrate this.
The CPU time on an IBM 3090 for Brown’s function with n = 5. using
Algorithm 3.5 for B, was approximately 16 seconds for the interval step

control and 4 seconds for the non-interval step control.®
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