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f    9    _              _q  p  d        __                     (t_)��������������_yTE _ _ T_TOm OF _H_ DISSI_ATION _f _E_E__F_TItJN p_R_ _FE55_'F_wC������1alc_n 8. Acar�_ou_s_ana State Unlvers_ty, Baton Rouge, ID ul5_arJa, USA��me_et T. Nmay�_ouls_ana State UnlYefslty, Baton Rouge, Lo u_slan0-, U__��Adr1an Chan�_ou_s_ana Stat_ Un_ver5_ty, Baton Rouge, _ou_s_ana, US_������������l INTRODUCTION                        the problem wh_c_. cons_s_s __f =t,e _;ċ__�i�d_str_but_on of pore _re5s_re_ ar.c _c_ôi�Ą w_de var_ety of _n5ltu test_na_ methods     stress_5 _efore d_ss_;a__or, _o?_e_t,_r ___=__�ex_sts  for dete_ln_ng the average __me     the  non__r_ear  behav:cr  _f  _ne  __e_.v_=_.�defo_atlon  characterlst_cs  of  5o_ls.      However,__ncerta_,rt_es  _r.vo_veċ _:.es=*-�Am ong nther5,  constant head or  fal__nq     mat_on of  the5e  _r.___al  corJ___icr._  ar.ċ�head  pe_eameter  tests  are  the  most      the dlf_ere_Jt varl_les __,a_ a_'_e_= =_.e_�favored  (m_ll_ga_  l975).  However,  the     _a_e such ar, ar.al__s_s '_r.ċ__el;' co_í_ex.�ln_t_al wa_t_ng per_od needed for d_ss_-      Th_s  5t_'d_' pre5e_._5  n m.e__Jcċ v!  .?r?-�pat_on of pore pressure qenerated dur_ng     dlct_ng the _nsì___ coe___cìe_._ __ cvr.sci-�dr_v_n  end _nstallat_on of the e ul mer.t    _datlon from thg pore r_recv5_re ___ss___e_    _�together w_th d_sturbance of the deposlt     t_ons_ vhen  p_e2o-co_e  per.eTraT_cn  _s�make  these  methods expens_ve  and  some-     stopped.   I,n_  v_ew  of  the  ex?_er__e._ce�t_mes m_slead_ng.  The p_e2ometer probe     atta_ned from lnsltu d_sslpa___c_. st_-ċ_es    -�_ntroduced by Wlssa,  et  al.  (l975)  and     ln  ve ry  soft  cohes_ve  �e_cs__s  _r,�Torsten5son  (l975)  _ont_nuously  records     _oulslana,  dlfferer__  fac_ors __,at af_ect�the  pore  pressures  generated  dur_nq      d_ssl_at_on are stu__ed wì_t. a ;�rame___c�penetrat_on.   _ue  to  the_r  smaller       fE.m analys_s of uncouFle_.  l_r,ear c___.sol-�djmens_ons and sharp edqes,  these probe5     _dat_on around cone5.�generate less di5turbance  that  the per-�meameter5, The dlss_pat_on of penetrat_on�pore pre55ures after stopplnq  the probe     2 pENETRhT_oY po_ p_ss_'__�_s related to the consol_dat_on cha_ac-�ter_st_cs of the depos_t,                Pore pre55ure5 ge_,eFated dur_n0_ ;ene_=a-�Ple2ometr_C elements have recently _een    t_on constltute the only  _r.__t:a_'  _c_._lu�_ncorporated  ln  the  Cone  penetrometer,     t_ons for a l_near urcouFled a_.al).s_s of�thus perm_t_ng the s_multane_us record_ng    the  dl55_pa__on  arour.d  _er.e_rome_e_s.�of generated pore pressure_,  u.  Contln-     furthe_ore,  _n  an  unc_L__le_,  l_rJear�uous pore _reSSUre  recUrds  from p_ero-     analys_s  the  maa_J_ltude  of  ___.ese  pore�cone  5ound_n95 haVe eXtens_Vely contr_-     pre_sures  ls  _gnored s_,_ce ĉ__.scl__a___r.�buted to the understandlng of the var_a-     _s governed by the a__s___e_r_c ċ_____s_c_.�__on of t_p  res_s_ance,  q,  and sleeve     equat_on,�C�r_ct_on,  f,  V_lUe5 wlth soll type an�propert_es  Tumay,  et  al.  _9el).  The     J_ __   ;u�analys_s of the d_ss_pat_on of these po re         dT�pressures  pe_lt  a  ne_  _nd  econom_cal�method of eSt_matlon of  the coefflclent     vhere _' dn_ T are  n_r_el,__e_ __;r__.s_unr.-�of  consolldatlon  and  co_fflclent  of      le5s vaF__les de__ne_ _5�permeabll_ty.  An  accura_e  analysls  of                                      n�the  field d_ss_patlon phenomenon around     U _ _/u                      (_)�_�COne5  feQUlre a  COU_led,  nOnllnear  an�ax_sy mm etr_c  analysls of  consolldat_on.     T _ ct/R_                     (3)     ,�Such an analys_s necessltates a thorou_h�know_edge of the ln_t_al cond_t_ons of      c _ Ek _                      (4)�V�



__                       nthlte_nhos__uh09ehft___a_n_d_t____lpup_g2E_0_d__tEbss    _l    neo    ______d___        l  _  _   l  JJtop������������������whe_e u _ pore Fressure at a given time,�'                      u  _ _niti_l pore pressure, c  =  coef_i-�_         l_d t,        .�_en_ O  COntO _ a _On,  t _ t__e,  R =�_adi_S Of CO_e, E _ defO_ati On mOdUlUt,    _t�k = hy_raulic comduct_vity, and Y  _ unit�_                                             W�Wel9ht O  _ater,�It is n___d that the ditsipation _s             _�_overned by the initial, spat_al _istri-    __�b_tion of pore prassures surrounding the�c_ne.  Variation  o_  penetration  pore       0_                 __�pre5sures along the shaft of the pene-      _0t_ d_  oi__o o  i   ao_,8o  _  __�                                               _   _   .     .          .            000_^    ^    _     _�-                     _ivmnj _e _     _ __j__ -  1 --emnF a c__ q   _ - - - -                     __    -�piez_meter element at different loca_ion5�on  the  con_.  Figure l  presen_s  the�experience obtained by different investi-�ga_ors.  These results indicate that the�tip values of por_ pressures are approxi-�ma_el_  2.5  times  the  shaf_  values.�_t __5  o55__ble to recore the5            _     _ _     _ _�M 0__L 01sT_NC_ {_)�pore p_essure at different lo_ations _n�,  of the cone  efforts t      _ _ ______ _N_ U__0SH__ ____SSURES�obtain  the  spatial  di_tribution  have      Fig_re  2.  Spatial  _istribut_on  of�rendered erroneuu5 results due to changes    n_ _ ali2ed  pore  pres5ures  _uring�_n the boundar_ condit_ons o_ the problem    penetration.�by  the  insartion  of  a  tecond  probe�(Baligh  and  _evadoux  l9807.  However,�experience in the _ield has pointed out     prob1em by estimatin?_  the stra_n rates�the  fact  that  im very  soft  cohesive      ind_ced by a cune panetrating an i___iscid�,_                      soils, penetration pore pressures extend    and  incompressible  fl_id  and  approxi-�to 20-25 times the radius of the probe.     mating the pore pyes_ures generated __om�Simi_ar  _esult5  were  obtained  in       th_s strain _ield by the soil plasticity�measurin_  the  pore  pressure  generated     models.  Theoretical approximations _nd�'                      dur_ng pile driving  (Roy, et al.  l_79j.     field  me_surements  _n_icate  that  the�'   _evado1lx and _aligh (l980) approached the    spatial distribution o_ pore Rressures�along the _haft can bes_ be estimated�from the re5ults of data obta_ned from�_E _ _ __/_)__              pile drivings (chan lgg2).�_   _   6   _                Figure 2 presents _he 5patial _istri-�bution  of  no _ a_ized  pore  pressures�durimg penetration.  It is obse Tved that�,  ,                     the pore press_res at the  tip fo _ _�€                      plateau for a dist_nce of abo_t 4 R a__er�_!_n                     which they decrease _ogarit hm ically with�-',_                    radial  distanci.  An  axisy mm etric  FEm�_      _                     code wa5 written jn order to est_mate the�dissip_tion of these initial p0_e pres-�sure5.  It was de_ermined that taking t_e�_                         _ree draini_g _ounda _ _t a distance of�__                    _ out  25 R  close_y  approximates  an�'         __                   infinite radial boundary.  Therefore, the�__                  me5h give_ in _igure 3 was utilized,  The�,_                  top and bottom of the mesh are taken as�_      /_                   impe,v;ous  since  the  r_ux  _ut  _g  the�//                    boundaries  at these dis_ances __ negli_�_                     gible.����,_                             _                         3 AYA_YS_S OF DISSIPnTION��It is fi_stl_ attempted to amal_2e the�effect of anisot__py o_ e soi1 deposit _n�'                       Figure l. Varia_ion of penet_ation _ re     _he  _ore  pressure  dissipetion  data.�pressures along the shaft.               Figure 4 shows the effect of anisotropy�



__5op____t00?0_0>_00_?t00_g_l>_030000_0l_?_00_00__00_f?_?___0_0f9f?_>0_t_00o_fl  pw_ y   g__mt____l___lo Rl l3n_le_t__c9_oe(r__4utn_/_trl_stu9robg_ed_ou_(t6e)r    __������������������in  hydraulic  conductivity.  The  time      _�.   .    ,    .         ..            __h ...           H_ _ _�   ns òJid_t_on in this figu_e.  Jt is    _          _''i;\'__-_\        0_�bse_vee that the consolidetion a_ound a    6' W          __\;__i \..        0�co_e is basically governed by _he hori-            4._     \\i \_,�ntal time eefo_ation ch_racteristics    _"       nm     _\\_.    __          _^''�f _he depo,it   rurthe_ore  the effect             __     \.   _t_'''''�'         l                            t'�    _      '               '      _                ._ ..�_            4.      _�the final stages of c_nsolidation.  This    ^_                  i_�sug_e5ts that the insitu time readings     __                 \._�taken f,om the final ,ta e5 of dissi ,_    ^                   \i _,  ___.a___o�tion wouJd correlate better with the                         _ K�_               _  _             _    w  __    _ _o   _ _O   _ _�Or_ZOn a  Va Ue O  COe  _C_en  O  COn-�solidation.  However,  waiting for _ull�dissipation of initial excess pore pres-    Figurė  4.  Eff_ct  of  anisotropy  on�5ure  in practiC_ might  interrupt the     dissipation and estimation of 90 percent�soundings anywhere  from one to thirty     dissipation time.�hours.  This requirement of waiting for�later stages of dissipation may _e quite�im ractical and unecomomicel   To remed       _   .   09�                                .            90�th_s shOrtcomln9 Of the teSt and ttill�obtain a meaningful value of dissipation    mhere tg  _ the time to 90 percer_t dissi-�time, i_ is reco_ende_ that an approXi-    pation w en the _issipation is ex_rapo-�mate cU _ e fitting technique be used,  It   lated as a 5traight line and t  _ actual�is  shown  in  Figure 4  that when  the      time of 90 percent dissjpe_ion.�st_aight  portion  0f  the  di5sipation       Sharper cones are sametimes us_d since�curves is ext_nded to 90 percent dissi-    they impose less disturbance _o soil and�pation,  the  ratio 0f the actual time     g_nerate lo_e, mag_itudes of initiel pore�factor, T o, to the exttapolated Tgo,      pressures.  Figure 5 gives the dissipa-�could be  a_en as a constant,           tion re5ults for an lßa and 6_O cçne.  _t�is obse nr ed that at intermedJate stage5�(log Tgo)/(log Tgo) = A          (5)    of dissipation l_nger time i5 requiree�for tharper.cones while the two curves     "�where Tgo -- 240, Tgo -- l_O and A -- l_l3    converge for final staget of dissipation.�is obtalned.  _onsequentlY,  in a field    Th_s implies thet the dissi pation tests�dissipation curve_  the actual time of    with sharper cones will take a longer�90 percent d_ssipation could be estimated   time at initiaJ stages of consolidation.�'                      b_,                             Cone penetration  imposes  ver_7  high�-    straining to the soil in front of the tip�l50 percent strain level as predicted by�Baligh  and  _ev_doux  '(l980)l.   This�sugge5ts that when the penetration is�'                                             stopped, there exists a highly distur_ed�l        IM_ERVIOUS              __nne, 2one, d  reth    d_�_l      _    l   __  _  , I�       2qo         2_ne surroundin9 the cone.  Hi9h str_ins�0  G ? 0 0 0 0  0 0 ,,,Eh_,;.�0 ?0  _00 0 0  0 0       _�00-  0  0 _ 0       0 0            ''___�_     r         \     __ K�t     ; _         \\�O_'           _�>-            _�_                 \ \�o a_ _ 0   0_  _ __   - _ _     _             "�0 0 0  0  0 >                    '\\�0 0        0 0    0 0      , a_              '\_�-_R 0 0 0                                       '_\�? ?       0    0   - 0       w                 _\___��tR   f_R   1tR   2oR   25_                             _        '�_m p  _                 _I    _l l_    ._  __    _O _O   _ O _�__H F_c 1m ___ v/__��Figure 3, Finjte element mesh for axisym-   Figure '5.  Effect  of  cone  angle  on       -�metric dissipation araund penetrometer.    dissipetion,�



do5lt Tdbh_oab_emste/lllernlydaoetcdheelpratythdaeedtpetodpstohhlsftelsttp_hfl5TTbNdhhe,ehhpd_a_h Tl,hdalsletf(epdaa_tt_boyfnln8o_fld    ___________0_t_______tt_,__t_____________\____+\  0_hdctl___c___t  _  _�������������������around  the  t1p  extend  to  Tig1ons at  a�'                        dtstance  of  about  5 R af_er whtch  the          ____\                  _�_tra1n  level  could  be  8pproxt_ate_  by            '\\_               _! _     _�.                        _         \\                  j�CaV1tY eXpanSlO_   eOr eS an  W  c   S  n              \\\            t  u 0 _�ì           \\�_  peTtent_    e_e Ore_  t    _,          __ì  \           __�1s lo ical to gssu_e that the coefficient   ^             \\            _�of  consolidation  of  the  regton  Sur_                    '\\�.n  the tt  w_.l_ be ht her th,n the    _            __ _\\\�\ \ \�Telattvely  less  dtsturbed  outeT  2one_     _                  \_\�The  d1sstpat1on  resul_s  for  dtffer_nt                        _\�'_s of  the cceffic1ent of consol1da-                         _\�tion 1n these two 2ones are pTesented in�Figure 6.  Tt ts obse rved th_t _a1nly the          '�propeTttes  of  the  undfsturbed  region      _     _  _     _  _     _  _       _�,     h   tss_N at_on wh_      ,                   M _'_l_''rt�stages  of  consol_d_tion all dtssl'patl'on     FiguTe  6.  Effect  of  disturbed  20ne  on�results converge.                       dissipation.�Finally  the  effect  of  Tecording  the�d1sstpatioEI at dtffeTent _osttions on the�sh8ft  is  tnvest1gated.   FiguTe 7  shows�that tt is advant8geous to put the p1e2o-         _ _�metric element at the __p rather than the     _        _"'__          .  _m _  __�_haft.  Thts w_uld  s_ve  a  con5ideTable      __ "          '_\.,          T _0�amount  of  _i_e  durin_  _he  dissipation                    _\\,    ,,�test5 at  thg f1e_d.  FuTthe T_ore,  it t5      _              .\�noted that the dis_ipat1on of no _ al_2ed                     _\.�poTe _TessuTes  foT p1e2o_etric  elements     _0_                _�at  any  locatiom on  the  tip  aTe  al_ost      _�,                        1dentical  and  consequently  results�abtai_e_  fro_  cones  with  pie2o_etric       _�eleme_ts at the tip or at the middle of                               \�t h e t i p s h o _ l _ b e c o m p a T a _ l e i n a n a l y s i s       y     ^  _     0'  ''    '^  ^'0'    '^'^' ^'''�__                        _f d__s5__ atl.on recoTds                              r_H __t _ (__4_/_���Figure  7.  Dts_1pation  at  different�4 Ev All!ATloN oF REsu_Ts                  locat1ons on cone penetrometers.���Ffgu,e g pTe,ents th, t,_p re,_,t,,ce and         _,  _s_,, ,rl____,_KE_0/,_,t  _ll ___�pore  pTessuTe  Tecords  in  an  al_uv1al            _ _N _ __   - - _�!  _  _ _ _  _    r_t�eposit  of  southeTn  __uistana.   It  ts            __!r      0-_�_      __!c�UppeT  1_  Y  CO_pTeS_          _---_ 0_'- - _      _ __Cl9�N   _                        0 -     - -_ _- -_   M_�rathe_  stlty  clay  layer  fTo_ a  st1ffer          __ _ -+_!- M ----    _�.          .     ,            _0     _!  _       5m _o_ Wt_�OWeT  ClaY  depOS_ .    ree  lSS patl On          _  _--_ _ _   ---    c__�_  _!  -0TT--- _-�TeCOT S We Te  8 en  n  Ot  t e U_peT 8n          0  ----0-'--  "---  _,_g__s_.�      w       '         _     '              0  4f, t_0 _ __ _^ _   Llf_"X ?.�0  --- !-0 _-----     k=n-_x�total p_Te pTessuTes w1th t1me  ts given         >  i_; 0__===_-=__   m m_____m'�{n Figure 9.  These total p_re pressures         _0_-_-_  !   --- - -�consist  of both  the  excess  Pore  pres-         E__'---_     _----   HL.cL�_ures, _ut,  and  the  hydrostatic  pore         i__U== ___  ___===�pTessureS, u    The Tatio of  _he excess        _,  '-  _--  n  -- -----   S_I1___�o '                               - -   -   - -  - - -   S_t _�__re pressure to the t1p res1stance,                 _  _  - .----�Dut/q,  16  a  good  1_dication  _f  the            -  'W    ---- _ -_�C,                                  --    -__^_--�StTe,S  lStOTY O  t e  epoStt  Tumay, et         ^        -- _- _�al_  l98l)_  Tn conform1ty with the boTing        0    -_   _---- -�_t�o_S, tt tS noted that higheT values _f          _    +    _      - C_�_  51 _ 4o _ _ltt�U  q c  Obta1ned  _n  the  UPPeT  dePO51t          ,-    __o_____l  ___  _a�in icate loweT overconsolidatton ratto_.          -ï!  -:-J  _-----_  -  S_lt_m�The  parallel  d1ss1pation  curve6  1n           -  - = _ W^__=-_ _�FiguTe 9  1ndicate that  th_ 5patial d1s_            -  4__J--+-+--_�tT1butt0n o_ penetraticn pore pressuTe6�'                        were  s1m1laT wh1le  the  ,veTage  coeff1-      Ft_ure 8.  Penetration TeCOTdS and bOTin_�cient df c_n_olidation values are           loe 1n NoTco_ Lo_is_ana.�



_pfotst__lfhhhn_vToesheut_rehlts_due_e__xbedcevs_ltea_s5nl5ao5ul_tteppet_ado_ttorl_tneohrnoeeptcfr_oeehpdrscuodsorru5r_ertdhnwetpgh______tennhshesttuhaherereleteftf__f_oeu_rogrnsraedt__netr   _t_ag_?__g___2_o__r_____acl__t____t____________w4w________m__|___l__\_0____n___0_D0\no0t__1_t__n_____fo___Lt4__l0n    4_������������������different.  The  anomaly  presented  by����penetration  l0cation.   Due  to  this        _o          ,�pos_ib_e inhomogeneity 8roun_ the co1l_,     _         -    -�_nitial  no _,_;2ed  po,e  p,e,su,e      _,,o_  _ '- _ r _ _ t __ ', ' J ' J ' _                   _�itt_ibUtlOΩ 8t th_5 lOCat__n m_9ht be     __  i  _  '2t  1_9  019����diSSipation will not be ev_luated fOr the    _w _O' ,u.i,._,,_,___,,,,�coefficient of consolidation.             _ _o !_  _ _ _ h_______________t        __ S _ P  _ O n        l C     _���                                                            _ lO _               __ ', _ ' ' _!�mali2ed  With  _eSpeCt  to  the  in_tial      _  t         _        _�maximum pore pressures,  are  shown  in       _a_.�F_gure l0.  With regard to the discussion�resented earlier,  the straight portion��rit hm ic  plot  is  extended  down  to         _      _    _    aoo�_O percent  dissipation  and  the  corre-             o1st__T_m T__E(__ct�spon_ing  actual  dis_ipation  time  is�c_lculated  by  equation 6.   The  time      Figure 9. Field dissipati0n record5_�factor  for  90 percent  dissipation  is�taken  as  240  a_d  the  c  values  are�calculated.  The  values  presented  in     *                   _�Figure lO are found to be gener_lly lO to    __                 _ ' '_ _ '  ,,_   H_�20 ti_es the value5 obtained from labora-    __ _        _        I__  __ __,  _ __ __   ____�,      tory resu1ts for vertical coefficient of    '_�consoljdation  (Chan l982).  However,  it     _   w                   ,___,��5tages of dissipation,  some region_ of     E                 t_�'l  5urrounding the cone is s__     _ _   ,          _�jected to both a sw_lling and recompres-                                    ,�5ion.  Thi5 behavior might contribute to    yH                       _.___�e higher average c  Values obtalned.                             y______�FUrthe_0rel  Al__hahlr,  et  al.  (l970)     ,__    __________�observed that the coef_icient of consoli-�_ation  values  backcalculated  from the                                _,��an  e mb an_ment  in  very  soft  cohesive�soils,  are  generally  cl_se  to  values      F_gure lO. No _ ali2ed field di5sipation�obtained  from  insitu pe_aameter tests     records.�while l _ oratory conso_idation data have�given values lC_20 t_mes smaller.  In the�light of the_e studies, it could _e c_n-      l. The di5sipation of po_e pressure due�cluded that dis5ipation results obtained    to cone penetration is govern_ d ma i_ lY bY�by _iezo-cone _ests give a more reli _ _e    the hori2ontal values of coef_icient of�estimetion of the insitu hori2on_al coef-    con_olidation.  _t  is best to evaluate�ficient of consolidation.               the results of this test at later stages�in  order  to  reduce  the  in_luence  of�anisotropy due to hydraulic conductivity.�5 su _ Ry nND coNc__sIoNs                 2. Sharper cones require longer d iss i-�pation times, hence a 60' cone angle is�A method to int_rpret the dissipation of    reco Tnm ended for routine dissipation _ests�penetratio_ pore pressures in pie2o-cone    since they would taXe  less dissipation�penetration testing i5 presented.  It is    time.�noted that lin_ar, uncoupled FEY analysi_     3.  Although  the  soil  i _ ediate_Y�_f the dissipetio_ of penetration _ re     surruu_ding the cone is highly distu_bed,�pressures yield reli 0 le values of coef-    dissipation results at the later stages     '�ficicnt  of  consolidat_on  fo_  soft       o_ conso_idation reflect the charac_er�cohesive  soils.  Analy_is of numerical     istics of the undisturbed deposit.�5tudies indicate that:                   _.  Fas_er  dissipation  cu_Ve5  are�obtained when the _ore pressures are�



__        _                                        ____      ____   _�������������������re_orded at any position o_ the conic     RE FERENCES�'_                      part of the penetrometer.  _herefore it�is  prefer_able  that  the  pie2ometri_      Al-Dhahir,  Z,A.,  M.F.Kennard  6  _._.�elements be placed at these positions for     morgenstern J970. Observations or, porc�.,                      dissipation studies.                    pressures  beneath  the  ash  la5oor,�5_  No__li2ed dissipation curve5 will      e_ankments at Fiddler's Ferr;'  _ower�be  similar  for  pie2ometric  elements       Station. _Proceedin_s, Con_. on __-Situ�emplaced at the tip or at the middle of      Investigation5  in  Soils  an_  Rucks,�the tip.  This sugg_sts that the dissi-      British  Geotechnical  Soc.,  Londo_,�_atio_ results obtained from cones with      Peper Yo. 20, 265-276.�the same apex angle but with piezometric    Baligh, m.m..  _ _.N._evadoux l98_.  Pore�elements at different positions of the      pressure  after  cone  penetration.�tiF must be compar _ le.                  Research  Report,  mITSG  80-13,�6.  Coefficient  of  consolidation        Cambridge, _.�-    _^u^_ai__e_ __ p_'ez_-___r_e p2n_-^_rati-0r_ te5ts    Ch_n; n. ì982. hna_y5is o_ di5_ip__ior, of-�would  generally be  higher  than values    .   pore pressures after cone penet_ation.�obtained  from  conventional  oedometer       mS  Thesis,  Dept.  of  Civil  Engr./�tests.  This is mainly a_tributed to bo_h     _ouisiar_a State Universit_'.�the uncertainties involved in the initial    _evadoux,  J.N.,  M.m.Baligh  l980.  Pore�distribution of pore pfessu?es during the     pressure  during  cone  penetration  in�test and the general shortcomings of per-     clays. Research Report, Dept. of Civil�fo_ing a laboratory consolidation test.      Engr., mIT, C__ridge, mA.�However,  previous  studies  on  insitu      milligan, V.  l975.  Field measurement of�evaluation of volume change characteris-      pe_eability  in  soil  and  rock.�tics of soft cohe5i__e soils indicate that     Proceedings,  ASCE  Specialty Cor,r_.  or_�'                coefficient of consalidation obtained by      In-Situ measurements of  Soil  Proper-�insitu tests are close to actual values      ties, Raleigh, NC, l:3-36.�but  generally  greater  than  laboratory     mitchell,  J.K.  _ W.S.Gardner l915.  _n�?.                      values  (mitchell 6 Gardner l975).  This      situ  measu_ement  of  volume  c_à__5e�-              indicates that the dissipation tests give     characteri5tics.   Proceed_in.gs,  ASCE�better estimations of the coefficier_t of      Specialty Conf. on In, S_tu measureme_.t�consoJidation _n a ho__ogeneous deposit.       of  Soil  Propertie5,  Ralei-gh,  K_C,�_^-                                                        l_279-345.�Roy,  M.,  et al.  l97_.  Behavior of  a�6 nCKNOW_EDGEmENTS                     sensitive  clay  during  pile  drivin._.�Proceedings,  Canadian  Geotechr;ical�Dr_  Roger  K.  Seals  is  gratefully        Conf., Quebec, 4:28-49.�acknowledged _or his helpful suggestions    Sugawara,  N.  6 m_Chikaraishi  l982.  __,�and critical review of thi5 manuscript.       Estimation  of  _'  for  normally�The _ouisiana De_artment of Transpor-      consolidated min_ tailings  using  the�tation  and  Development  (_DODT)  is        pore  pressure  cone  penetromete_s.�a_knowledged  for the  financial  support      P_oceedings, Second European Sym_o5ium�provided for this study.  The contents 0f     on  Penetration  Testing  (E_OPT  I_7,�this  paper  reflect  the  views  of  the       Amsterdam, The Netherlands, 2:883-888.�authort wh_ are respo_sible for the facts    Torstensson,  B.A.  l975.  Pore  pressure�and the accuracy of the data presented      sounding in5trument.  Proceedings, ASCE�herein.  The contents do not nece5sarily      Specialty Conf. on In-Situ __easurement_�reflect the official views or policies uf     of  Soil  Prope.rtie5,  RaJejgh,  NC,�the  _D_TD  or  the  Federal  Highway        2:48-54.�A _ inistrationv  This  paper  does  no_      Tumay, M.T.,  R._._oggess 6 _.Acar 198l.�constitute _ standard,  specification or      Subsurface  investigation with  pie2o-�regulat_on.                          cone penetrometer.  Proceedin_s,  hSCE�Session on Cone Penetratio_ Testi_mg and�Experience, 5t. _ouis, mO, 325-342.�WiSSa, A.E.Z., R.T.martin _ _.E._a_lRng,er�l975.   The   pie2ometer   probe.�Proceedings,  ASCE  Specialty Conf.  on�_                                                       In-5it_ measurements of  Soil  Proper-�ties, Raleigh, NC, l:536-545.����_                                                              't����������������_�



____t       ___5l__                    ___      __x___�_ _/ _�T_ BEST _PR_X _TIONG_ M_TTVm _TE _uNCTTONS�B_ _ _INA__0NS OF!_IVAR TATE Oh_S��E, M. Cheney��Th1s survey conce_s vari_us schemata _oT approxtmat_ng m.ult1vaT1ate�functions by combinations of univari_te func_ions.  The combinations of           _�1nteTest aTe fo Tm ed _y addition, m__1tipl1cation,  functi_nal composit1on,�8nd passage to a li_nit.  Some ve _ .intractable problems are _utlined, but�our emphasis is on D,Tob1_s _n which some progTess has been made in recent�years,  These are main1_ the case5 __hen the approximating functions fo _�l{near subspaces,  Tn _ontrast wi_h the situation in classical ap_roxi-�_at1on theo_, thR subspaces w_ich occuT in this subject are general1y of�1nft_ite d un ension.��_,  _Tnt_oduction��The theorem ofArnold and Ko1_o_oroff info_s us _hat any continuous�_ultivar1ate function can be const ru cted by using continuous univariate�fu_ct1ons _s "building blocks'', and the opera_1ons of composition and�addit1on as''_ortar''.  The We1e_strass npp_oxunation Theorera provides s_-�1lar info _ a_ion; the ''bui1ding blochs'' aTe the s 3me, and the ''mortar'�cons1sts of multiplication, addition, and passage to the li_it,  __ere are�the 2-va_iable fo_s of these representat1ons:��(l)              f(x,_) =  _.__.(g_.(x)+h_._))���(2)                f(x,y) _-  _.g_(x)h_(y) ,�i= l��I_ both of these equations, further s_i*pulatio_s _ay be made,  _oT�ex_ple, we can take al1_  __,  to _e the s_e, and  ht  to be a multiple�o_  g_  _n (l).  Tn (2), we can ass _ e that the functîons  g_.  and  h_.            '�8re pol m o_ials.  References _32_ an_ _4_/J are convenient ones for the�theor _ of Ko1mogor_v an_ AT_old,�In general, if we _es_Tict the fle;_ibiltty of the function3l f_ _s           ;�on the right side 0_ (1) an_ (2), the possib{lit_1 of _e__act _re _esentation�w1ll _e lost, and what Te_ains _s an in_erestin_ prob1em of b_e__t a_D_ro__i-         '�_ation,  Th us, foT examp1e, we can seeK a best approxj_a_ion ta a functton�f  by functions of t__e fo _�



__?_                tnM_n_         _______l_                            __��4                 n�_ __(g_(x)+h__y))  or  _.gg(x)h___)  .�___               ,1__                      '�Th ese tw0 prob_e__, _?T_ved at j_ _n jnmocenR atte_pt to replace exact�_      representat_ons b_ a_proxim_tions, are jn __ct quite _o_idable,  an_noone�has sugge_te_ meth0d5 for attacki_g th _ n _ e_ically,�_          0ne point _hat s_ou__ be emphasized is that _hen we g_ve up exact�re_resen_6___n_ a_d search for ''best approx u� ati0_s'' t_e nu _ which is�used wtll have a p_o_o_n_ înfluence on the p_0blem,  As long as our�approx{mation pra__em is linear (and _n some rare tnstances 0f non1inear�app_ox_ation) the _ 2-n__ _eads to the simplest _heo_,  More i_teresting�p_oble_s'  occur with tha  __  and  __  no_s,�The re_ainder of this su rv ey _i_l _e organi2e_ ar_und certa{n s_ecifíc�fo_e of ___?oximat_0n.  _hese c__ be en_e_ated as follows.  Tn eachcase,�_  j_ a _unction to _ _0 u_6 _ -00_ted _y a __nct__n of th _ a_ing on�the r_ght side _f the  _  s_ _ ,��(A)  f(x,y_ _ gCx)�,_          (B)  f_x,yj ^_ g(x) + _(_)�(C)  f__,y) ^_ _(g(x)th_y))��CD)  f(x,y) _  _,g_,(x)h_,(y)�1_l��(E)  f(x,y) _  _ u _,(x)h _.(yJ +  _.v_(_)g_._x)���Each of _hese pTo_1e_s wi__ have a n__e_ of variants, wh_ch we will l_bel�Al, _2, and so for_h.��2.  Prob1e_  A��_e beg1n wjth Pr_b_e_ (__),  in wh_ch a c0___nuous _unction  f  on�Xx_  _s gtve_,  _e_e  _  and  _  can be arb1_rary compac_ Hausdorf?�spaces.  __e _ee_ an e_emen_  g e C(X)  to _jn _ize the expTession��(3)              Il€_gtl = sup su_l_(x,y)_g(x)_  .��_et us intToduce the concept o_ thR _sect1ons af a __vaTi__e _unct_on,�_ ese are the un_varja_e f_nctjo__ wh_ch one _b_a1ns by f_x_ng one ar _ -�_ent.  The standa_d mo_at1on _s adopted, viz,�



_   ___   _                _            __  _____ttt��4)                fx _) _ _ Y(x) _ _(x,y).��I_ _s an _xerctse in equicont_nujty to p_0ve that tf  f e C _ x Y),  then�the set  K_{f _: y e _}  _s a co_pact subse.t of  c_);  _.e., tt ts�bo_nded, c_osed, and equîcontinuo_s.  m ese con_iderations allow us _o re-�write Equa__on (3) as,��' ( s)              _1 f - g fI _ s u p Il f Y - g lI _ s u p tl _' - g 1l.                       __�y       keK�The e1_ent  ge C(X)  which makes this a _inim_ is called theT _h b  heff�cen_er ofthe set  K.  We would a_so te_  g  the best _s_ultaneous�__0rox_'mation _f  K.  Other authors have used the te _ ''global approxi-�_ at ton'',�Th e Tchebycheff center of a_y (bounded) set  A  in any _anach space�_  can be defined as��(6)             E(A) = {g e _: suplla_g_1 = r(A))�a_A�w_ere  r(A)  i_ the Tcheb_cheff radius, _iven _y��(7)                 r(A) = tnf sup!,la-g_I.�geF a_A��T _ R_ l,  __et  CßC)  __e the Banach s0ace of all bounded continuous real-�v _alued functions on an aTbitTa_  to0olo_0ical s0ace  X.  _Th e Tcheb cheff�center of an  boumded subset of  C(X)  _js nonem0t,��This theo_e_ was p_oved fo_ compact spaces by ZamJat{n ES6I and ex-�ten_ed b_ _ranchet_i and Cheney _l7J.�S _e important papers devoted to this top_c are _lJ,E21J,{37I,_S4J,�and _36_,�The problem _f min im i2ing the expTession in Equation  _) by appTopri-       _�ate choic,e of  g  in  C(X)  is easier than the geneTa1 probl_ of finding�a_chebycheff center _ecause the set  K  is co_pact,  Tn fact, onesolutjon�ts obtained by defining8)            g ( x)��                            = -2 _ a x f ( x, y) + -2 m i n f ( x, y )  .�y_Y        yeY�A _ore d1ff_cult problem of the s_me type we label _s Problem (A2),�Here  g  1s not a_loved to Tange oveT a1l of  CGC)  but is restricted to�_ _ e prescribed _ubspace,  C,  m i_ leads to the concepts of re,strtcted�



_______G             _t   _?   t�l���Tchebycheff _ad__s an_ Te__ricted Tchebycheff cente_,  The_e are def1ned�as fo_lowsc��_      (9)                rG(A) = _nf sup1la_g_l�geG aeA��(_0)           E G_A) = {g e G: sup1la-gtf = _G(_)}  ,�aeA�_e_e  A  can _e _ bounded subse_ _n a__ Banach space  F,  and  G  c_n be�an_ sub_pace of  F,  A d_a__ty theore_, pT0ved in _l7J, goes as follows:��T _ OR _ 2,  _Tf  _  _1_ com _ract then��(l1)             _G(A) _ _ax   1nf   suplla-flt.�_!  _(_)=O  _eA��S_i_h and Wa_d p_oved _n _54J this'úńpo__ant result:��T _ R_ 3.  __f  A  __s a bounded set i_  C(X),  w _jth  X  _an arbttra _tou-�_olo0_jc_1 s0ace  and i_  G  _is an  subset _f  C(X),  _then��(l2)             rG(A) = r(_) t 4ist(G,E(_)).��A subse_  G  _n a B_n_ch space  ?  is said _o b_ ''proximtna1'' jf e_ch�el _ en_ of  _  h_s at _east one bcst app_ox ím ati0n _n  C,  _f we ass _ e in�Th e0re_ 3 _hat  C  is pTox _ ___1, then a necessa _ and su_ficien_ cond{_ion�_or the Tchebyche_f _enteT  _G(A)  to be _o_e_pty is that the express1on�dtst(f,G)  _hou_d at_ain it5 infun _ _s  f  ran_es oveT  _(A_.  _ e tn_�te_ested reade_ shou__ co_sul_ _S4J _n_ [l7J for _urther Tesu1ts tn th_s�a_ea.  0ne pToblem whjch rematns open is th_s one:��_MJ_CTTJRE,  _T_  C  __s a 0roxim_na_ set _n  C(X),  _then _t {s als0 0roxi-�_ __na_ 1n  C(XxY)  _fo_ arb_tT_   com0act  Y,��If th1_ conJectu_e 1s correc_, th_n th_ inf _ _ of  1tf-_l!  wi11 be�at_a1ne_ as  g  _anges _ver  G,  for each  f _ C ßC x Y).  _ e contect_re�_s f__se _f  _  ts al1owed to be _ n_nco_pac_ space,�



__  r_(c__4s))   _       (_pnnff))((   )   22   _  (     _22 __   (             ____�_��3,  P _roblem  B��He_e We f_X an  f_ C_X_),  Wtth  X  and  _  C_paCtf and We seek�g e C(X)  and  h e C N)  t_ _ake the ex_ress1on��(l3)             Ilf-g-h11 _ suplf(x,y)-g(x)-h GF)l                       _�x,y�an abs_lute mtnim _.  Th_s we te _ Prob1 _ (Bl).  M_ch is kno _ _bout it,�D1liberto and Straus were the first to study it _l3J, and 1ater A _ann _3I�&nd Go lo_b _27J contr_buted to it,  T_r recen_ woTk and more bibliogTaphic�detail see _2l_J and _42J,�To s _ arize the _portant hnown results, we state the following�theore_.��T_O__ 4,  _?e above 0rob1em alwa s has a s0lution  (g,h).  O _ne solution�can be ob_ained b  the Di1_berto-Straus A_0_orithm descfibed be1ow,��me alg�rit_ j5 an iterative one given by the fo_ulas  f_=f,�f   =f  -P f  where  P   is a s1mple ave_agjng operatoT previously ana�ntl   _  n n       n�coun_ered in Equatîon (8),  Specifically, for even  n,�l          _�X,Y) = _ _ax f(x,s) + - m1n f(x,s)                    K_�S          S�w_ile foT add  n,�l          l�X,Y  = - _ax f S,Y) + - m_n f s,Y)  ,�S          S�Thus in either case  Pnf  is really a un1variate function.  It is hno wn�that _he sequence  fn  converges uni_o _ly, and  f - 1 _ f   is a best�n�&pp Tox imation t_  f  o_ the fo _  g(x)+h(y),�_ {s algor_t _ is identical to one kno wn as the von Neumann Alte _ at-�_ng Metho,d_  It was descrjbed b_ v_n Ne _ ann in l933 and was used for ob-          '�tain_ng best approx _ ations in Hilbert space fr _ the vector sum of two�subspaces,  See _48J f0r this application.  A Tecent paper by Deutsch con-�tatns further resu1_s on this algorit hm as we1l as further TefeTe_nces _llJ,�P_oble_ (Bl) has app11cations to the sca1ing of matrice5 (for the pur-�pose ofp_econd1tioning th_).  See _4_,_23J.�Tt ts posstble to characterizR solutions t_ Problem (_1) in the�fol_owtng way;  '��T _OR _ 5.  _Tn o-rder that the 0air  (g,h)  _solve the minim_m 0rob1em in�E _0uation (l3) _1t 1s ne,ce_sa   and s__fficient tha_ theTeexistan'!alternant!'.�



__f_   ___(                       _     If    ;l                 _    __�_��An ''___e_na_t'' ts an _nf1ni_e sequence of potnts  pn= (xn, yn)  s_ch�_h8t  x = x  i  (and _ _ _  _) wh_n  n  ts odd,  y  = y  _  (and x t x +_)�_  _+      _  __               n  n+      n  n�n�_ e_  n  _S _Ven, a_    -__   p  =  _    ___  ,  _  s t eOre_  S  U_ t0�_�Hav__son _3_J an_ ha_ been re_ent1y gene_a_12ed t_ encom_ass Proble_ (E__�'          V_n N€ _ a__'_ alg0___ tm _s de5_gned to pRoduce best approx im at__ns�1n H_lbe_t sp_ce,  _ne is p__sen_cd __th tvo closed l_near s_b_paces  U�and  V  t_ Hi_beTt space, _nd has a_ ha__ the orthogon_l p ToJecti_n_ onto�U  and  V.  The_ the sequence  fn+_=_n_Pn_n (n=0,l,2,,,_)  _s _enerated,�whe_e  _ 2 _  __ the _r_ho_u_a_ proJectjon on  U  and  _ 2 h + _  1s _he o_thog-�__a_ proJection o_  V.  men  fo_lim _   i_ the best 6pprox_at___ of  f�n�_n the _c_o5ure of  V+V,�_t 15 k_ovn that _he _l_ori_hm w0Ths als_ _n any un1fo_ly c0nvex�_an_ch space wh__e _ua_ is also un_fo_l_ comvex; however, one _ust assu_e�as h_pothesi_ that  U+V  is closed,  Tt seems t_ be an _pen prob_e_�w_@ther t_is hypothe__5 _s es_en_îal,  Thjs _esult has been given by�Deut5ch _l1J.  Se_ also ___J and _20J,�An _n_eres_in€ _ues__on ab0ut the 5_ace  C(X x Y)  i_ t_1_n  _ at i_�the __elat_ve) _r_jectí_n const_n_ of _he subspace  C(X)_CN),  and what�are _he _in_a_ FTo_ecti0n5?  Thjs que___on ha_ Tecen_ly bc_n answered by�J_eson and P__h_s,  _34_,  Their Tesu1_ _s��T_0R_ 6,  _If  X  _a_d  _  _are co_?act H_us_or_f s0_ces  each containi_00�_nf_nîtel  _an  0oim_5  then _he 0__'ec_íon constan_ of  C(X)+CN)  _as a�__ubs0ace o_  C(Xx_)  _1s  _,��A _in _ al pr0Ĵection,  _p  _n th_5 s_tuati0n is o_tained by selecting�_ e X, _ e _,  and defi_jn_�l6)                p_ __ f_ + _  -f(€,_)  .�€�An 1_p0Tta__ variant nf P__b1_m (B), desi _ a_ed as (_2),  a_i5es when�_  _s d__tne_ not o_  X x _  but on a co_pact subse_  S  in  X x _.  Th ís�c _pl_c_tcs _he _r_ble_ comsiderably, _nd _ paper of _ fman _49J _s de-�vote_ __ the ques_ion o_ existe__e o_ a best appr0x _ ation,  _ís princ_pal�_heore_ _s th_s:��TMRO __ _,  __et  S  _ _e a c_o_ed s__se_ 0_  XxY  _contain1nnn a 0o_nt  (€,_)�such _h_t  (x,_)  _an_  (€,y)  _b_l__0c to  S  w __enever  (x,y)  __e1onn0s to 5,�T _hen each  f  i_n  C(S)  w _hich 5at1sfies a Lt0schjtz co_djtion has a bes_�a0?r_xj.ma_io_ _m _he c,1a_s  (gth: ge C(X), he _Nj!,,�



______     ______���Another 1mportant variant of PToble_ (B), destgnated (_3), 1nvolves�_he__-no__  The most natural questton to ash1s_he_heTeach  fe __(XxY)�necessartly has a best approximat_on (tn the __-no_) of the fo_  g(x)+�h_),  with  g e ___)  and  h e __(Y).  The follow_ng _esult has been�proved in _33J,��T _ _ _.  L_et  X  _and  Y  _be measure sGaces _f f_nite measure  and let�__ __(XxY).  _Then  f  _ossesses abest__- _a00Toxjnation in the subs0ace�M _(g+h; g e L_(X), h e __(Y),).��_ e appropriate variant of the Dili_eTto-Straus algorit_ will not�always woTk.  Various hypotheses (either on the function betng approxi-�_ated or on the measure spaces  X  and  Y)  can be introduced to obtain a�convergence the0rem,  F0r ex_p_e, W.A. _ight has proved the following Te-�sult _39_;��T_OR_ 9.  _Tn addition to the h 0otheses of Theorem 8  ass_e that  f�dtffeTs almost eve   here f_om each function in  M,  _Then the iterates�f  _0roduced b  the _ __version o_ the Dj1iberto-Straus al00oTit hm sat_sf�n�flfnl__d_'st(f,M).��4,  Proble_  C��In Proble_ (C1), we se_ th_ee univaT1ate functions,  _,g,h,  so that�f(x,_)  1s well-approx_mated by  _(g(x) +h(y)).  A funct1on of the latteT�fo _ (composed of three continuous functions) is said to be _nomo_ra0hic,�B1variate fu_ctions which happen to _e nomographic can be represented by�a s1mple nomogr _ oT ''ali _ment-chaTt'',  This is done by draving three�equidistant veTtical lines, and introducing a scale on each _o represent�g(x), _(x),  and  h(x).  Then a straight line dTawn through points1abelled�x  and  y  on the first and thir_ line w_ll intersect the midd1e line at�a point labelled  _(g(x)+h(_)),  A s_ecial slide rule could also be de-�s1gned to g_ve the va_ues of any specific nomographic function.  By Kolmo-�gorov's Theorem, each continuous function on the unit squaTe is a s _ of�at _ost five nomographic functions,  T_hu5 the nomograph{c functions have�_he ve_sat_'l1t_ and s_'mplic_ty needed for approx im ation.  unf_rt _ _ _tely,        _' ',-�not much is hno wn about the pTactical u9e of these f_nctiuns,  Most of�the theory conceming th _ is due to R.C, Buck, who has _Tttten a seTies�of papers on the subject.  See,  foT ex_ple,  _7_ and _8I.�A var_amt. of t__i_ prob1em, desi gna_ed (_2), ar_se5 if  _  is ftxed�beforehand,  Tn _22J_ von Gol1_schek ha_ studied the discrete vers_on of�



_y_                 (  __)_      t     __                              _�_ _ _J_ _��Rroble_ (C2) under the supo_1t_on that  _  has an 1nverse.  _e es_abl__hed�a co_b__a_orta1 a1__rj_ hm fo_ f_nding  _  a_d  h,  Th_s algor1t _ ''can-�verges'' 1n a f_n1te _ _ber of _tep_ and has the fuTther advantage tha_ _n�e&ch ytep _n 1_te_a_ is gener_te_ wh{ch _ontains the nwnber��(_7}                 _ _ _n__tf-m o _€ + h)J1 ,�-_                            _, h�Of cou_se, when  _  _s f_xed, the object s_ught is an _le_en_ _f a l1nea_�_ubspace in  C_XxY),  Tn this sen_e, the prob__ is li_ear,  0bviously,�_uch remains to be done on P_obl _ (C) and its v_r_ants,��5,  _Pr_blem  D��In Rrob1em (D_)_ _ continuous function  f  o_ _ CaTtesian pr_duct�X x Y  i5 given, an_ __ __t_ger  n  _s _ixed,  Me then see_  2n  continuou5�_unct_ons  g  e CßC)  and  h  _ C(_)  wh_ch wi1_ _in_tze the no_�i           i�n�'(_8)              sup    f_(x,y)_ _ g_(x)h (y)_  ,�i�X_Y _X _ _       1^'�Th_ __t o_ f_nc_i_ns�_'                       _�(19)          _  = { _ _ _h: g  e c(x_  h  e c(_)_�_    _ii   i       i��1_ a n0n1_nea_ _anifold in  C _ x Y),  and 1t conta1n5 (_any) linear _paces�of _nfin_te d_ensian_�A_ we shall see, th_s _r0b1e_ can be ref0 mulated as a nas_y probl _�1_ n-vidths,  Recal1 that the n-w_dth 0f a set  _  1n a Banach 5pace  E�16 de_1ned _y th_ equation��(20)               dn K) = _nf sup d1st(f,G)�'     G  feK�whe_e the inf _ _ i_ taken ove_ all n-dime_sional subspaces  __  {n  E,  If�_he _nf_ _ __ a_tajn_d b_ a _peci_jc n-d_ensional _ubspace  G,  then�that subspace is said _o be _extr_m_l for  _,  o_ _t'  l,�The calcul_tion o? the distance _r _  f  to  M   (defined tn __ua_ion�n�_9) _Toceeds as f___ows.  (Here we deno_e _y  G  the linear s_an of�___.,c__n)�



__   _x              _  __    _n__ln         2_                 __   c_���(21)            dtst(f,Mn) _ 1nf 1nf _lf- _ g_h_ll�_,  h,    {--�__ {_f dtSt_f,G _ C N)J���y����In th1s calculat1on we use the tensor no_ation as follows;��(22)            G _ cN) = { _ g_.h_: h_ e cN)J  ,��Tn the  3Td  step of the comp_tation the followîng 1e _ a from _l8J ts�needed.��_.  __et  G  __e a linear subs0ace of a Banach _0ace  E,  _and let  X  _be�_ co_ua_t _o0olon0ical s0ace.  _et  C(X,E)  _be the Banach s0ace of contin-�_       _uous mans  f: x > E  w _ith no _  _tflt=supllf(x)t_,  T _hen  dist_f,C(X,G)J--�sup dist_f(x),GJ,                                               ?���m e dete _ tna_ion of _he n-wid_h of  (f Y; y e Y_  a_ a sub_et of�C(X)  1_ regarded as qu1te intractable.  A1so,  the dete __nation of an ex-�tr_al subspace  G  se_s to be difficu1t,  _oweveT, the probl_ in Hil-�bert space has a c_ass{cal solution, w_1ch we now outline.�In th_s problem, desi _ ated as (D2), we are presented with a function�f  1n  _2(Xx _),  Here  X  and  Y  are arb_trary measure spaces,  FoT a�f_xed  n,  we seek  g_  1n  _2_)  and  h_,  in  _2 (Y)  t_ min_ize t he_� 2-no_:��(23)            (    _f(x,y) - _ g_.(x)h_.(y)f J  .��The solution was given by Erhard Schmidt in l905,  _53J,  First def_ne a�g _ etric kernel  k  by puttìng��(24}         k(x,s) _   f(x,t)f(s,t)dt     (x,s e X)  .��me e_genva1ues 0f _he he Tnel aTe the c_plex n_bers  h  fof whtch the�equation�



_____    h__l0_0  __  h   l___h2   t  2_    _   _2_    h        ____  _�i I_!��(25)               _(x) _ h   k(x,s)_(s)ds�X�haa nontr_v_a1 solu_1on_,  T__ each eigenva1ue, the so_ut_ons to Equat10n�(25) fo_ _ fjnjte-d_ensiona_ subspace _f  _2(X),  _e e__e_v_lues _re�''      pos1tive _eal n_bers and can be arranged a5  h _ >__2 >_.,.  wtth each 0ne�re_eated an_ber of t_e5 e_ua1 _o _he dfme_s1on o_ t_e space ofso1u_ions�ofEquat1_n (25).  Next na_ se1ect  g_,g2,,_,,_ n  as e1g_nfuncti_ns corr_�esp_nd_ng t0 eigenvalue_  h_,h2,,,.,h  ,  The no_al_2at1on of the  g's�n�?2   _�_ 0U dbe   _,--  ..  _eCaUSe _f t e S _ et_ Of _he S1tUat10n,  t e�1_�__nct1ons  h_  can be de_e__n_d in the s_e way, __tat_s mutandjs,  Aft.ar�the  gt  a__  h_  have beem ob_a_ned, __ have�_            _�(2__              l__ - _. g.h_ll  = tlftt  - _ h_  ,�t_ 1           1_1�Fu_t_e_ore,  _he _im1t of each side of thjs _q__tion 1s  O  as  n>__�Bes1des be1_g accessjb_e in _chmidt''s m_oir _53l,  these matters are d_s-�'       cussed __ _, Co l_mb _n _27J,  Tn Section S o_ Go l0mb's artic1e,  the Newton�1teratton is d1_cussed as a means o_ det_ _ in1ng the ejgenfunct_on_ in�5c _ _dt's solut_on of the proble_,�__         Another variant of Prob_e_ (_) a_ise_ if we s _ply ch_nge the no _ to�the ___n0_,  ?his we desj_ate _s _ro_le_ _3),  The pap_r [46J o_ M_c-�che1l1 and Pinhus _s devoted to t_is prob__,  Tn orde_ to sta_e their�_a_n theore_ we need _ _efinitio_:  a functi_n  f e C(_O,lJ)  ts _ajd to�be _stT_c__  tota11  0_si__ve if  det _(x  , y  > O  wheneve_  O < xl < ,_,        '�l                _�< x  < 1, O < y  <,_,< _  < _,  and  _ > 1,                             ,�__    -  l      __        _�T _ _ lO,  If  f  _is st__c_1  tota__  0ositive  then the min _ _ value�1l        n�o_      _f(x,y) - _.u (x)v (y)fdxdy  when  _  _and  vt  _Tan0ce ove_�-            .1i       _  _�1=                  '�___O,_J  __s obtained b  _unctions of _he fo_  u_,(x)=_(x,__), v_GF)=�n�_ c  f(_  , y).�,___ __   i�_n _he1r pape_p _1cchel1i and Pinhus specthr the magical po1nts  _�and  €,  as we_1 as _he coeffic1ents  c_,,,  One re_a_hable aspect of�_h_{_ w_rh ts that 1n th1s c_se n_ impTov_ent _,n'the quali_y of appr_xj-�_ati_n a__ses _r oTn al_o_ĵng  u   and  v_  t_ range oveT  _1_O,lJ;  the_�i�'   _a_ ae we_l b_ r___ricted _o  C_ß,_J,              ,�T_e tast va__an_ o_ PTob_ _ (_) _ha_ we __ish t_ d1scuss _s des_ _ _ted�(__, a_d _s _bt__ned _y __x_n€ th_ _u_ctions  ___,:,_,h_  t_  C(Y),  Th_s�



___   ____     __         _)  _       _         __h___l���_estores ltnearity to the pToblem and renders it _0re am enab_e to ana1Ysis,�_et  H  denote the subspace of  C(_'J  _enera_ed b_  h_,,__,hn,  Then OuT�8pproxfmating subspace 1n  C_ x_)  is��(2J)            c_) _ H _ ( _ u_.h_! u_ e C(X))  ,��If  H  is not fînite dunensional,  then  CßC) _ _  is _efined as the�closure 1n  C(XxY)  of the set of al1 fin{te s_s  _u,.v,,  with  u_eC(X)�and  vt e H,��A n_ber of general theore_s ab_ut th1s probl_ a_e contained in Il8J.�Usua_ly,  H  need not be finite-d_ensiona1,  As ex_ples of the results,�here are several;��T _ R _ ll.  _If theTe ex1sts a continuou5 0roxim_t  man  _continu_us�gelect1on for the set-valued metric 0To'ection''  from  C(_)  onto  H,�then  C _) _ H  _i   o un' inal in  C(Xx_)_��TH EO _ l2,  _et  H  _be an  subs0ace of  C(Y),  let  f e C ßC x Y),  _and 1et�g e C(X) _ H,  _In ordeT that  g  _be a bes_ a00Tox unation to  f  _it 1s�_necessa   and sufficient that one x- _section of  f-g  _t. f   tlf-glI--           _�d__t _fx-gx, N).��_u_table ex_ples show that the hypothesis af _eorem ll cannot be�dropped, even if  H  is one-d _ensional.  Many of the Tesults in _l8I, in-�c_ud_ng ,t,onge, ve,,_,,ns ,f Theo,ems _í __ ,nd _l, apply _o the _o,e gene,a_       ; __,�_anach spaces  C(X,E)  described previously.��6,  PTobl _  E��HeTe we un_erstand th_t functions  h_.  and  g_.  are fixed in  C(_)�and  C_)  respectivel_, and we seeh continuous _unctions  __.  and  v_  to�_{n _ _ze��(28)         9up sup)f(x,y) - _ u_.(x)h_(y) - _.v_(y)g_,(x) l  ,               ,��Th_s is PToblem (El),  If we use  _  and  G  to denote the subspaces tn          ,�CN)  and  C_)  generated by  g_,,..,gn  and''hl,...,h_,  _hen our�approx_ating subspace _s�(29)               w _ c(x) _ N + G _ c(_).��Thts problem 1s the dtrect descendant of the oT1gtnal D1l1beTto-Straus�



___   _g_             A_t___)>G    B_. _N)>_c          __y_    _l��� prob_ _.  It reta_ns línea_'_ty, and _f_eTs tr _endo_s flexibtl_t_ _oT� 8pproxtma_ton,M St_ce the e_ements _f  M  are _se0aTable fu_ct{ons, __e,� o_ the f_ _  _. __.(s)__(_),  _hey a__ i_eally sujted t0 appr_x{ma__ng the� ker_e1s o_ integTa1 transf__s.� The ext__ence quest__n _o_ best app_ox _ ations tn P_ob1 _ (El) _s not� c_plete1_ _ett1ed.  The _ost geneTa1 resu1t to date is_  the _nfamous� _ttt1n_ Duck Theore_'' _r _ _S1J_�� ?_O _ l3.  _Tf  G  _is a __nite_di_en5ional __bs?ace in  CßC_  _h  i   a�conttnuou5 ?roximit  mac  and jf  H  _1s a fi1l_te_d un e_sjona_ subs0ace in�CCY)  ___vinu0 a _i0sch__zian 0_ox_it  _a0  then  _  ( _as in E0uation (2_))�_1   r  {m _inal,��A_tho__h these h?F0theses m__ eventua_ly tu m 0ut to be _nnecessaril�gt__nge_t, exam_1es can be g_ven to show __at they _6nnot be dropped a1to�e_heT,  Thus, in __8J, an examp1e in which  __0  and  G  is of _ _ens ion�_  ts di__18yed, w1th  M  __ot pToxinin_l,  Exa_ples __ spaces havine_tp�schitzian pTo_ _ ity maps are con_t _ ctad in _52J,�_         _ related Tesult fro_ _4lJ also has an as _ etr1cal f1avoT,  Tn it,�we assu_e that e_ch 0f the c_pact sp_ces has a __rel _easure de_inedonit�'      su_h that nonvoi_ 0pen se_s receive nonzero, noninfinite _easure.  The�theo_em then is as fol10ws, in a re_o_ulati_n 5ug_e_tedby __Sul_ey.��_ 0R_ l4.  __et  G  _and  _  _be fjnite-d_ensional sub50aces in  C(X)  _and�C N)  _rgs0ectivel.  Ass_e the existence of contínuous 0roxim it  ma0s����__en  G _ C(Y)+CßC) _ H  __   roxim _inal in  CßCx_),��_et us denote b?  __(S)  the _anach space of all bound_d real�func__'o__ on a _et  S,  Th ere aTe so_e theore_s about the exis_ence o _�best app_oxjmations in  __(Xx_)  b_ ele_ents o_ the subspace����Tt _ums ou_ that  Z  1s pr0x_1nal {f  C  and  H  are ar_ttrary f_nite�d_en_i_na1 subspaces in  __CX)  _nd  __(_)  _espective_y,  This js estab�11_hed 1n _26J,  N_w an in_e_est1ne phen_enon _ccuTs,  If  fe C(XxY),�G c C _),  and  H c C(_),  then the dis_ance fro_  _  to  2  1s not les5�than the d_'___nce fr _  f  _o  W,  Thus no __provement {n the qua1tt_ o f�



_  _   ______l   _  ___          _     *                       _h_��8pproxtmatton can be achieved by allow1ng d1sconttnuous coefftctent�functtons,  Th_s 1s proved a1su 1n _26J,�Th_re _s s_e reason to believe that 1n the s1tuation Just described�some o_ the best approx_ations to  _  in  2  w1ll be cont1nuous on the�1nter1or of  X x _.  0ne theoTem t_ th_s effect 1s contained 1n I26I, but�the general case appears to be Tather di_f_cult_�The prob1em 0_ characteri2ing bes_ approx1_ations in Prob1em (E1) has        ;_�_ece1ved some attention,  The the0rem of Havinson for Problem (_l) has�been _entioned previously_  It could have been given this equ1valent fo _ _��_ R _ l5.  _In order that the 0a1r  (g,h)  _solve the min im i2ation 0rob1em��___   min  sup suplf(x,y)_g(x)-h(y)l�geC_)heCN)  x  y��_t is nccessa   and sufficjent tha_ there exist functiona1s  _n  _in�_�C(Xx_)   such that  1__ It=l,  each  _  h _as finite su00oTt  each  _�n     _n                    n�ann_.hilates functions in  c(X)+C(Y),  _and  _n(f-g-h) _ _tf-g-htl,��The functionals  _ n  referred to in this theorem correspond roughly�to f1nite initia1 se_ents of an _lternan_  (p_,,_,,pn)  {n Havinson's�Theore_, the corre_pondence be1ng gjven by the equation  _n(F) _ (l/n)x�n�_ (-l)__(p ),  for any  F e c(XxY_,�î�The generalizatjon of TheoTem _4 for the _ubspace  W  (in Equation�(29)) a_pear5 in _43J, and states_��T _ _ 16.  Tn order that an e1ement  w  in  _  b _e a best a00roximation�to a function  f  in  C(Xx_)  _it is necessar  and suffjcient that there�e _xtst functiona1s  _n  __n  C(XxY)   s _uch _hat  Il_n1f=l,  e _ach  _n  h_as�f _inite sup0ort, each  _n  a _nnihilates  _,  _and  _n(f-w) > t1f-wl1.�If we posse5s conti_uous proximit_ maps  P; C_) _ G  and                 ,�Q; C(_) > H,  then a _ene_ali2ed Dî1_beTto-Straus a1gorith_ can be de_ined,�I_ __der to do this, first _xtend  P  and  Q  to operate on  C(XxY)  by�wr _ting���(32)                (Qf)(x,y) = (Qfx)_)..��Thus  P  operates on  f  as a par_etrized f__11 of functions of  x,�Actually the_  P  is a proxim1t_ map of  C(XxY)  _nt_  G _ C(Y).  S1milar�



__    _            _  _  ____                         _      _  _�__�_e_arks apply to  Q,  _ur a1goTtt_ the_ 1s:  _ o=f, f   =f  -A f  ,�ntl   n  n n�_her_  _ --R   for even  n  _nd  A =Q   for odd  n,�m_               nn�N_ Dyn was the f1rst to g_ve _n examp_e 1n which th_s algo__thm�f8t_s e_4J,  He_ ex_p_e involves  X=Y__0,lI, G=_o,  and  H=___�_e use  __  as the space o_ polmo_1a1s of degree at most  n,)  _n _25J�th__ negatjve res__t is generalize_ _o _rbi__ar_ Haar subspaces, ass _ ing�o__y that  _ _ G >_ l  a_d  d _ _ >_ 2_  If the hypothesis of Haar subspaces�1S drO_ped, then e_ _pleS Can b_ __Ven (With  G  and  H  h_Vín_ _a b't�d _en__o_a_ity) jn whi _ _he a1g_rit _ is effective,  But these subspace5�8re constructed sole1y for th_s pur_o5e an_ are of1_tt1e prac_ic_l _-�portance _52J,�Although a_ _ isten_e theorem 0f wide _ene Ta1ity and a method of con-�st_uctimg best apFroxim_ti_ns afe both lac_ing for Prob1_ (__), nevcrthe-�1ess, very pTactic_1 _e_hods exis_ f_T producin_ _d app_ox_ations. Here�we _efe_ to _he 1inea_ _b_  di   proJectio_s which _.J. Go Tdom deve1oped in�_28_ and i_ _any _ater pap_r5,  The theo _ is both po_e_f_l and elegant.�'       Sta_ting with __inear proJections��(33)            _; c_) _ G    G_ _N) _ H��'      we ex_emd these  to  P  and  Q  by __ua_ions (3l) _n_ (32).��__O _ _J.  _Th     B=_+Q-Pq  _i_ a _1near 0r0'ection of  C_xY)�_nto  W  _as jn E_uation (29)),  T _u_thennore�( 3 4 )                 ll T - B ll <_ l1 T - _ tl tl I _ Il.��The _por_ance of the inequality (34) _s that  1_T-_ll  is the proper�_eaeure o_ how well  _  se_es as an appToximatio_ operatoT.  Si_îlaT re-�_arks appl_ _o  P  and  Q.  _he essen_ĵa1 est _ ate needed here _s��(3s)                !_f-Bftl <_ 1t__Btld_'st(f,w)  ,��(It depends on  B  _eing linear an_ t_emp0_en_,)  Th is inequality shaws�that  B_  _s worse than the best _pprox _ ation by a _act0r of  tl__B_l,  at�_ost,                 n�_,         The pro_ect_on  _  def1ned 1_ Theorem 17 1s th_ _oolean 5 um of  P�and  Q,  o_ten w_jtten  B _ P _ Q.  __ i_ also TeferTed to so_et _ es as a�_blendi_0_ operato_.  _ne practica1 ch0i_e foT  B  is obta_ned __ usin_�0rthogonal proje_tîons _or  P  and  Q.  Thus îf  (g_,,..,g)  is a bas_s�_�for  G  _hosen,to b_ _rthono_al __th re_pect to _ny conv_n1ent inner_r0_�d_ct, say�



__  _   _        __t__       _22                  _2  _     t    _��i_�(36)               (u,v) =   u(s)v(s)p(s)ds�S�then  P  would be defjned by     ,�n�(37)              (__)(s,t) =  _ (f ,g_)g_(s)  ,�__l                                 _�A similar equation (or some co_pletely dtfferent proJectton) could be�used for  Q,  A concise s unm a _ of blending operator theo _ 1s in _29l.�Because of the flexibility and s_pljcity of the blending operators,�one can regard the problem of approximat1on fr _ the subspace  W  as�so_ved for all practica1 purposes,  Especial_y goo_ choices for  R  and�Qt  in the CaSe that  X'_Y^"_-lflJ  and  G''_  _t  H'"_  _t  a_et Of�n_      m-�course, interpolation operators with the nodes at the Tchebycheff�abscissas  (_,e, roots of  T   _r extrema of  T  _)_  It should be�n             n_�_bse rv ed th6t the J ameson-Pinkus proJect_on defined by Equation (l6) is�the Boolean sum of two _in_al pToJections,�_ ong the _any poss1ble vaTi_nts of _r_ble_ (E), we shall __ention two,�viz., the  __  and  _2  versjons,  In Problem (E2), we f{x  _ e _2 _ x Y)�g_ e _2_),  and  h  e _ (Y)_  Here  X  and  _  can be arbttra_ o__finite�_2                                         ^�_easure spaces,  Ve seek functions  u  e _2_)  and  v_ e _2(Y)  5o as to�i�_in__ze the expression                                           c�_      _�(38)       tlf- _ u_h. - _ v,,g,.lf�t--l   _  __l�n          _�_    tf(x,y) - _.u_.(x)h_.(y) - _.v_.(y)g _.(xJl dxdy ,�i=l         1_l��Th e solution can be g1ven at once;  fo _ the Boolean s um  B = P _ Q,  whe_e�P  _s the _ortho00onal pToJcction of  L2(X)  onto the subspace  G  spanned by�g_t.,.,__t  and  R  {S the eXtenSiOn de_ined bY EqUati On (3l).  The PfO'�Jections  Q  and  Q  are s_ilar.  One proves read11y that  B  is the             ,�oTthogonal pr_Jection onto  G _ _ 2(Y) + _ 2(X) _ H,  _ere we have a specific�_nstance of the following tw_ theoTėms fro_ _5lI.��T _ _ _8,  _If  G  _and  H  _are com0lemente_ subs0aces i_ _anach s0aces�E  _and  F  _res0ectjve1   a_d if  _  _is an  unifo _ cross-no _  then�G _0 F + E _0 H  _is com0l _ ented in  E _0 F,��T__ ÆM l9.  _Tf  P  _and  Q  _are lineaT 0Tox_it  ma0s def1n_d on a Banach�_a   E,  __h_n _he s_e is true of  P+Q-PQ,  _0Tovided t__at  PQP=QP,�



__qt__   __                   _t              _  ______   _    _l7(�t_�I_ ehould _e noted that a practtcal _ethod _or solvtng the unifo _�_pprox_atian problem (_l) conststs 1n rep1actng ít by the mean-square�approx tmati_n pr_blem (_2).  There _s even the poss_b_lity of adjusting�_he _eas_re {n suc_ a way that the _2-so_ution becomes _he __-s0lution,�Thts __ea goes bac_ t0 Lawson's dtsse__atj_n [38J.�The final varian_ ofProblem (E) i_ desi_ated (E3) and 1nvolves the�__      _ ___etr_c.  Thus the na_uTal setting is  _ e __ _ x_), gt e __ ßC),  and�h _ e __N).  _e following the0_em has been p_oved by Hollan_, _1_ht, and�Sulley _33J,��_ 0 _ 20.  _Tf the mea_ure s0ac_s  X  _and  _  _have _in_te measure  and if�G  and  _  _are finite-d__en5ional subs0aces of  L _(X)  and  _ _(_),  res-�0ectjve1   then the 5ubs0ace  G _ __(Y) + __ßC) _ H  _is 0Toximinal in�__ßCx__,��Pr10r to _he work Just c{ted,  th_ best _esu_t along these lines re-�qutred  f e __(Xx_), C c __(X),  and  H C __(_),  See [40_,  PToofs of�these Tesults e_pl_y the elega_t ''measur_ble se1ec_jon t_e0rem'' of Kura_�to_sk_ and Ryll-Na_dzewski [35I.  See a1s_ _50J,��R _efeTences��l,  _ 1_, _. and 2, Z_e6ler, Re_ative Chebyshev cent_rs _n no _ ed l_near�s_aces, J. Approx_a_ion Theo_ _29 (l980), 235-252,�2,  Atlestam, _. and T, Sullivan, Iteration with best appToximation�_perator_, Rev, _oumaine _a_h, Pu_e5 App1, _21 (l976), l2S-l31,�3,  _ _ ann, G., Ube_ approxim_tive No_ogTaphie,  _T, Baye_, Ahad, Viss,�_ath,-Nat, Kl, S.-B.  (l959), l03-l09.�4,  Banh, R, E., An au_omatic scaling procedu_e foT a D'_akanov_-   n�1te_a_ion scheme, _inear Algebra and i_s Applications,  o appea�5.  B__hhoff, G., _e a1geb_a of multivaTiate inteTpo1at{_n.in: C0__�structive AppToaches to Math_at_ca_M0desl, ed, by C. V. C_f_an          '�and G. J. Rix, _cademic Press  (l979).�S,  _ro wn, _, _., Finit_ _a_k app_oximati_ns to integra1 opera_oTs which�_atisfy cert_jn t0t_1 _ositivity conditions, _. AppTox _ation�^           Th eo _ _34 (l9a2), 42_90,�-..       J,  _uck, R. C,, Approx_a_e _unc_ional complexity, Bu1l. Amer, Math,�Soc. _81 (l975), _l12-lll4,�8,  _, A_prox _ ation the_ ry and _un_tional _qu_tions,  T _nd TI,�_, _pproxima_ion The0 _ _5 (l912), 226-237; _9 (l9J3), _21-125.�
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_t__               et������������1__&C_ _N SUPEKCOMPUT__S���_,                       David _.  Kincai_ and Thoma_- C.  _ppe�University of Texas at Austin����_BSTRACT����I___C_  is  be;ny  adapted  for  ef_icient use on  supercomputer5.  The�resu1ts of pre1im;nary testing of the vector version  of  _his  software�packa5e  are  presente_.  more extensi\_e modifjcatio_s are beiny planned�and are out1ined in Kincaid,  O_pe,  an_ ?_ung  _l982J����IN _ RO _ UC _I0N����jiF_CK is a p_cka_e _f su_routine5 for  so1ving  1arge  sparse  _inear�s_stems  by  adaptive  ;teratîve  a1_orithms deve1_ped _t the Ce_ter for�Numerica1  _na1ysis or the University of Texas at Austîn.  (See  Kincaid�Respess_  Young,  a_d  Grimes  _1982j.)  Recent1y, __e _ave been adapting�ITPACK 2C for efficient use on  _upercomputers such as the CDC Cyber  205�,-        and  CnI  Cra_  _.   A vector version of IT_ACK has been deve1oped.  The�vec_or ver_Nion _f ITPACK_  1ike the sca1ar version,  is  writeen  in  l966�ANSI  Standard  f_rtran  wi_h a minimum of vector synt_x s_ that it wi11�/         run efficientIy un bo_h of these computers��_TPACK i_ a package _r seven  iterative  a1gorithms  for  so1ving  the�1inear system _x _ b where A is a  symmetrìc positiv_ defi_ite (or mi1d1_�no_sy_met_ic)  matri_'_  The basic methods are the J_cobi  (J),  Successive�_verre1axatíon (SO_),  Symme_ric Success;ve _verre1axation (SS_R),  and RS�metho_ for the reduced  sy_Ntem.    Either  conJugate  gradier_t  (CG)  _r�C_ehyshev  (semi-i_a?at_on,  SI) acce1eration  is app1ied to each _f these�_a_-'îc  metho_s,  exce_t  f_r  _he  S__\  method,    T__e  _Neven  ìtera-tîv2�a___or;thms  în  _TP_CK  corraspon_  _o  the fo1_o__-'ir_g _Nub'rou_i_nes  :  __'_�_  J_c_bi  C_nĵuga_2  Grad!ent,  _Sĭ  _   Jacobj   S2_ar_i-vi_erati_n,   S0R�-    Succe5sive    O\_erre1axatio_,   SS0_CG   -   Symmetric   Succ2__sive�Overre_axation  C__h_Ju__te  Sradie__,  SSO_ST  _   Sym__etric   Successïve�_Jve_re_axat_o_   semi_   iteration,  RSc_  _  _ed_ced  __,stem  conJ_ugat�5?a_ien_,  an_ RSS_ n _educe_  System  Semí-iterati__,    Ea_Nh  of  t_ese�mu___es s_a_es matrix A to have a _nît diagona1  as ?__1lows����_1/2    _l/2   1/2       -1/2�(_    A D    )(D    x) = (_    b)����_        using  the  dia_o_a1  matr5x  0  =  d_ag(A)  =  (d  ) whic_ has the same�ii�d;a_o_al  elemen_s as A.  We denote this sca1ed s_stem as Au = c  where  A�



_                    _       _                                  t�������2����_J2�is  n_w  the  sca1e_ c0efficient matrix of the 1inear system, u = 0   x�- l / 2                                                      __�and c = _    b.  _ach of the basic methods  is  derived  by  choosing  a�-1�sp1i_ting  matrix  Q  5uch  that  Q  A  i_  better  conditioned than the          '�origina1  1inear systern.  The resu1ting pre-conditioned system is written�a5����n               -l     -1                 -1      -1�Q  Au = Q  c    or    u = (I - Q  A)u + Q  c����w_ich 1eads to the basic i_era_ive step����(n+l)    (n)�(l)    u     _ Gu    + k����_l         _l�_h_re G _- I n Q  A and k = Q  c.  If sca1ed matrix A has  "Property  A''�it i_ possib_e to permute its ro_s and co1umns into the fol1owing f_rm            _����I    H                                              _�r�(2)    n _�KI�b                           '���wher_  I   and  _   are identity submatrices.  Such a system is obtaine_�r      b�whe;1 _he red/__ack _rdering is u5ed un _he mesh p_i_ts _r _  domain  for�a_  e_1îptic  partiaJ  differentiaJ  equation discre_ǐzed b_ the 5-poînt�?i_ite diffe__en_e  equa_ion.    (f_r  _et_i1s,  _Nee  _agemàn  and  Y_ung�_1981J.)���The  acce1era_ion  _rocedures used ror the basic iterative methods are�ei_her  the   conj_gate   gradíent   acce1er_tion   or   the   Chebyshev�acce_eration.  B_th can be expressed as�����(n+l)            _n)             (n)          (n_l)�(3)    _     _ p   _q   (Gu    + _) + (l-q   )u   I + (l-p   )u�n+1  n+_              n+1          n+_���_here   p     and   q    are  acce1erat;_n  parameters  whjch  can  be           _�n+l        n+l�_aut_ma_ical1y compu__d in ITPACK.�



__  __         _      ___     _      _      _������3����,_e  aFe  interes_ed  ìn  the  eTficient  c0m_utation  of (3) on vect0r�(n)                     (n+1)�_         computers.  Ass_ming _u    + k has been computed,  u      is  a  1inea_�c0mbination  of  vectors  in  (1)  and  so  its  ca1cu1ation  js c1ear_y�vectorizab_e.  The acce1erati_n Farameters are compu_ed using either (i)�_         scalar arithmetic  invo1ving  maximum  and  minimum  eigenva1u_s  oF  the�iteration  matrjx  _  in  the case of Chebyshev acceleration or (ii) d_t�pr_ducts _r întermediate work vec_ors  in the ca5_ of conjugate  gradient�acce1era_ion,    The  co__putati_na_  vork needed for (i)  is trivia1;  that�_o_ (ii) can be reduced by using fast d_t prod_ct routines.  _ence,  on1y�the basic iterative s_ep (_)  remains to be vectorized����_PAR_E ST0R_6_ 5Ct__M_S����5 crjtîca1  considera_i_n  in t!ne _r_c_,_rizability or  (l_  is  the  data�struc_ure _sed t_ store the-_ _a_rix A.  If the data struc_ture is such that�a  m_trix-vec_or  p'roduc_ can be vectorize_,  then the ca1cu1ation of (l)�can be made very efficíent ror mo_-t _F _he ITPACK mod_12s.   The  sca1ar�versi_n  of  _TPACK  stores the ma_rix  i_ a row_oriented structure which�ma_es vectorizetio_ difficu!t.    _he  data  structure  fo_  the  vector�version   of   ITPACK  fo1_ows  the  EjLPAC_  data  struc_ure  whjc_  ;s�,        co1umn-oriented  and  thereby  a11o_s  increased  vectorization  of  the�matrix_vector _ro_uct,  (See Rice  _l982_  _r Boisvert _1_82J.)���_          C_nsjder  _he  f_1_owing  matrix  a'nd how it !_ou1_ b_ stcred under the�stora_e _chemes used ín  sca1ar and vector ITPACK:����4   -l   -2    0�-j    2    O    O�-2    O    6   -3�_    O   --3    8����Sc_1_r ZT__C_ ' S___metr1_ S__,or_-ge & ____-_ym_2_r'ic S_ora 3e��_ = (4,__,_2,2,5,w_,_)         n _ í4_-_,_2,-_,2,-2,5,-3,-_ ,8)�J_ _ (_,2/,3,2,3,_y4)          Jn _ (z,2,3,1,__,1,3,4,3,4)�_A _ (l,4,_,7,__             IA = __,_,__,9,1_)����Vector IT__C_ _ Sparse St_rage_ Scheme���4   ml   _2               l    2    3�_                C_Ef =    2   -1    O       JC0Ef _-   2    l    1�6   _2   _3               3    l    4�8   -3    _             ,4    3    l�



____      0               _                   +                     _�������4�����_;_  sc_1ar  ITPA_K,  the  array  A  contains  the nonzeros of the matrix�enter__ by roNs (in s_mmetric storage on1y those on or  a_ove  the  main�di_gona1  ar_  stored),  JA con_ains the _o1umn numbers of corresponding           _�_1ements  in A,  and IA contains _ointers into A for the first nonzero  of�each ro_.  _n vector IT_ACK,  the array COEf contains the nonzeros of the�matrjx with the diagona1  entry in co1umn one and with possib1e zero fî11           "�for  short  rows,  JC_EF  c_ntains  the column numbers for correspondin�e_ements in CO_f with possib1e unit fi11  for short rows.   The  e1ements�in  C_Ef  may  be  automatica11y move_ around depending on the iterative�method beirlg _sed _n order  to  increase  vectorization.    (See  mcthod�'         sections.)���for  the  COEf_JC_Ef  data  struc_ura,  a11  nonzeros of the _oefficient�_         matrjx are stora_ even îf  i_  is  symmetric.    This  is  done  because�vectorization  is  dirficu_t  if  on1y ha1f of the nonzeros are present.�5til1  the user sho_1d inform  ITPnCK  if  the  ma_rix  is  kno_n  to  be�symmetric  since  _he  iterative  a1go_it_ms  are s_ight1y different for�symmetric and nonsymmetric systems.����CODE SEGmENT_����Now consider p_ssible co_e imp1emer1tations for _ rnatrix_vector product           ?�with these s__rage schemes����������C�C  ,..  IA"J__A Symme_r'ic Storage _c!neme�C�00_I=1N�3   c(I) _ _ __�DO 1_ I M l ht'�J_GN _ ;n('_;�JEND _ _A(I+1_ w 1�If (J_N_  ._T.  _JB_N) GO TO 1_�'               sum _ c(_)�BT _ B(r;�DO 5 _ _ J_SN JENU�-                  J_o_ _ Jm(_)�SU_ = SUm + A(J)*8(JCOL)�C(JCOL) = C(JCOL) + A(J)XBI�5     CONT_N_E�c(T) _- sum                                                     '=�J0   C_NTI_UE�



____t__      _   _t   t                               t���������5��������C�_          C  ..,  !A_JA_A Nonsymmetric Storage Scheme�C�_O 20 I = l N�q              JBGN _ rn(T)�JEND * In(I+1) - l�S_Y = G E0�__ (Je-Na ,LT  JBGN) Go To 15�00 13 J =- J_GN J_ND�Jco_ _ Jn(J)�sum _ sum + n(J)x'B(JcaL)�13     CONTTNUE�'           15   c(r) _ sum�20   CONTINUE��������C�C  ,.. COEf-JCOEf Storä'ge Scheme�C�_O 33 I = 1 N�c(T! _ o En                     _�,          _3   CONTINUE�_O 3_ J = 1 mA_N_�cnL_ vGnT_R (N_,B,JcoEF(i,J),woRK)�n                _O 35 I =_ l,N�C(I) = C(T) + C_Ef(T_J)__!ORK(I)�35       CONTTNUE�30    C0NT_NU_��������s_B_ou_-;Ne _'_u_'nT_R (N,n,rn,_)       '�C'�_  ...  V_nTH_ _P;)-_c_.RS _i_ćMEhiTS ŕR_M A_'_AY A ACCO_Dj___ ĭ_O j_J__ L_-ST _A�_  ... ANG P__CE_ TtJ_M _-NT0 CONSćC,Uj_VE t0CATI0NS IN ARRAY _�_�INT_-_ER ï_(_)�REnL   n(_! 6(1)�_O l_ _ --- _,__�_J = ;n(r)�B(_) _ n(IJ)�10   CONT1NUE�R_TURN�EN_������_        _e're  mAXNZ i_ thcn maximum num_er of n__ze?_os per ro_w and _O_K is a work�_ect_r of 1eng_h N.���Wh!1e _t_e code ;n the rirst c_de segme_t îs rǐne fo_ sca1ar computers�



t     _          _        _                   _           h_�������6�����ǐ;  is entire1y too comp1ic_ted f_r vectorizati_n on  superc_mputers.  Tn�the second ex_mp1e c0de segment,  indirect addressing prevents D0 1oop 13�from vectorizing.   Another  drawback  is  the  inner_produc_  a1gorithm           4�itse1f_    It  computes  N dot products _Sth short vect_rs (a maximum or�mnXNZ in  1ength).  In genera1,  vector computers are more efficient  when�wor_jng  w_th 10n_ vectors.  In the third examp1e c_de segment,  DO 1oops           "�33 __d 35 vectorize.  n1so,  bot_ the Cyber 205  and  Cray  l  have  fast�gatheri_g  instructions  which  can  rep1ace  subrou_ine  VGATHR.   This�a1gorithm is simi1ar to the o_ter-product a1g0rithm for a  matrix-vector�produc_.      Tt  performs  mAXNZ  gatherîng  operations,  mAXNZ  vector�mu__ip1ies,  mAXNZ vector  additions,  and  mAXNZ+1  vector  assignments�Note  th5t  the  price  f_r avoidi_g indirect addressing is the need for�a_di_iona1 _orking  s_ora_e  of  1ength  N.  Using  the  COEf-JC0Ef  da_a�.          structure,   _he  _a_ic  i_era_ive  step  was  vectorized  or  partia1!y�vectorize_ for a11  of the _T_ACK mod_1es with a significan_  improvemen_�in performance.���_e  now  c_nsǐde_  the  sev_ra_  hasic  iterative  rIetho4s  and  theìr�poten_ia1  fo_ vectorization.����J___Bl METH__����for sca_ed A,  _he sp1!_ting ma_rix  is  Q  =  _  so  the  basǐc  Jacobi�iterative step ís�����(n+1)        -l    (_)    _l         (n+1)         (n)�u     =- (_ - Q  A)  u    + 4  c   or    u     � (I - A)u    + c����_his  is  a  sir__1e  matrix_vec__'r  _r___ct  which  vectorizes  witn the�COE?__COEf dat_ s_ruc_ure����S0_ mE____����ŕìrst,  cons!d2r t_e GaussmSei_e_  _____h__.  The sc_1ed mdtrix is A  =  i�w_  _  _  U  _here  {  _n_  U  are  respective1y st_ic_1y 1o_er and u_per�_ria_g_'__r m__rices.  Le_ Q = T _ _ be the sp1ittíng matrix.  This 1eads�,         to _he itera_io_  step����_n_l_     (_+J)     (n)�(Q)       _     = L_     + Uu    + c.����The basic SOR j_era_ive s.te_ is derived from the Gauss-Seide1  _teration�b_ introducìny an acceleration Far3meter _ (O < _ < 2)�



__r__                     _   _   _               _   _   _������7����(n+1)      (n+1)     (n)            _n)�u     _ vCLu     t- U_    + c) + (l_w)u     or���(n_1)      (n)            (n)�(I _ wL)u     _ w(Uu    + __) + (__w)u����T_e sp1i_tǐ__ ma_r'ix is _ = (I w s_!_)/_.  lt is pussib-l_ to vec_orizm the�r__ht__and_side  calcu_ation  by  se_regating  L and U in the CO_i_JC_Ef�_ata struct__re as ?_11o_s����_    f  nonzer_s  t  non2eros�__  e         ;�.    l    of    l    of�(5)     c_EF  _     ,    _    u     1    L�-_.j.�d_uf,�'  nn  t         t���1'hu_N,  _ given c_1urn_ of COEf c_n_din_  _n1_  diagona1  en_ri_es,  only  U�nanzaro entries_  or _n1_ L n_nze_o en__i_sn  Once the right_har_d-side is�(n+_g�ca!cu1_ted,  u     i5 found by a rorward elîmínation.  T_is ca1cu1ation�is ?ecursive in naiu_e and  is  n__  e_sj1?  vect_rizable.    (See,  for�ex_mp1e,  Kincaid,  O_pe}  and You_g __582J.)��1nfh_n  the  r_d/h_ack order_ing ís used,  _he triangu1ar matrice_ L and U�r___m (2) are or __e f_rm����_    0                  0   -H�(_)     L _                   u _�N_    _                  o    o�����__e S__ me_h_d c__ b__- _/r___Len e__-����(n+1)       (n)             (n)�u     __' w ( " !__ _    _ r_ _ _ ( l _____) u�r          _     r        r���(_+1)       (n+1)            (n)�u     = _(_Xu     + c''  ) + (in_)u�b          r       b        b��m_re the unk_ow_s a_e _artit;oned int_ those _orrespondin9  _o  rad  and�blac!K  mesh points denoted u  and u  ,  respec_ive1y.  The COEf-JCOEf data�r     b�st_'uc_ure is�



___                       _              _                        .t  _�������8�����d     l  n_n-_eros�11    _�.     t    of                                     m_�,     _H'�_.     f�(7)    coEF _      --__--  _  -----_--                                   M�.     l  nonzeros�.     l    of�         _K_�_     !.�'                         nn    _���C_ear_y,  the S0_ method vectorize_ _ith the red/b_ack or_ering,����SS0R _ETH0D                      _����Simi1ar  rem_rks  to those for the SOR method aµp1y to the SSOR method�_ith sp1itting  ma_rix  4  =  (I-__)(I-wU)/(_(2_w)_.    The  SSOR  _asic�:ter_tîve ste_ îs�����(n__/2)      (n+l/2)    (n)           (n)                        a,�u      = _(__       + Uu    + c) + (l-w)u���(n+l)      (n+1)    (n+l/2)           (n+l/2)                     m�u     _ _(Uu     + Lu      + c) + (l-w)u����The  basic ;terat!ve ste_ is partia11y vectori2ab_e usin_ the segregated�data structure (5) and is fu11y y_ctorizab1e under  red/b1ac_  orde?ing�With  re_/_!ac_  orderi__g,  the  optimum  re1axat!on fac_or for the SSOR�metho_ ;s uni__ sc t_at it reduc25 to the Symma_ric Gauss  Seide_  (SGS)�math_d.    _he  S_S met7__c4 requîres more iter_tions ro_ co_ver_ence tha_�_h_ SS0_ me_hod wjth 3 _o_d re_àx_-t__n ractcr.   For  sce-1_-r  computers�the  5SU_  met_ud  )cses  its  effectiveness  with  red/b1ack  orderin_;�?'___ever,  _hǐ_ may _0_ ba t,rue for vector computers.    (Se_e  sectio_  on�numerîca1  resu'r__.)����_S m_T___�����?he _S metho_ r_r' the reduced system require_ _hat the s_a!ed matrix n�_e of the form (2).  _sîn9 (4) _nd (6), the reduced system is (I N KH)u�b�-v -'Kc  + c  .  The splǐtting matrix is Q = I  and the îterative statement�rb                        b�ca_ _e __;tten _s�



__    _           t           _             l_ttt������_����(n+1)      _nJ�u     _  Mm_      + c�r         b        r���(n+l)      _n+1)�_               u     =  _Ku        + c�b         r         b���_h:t ;_ the _a>îc ;_er'ative s_a_ i_i' _he RS metho_.  The COEf-JCOEf data�5_ruc_ure  uc_ed i_- _ive_ b_ (7).  C_e-arly,  it a1s0 ǐs vectorizab1e 5ince�_n1y matrix-y_c_o_ _'roducts are c_m_l1ted����N_JNaE_1CA_ &_____;__����ǐor _urpose5 _r c_mparing t,t_e sca1__r and v_c_or  ve'r__îor_s  of  ITPACK�the ro_1_wing __am_1_ _r___e_ __s considered:  So1v_ the a11îptiL_ part_a1�_ifreren_i__  e4ua_ion  u   -_ 2u   = 0  !nside the unit _quare with u = l +�xx    y?�xy  _n  _he __u__ar,__.  Us'_n!3 ihe CJ--p_i_t finite diff_rence aD.proximation�an_ a m_sh siza cf _  _=  1/'2_x  i.,he  _nesu_tj__g  li_w_ear  sy__te__n  has  36l�_n_no_ns  an_  _  maxǐmum  of  fjve  no_zer_s __'r _"o_.  This _rob1em was�,         so1ved using _o_h the  sca_ar a___  _ect_r  versî_n  of  _TPACK  with  t_o�or_ering  and  __'u  s_orage  _-ch_ma_-.    The tim!ng  routine recorded the�it_ration time and the __ta1  time _hich i_cluded the_ iteration  time  as�_         __1!  as  time  spent  scaIin_  the rnatrix and pe_muting it if red/b1ac_�o_dering _as us_d.��For the sca1a'r __e_'_irJn cF TTPA_K,  the natura!  d-nd red/b_ack  orderin g_�__e_e  used  _it_  th2 symmetric and nonsymme_ric IA-JA-A storage sc_eme�Ih;s was done als0 ro_  the  vector  version  o?  IT__CK  bu_  with  _he�C_jf__C0_f  stor-ag2  sc_eme.   Since b_th versions were to be run on the�Cy_er 205 __nd Cray 1 L_ornµuter__',  D_ I_ops _hich had _een unro1led î_  the�c'rî;_in__  _i?m__  ?;_r  _m_Na1__'  __JN_im_'__3_ion  __-re  're-r__led to  jncrea_-e�ve_t,oriza_i__,  -ra?J'__-_ 1 contai'n_  the  vec_!o__  _j_'P_C_  resu1t_-  and  the�___3__r  ITPA__  're___-_'____v  in  _µ_->en_-_e_____s  usîn_5  _t1e __\;hJer __5.  _n tt_îs�c _ m µ _ t _ r ,  '' 1 a r c_, e p _ _t_' ì_ s '' s_ e_ t' e  _ s __ _  _- _, d  " u n s à' f e_  '_ __ __ t _ __ i_ __ _' t i_ u_ n " 3  i , e�_'_m!mì_e_r  o_tíor___ aO_V'.  (ŕ__' aa'_^_i___naI  Jetai1_,  _ee ___ssb____g  _'15_1 _  _r�__;__cai_,  GFpey  _-r__ ______;  __9__1J.)  Jn the  Cyber  __5,  the  ga_her  _nd�sca_ter  ro__i_____ 4_V5_J"__ 2nd 48VSCAT_ !_e7e us__ ïn _he vec__o?,  varsi_n�_m__r2over,  the d_t pro_uct 'routi_e 48SG_T  _as  use_  in  both  __ersîons.�T__1e _ _ontaîn5 -____e _Jec_or T,TPAC'_ resu1_s and the sc__lar ITPACK resuIts�in  _arentheses  _J_'i_g  the  Cray !.  The Cray gather/scatter ca11s wer_�!Js__ i_ the vec___r versio_.  more0ver,  the Cray BLAS routines wera  used�;_ both yersi_ns���n cumpari_-_n _-f the nurnerjca1  'rc_su_ts sho_s a c_nsiderab1e improvement�_         i_  me_f_'rmen__e  of the vecto? ver'__i_n oF _TPAC_ from the sca1ar version�on _ot_ _uperc_rn_u_,ers.  F_r examµ_ca  i_ the vector  versi_n_  the  tota1�tima  spent  în  e_ch  n__tho__  i_-  not  signir_cant1y  gre__er  _han the�;t_-_ra_íon time _?Jhì_e în _he sca-Ear ve-t_sio_ _his was not the _ase,   Thi_-�



_                     t_t____  t_      t_t_tnt_     __ttu_tt__       t___ttttt_       h              _���������1_������r_su1ts  From  the  __act that sca_ing and pe-rmutîng _he system îs easǐ1y�v2ît_rjz_b1e _î__ t_e CGEfmJCO_f _a__ structure but not Nith the A-_A-JA�data structure.  Note a_s_ _hat the ve_c_tor version _!as s1ǐyht_y  nr__ater          ?�yor_sp_ce  re_uirements,  _ame1y, an a_ditiona1  N for a1l methods except�?or JS_ and SO_ which require 2N more.  An  jn_er_sting  observation  is�the ;mpr_ved parformance of the SSOR metho_s with the red/b1ack ordering          ^�in  the  vector  version  of  this pac_age d_spite the greater number or�it,e_ati_ns needed��������Ta__e 1 -  _yber 2_5 t__ming re__u_t_ ín sec0nd5 r_r vector ITPACK�(sca_a.r I_-PACK resu1_s in parentheses)���mETH__  _T______N      TOTAL         WORKSPACE      N_. _F�__mE         T_mE         USED         ITERN���Na_ural Order'ing _i_h Symmetric S__raya�Jc__     0_9    (._76)   o,_3    ( 0_3)  192J    (1566j   61�JsI     G3o    (  l38)   o34    (  145)  1444    (722)  108�soR     oJ_    (  142)   G_3    (  15o)  10_3    (361)   J2�ss__cG   _43    ( _88j   o53    ( o96)  256l    (22oo;   1J�sso___   __-2    ( _97)   o62    (  1o5)  _166    (1805)   23�RscG    ._1_    (-04J)  ___8    (.1o3)  l.324    (963)   31              c.�RSST    ._í_    (.092)  ,02J    (._48)   902    (54_)   60����Ya_ura_ Order;ng wi__ Nonsymmetric St_rage                     G�JcG    _o5o    (  13J)   a54    (  149)  2o53    (1692)   62�JsI     n3_    (  194j   o34    ( 2_5)  1444    (J22)  1o8�soR    .uJ3    !  133)   o_3    (  144)  lo83    (36_)   72�ss0RcC_  .o45    (.o85)  ,o55    (.o9J)  2595    (2234)   17�SSORST  .O'_2    _.ll3)  .062    (._29)  2166    (l805)   23�RscG    _2_    ( o6l)   028    (  15o)  1386    (_o25)   31�RSSI    ._18    (.1Oo)  .o2_/    _.l89)   9o2    (541)   6o���_e_/_1_ck _r_er;_3 wi-th S_mm2__ric S_ora_e�J_CG    ,a_8    (._71)   _2J    _  l27)  19?J    (1_66)   61�JS_     ._30    (.130)  n_J3_    (.186)  ;4qq    (J22)  1o8�SOR    v_^__    (.l24_  .o25    (.18_)  1o83    (361)   65�'               SSO_CG  .0__    _.l95)  .__5    (,251!  2_11    (2_5_)   42�SS__SI  ,_0_    (.2_5_  .o48    (.26J_)  21__6    ;1805)   69�RSCG    ,_11    (.o47)  ._18    (._04)  lì29    (963)   \_1�RssI    __1_    (.0__)  ._27    (.14_)   9_2    (541)   6_���_e_/81ac_ Ordering _ith Yons_n_metric Storage�JC_    ._49    (.137)   o58    ( 225_  2053    __692)   62�JST     N03o    (._54)   o38    ( 282)  1444    (722)  ;o8�SOR    .018    (.119)   o25    ( 2n7)  _os3    (361)   G5�SSORCG  .0_5    (.229)   o5_    ( 3_7)  2715    (2254)   47              _�SSORSI  ._41    (.2_5)   n49    ( 383)  21G6    (18o5)   69�RSCG    ,021    (.061)   o28    (  149)  138G    (1o25)   31�RSSI    .Ol8    (.lO_)  .027    (.189)   902    (541)   6o�



__t__         _              tt       t__t   _t   __c       __ttt   __   _  __�����������������_-__le 2 -_  C_'_y  _-  t,;mi__g  r'esu1ts  _n  se__onds  __'r v_-ctor  ITPACK�__-___-__;''  _TPAC!_ res_1_s  în  _arentheses!��_                mET_O0  iTERnT__N      T_TmL          WuRKS_ncE      N0  oF�TIm_           Tim_           us_D           _TERN���_a__J___)  _rd_rin_ wjt_ Symm_et__!c  S_'_rage�J_^_      __25    (  ___)   .o2_    (  o_7)  1_-J27    (1568)   6l  (62)�JS_     ._4_    C.157)   ,__6    (t16_)  _444     _722)  1o8�SO_     .__-_    (.1_3__   ,_l4    (.l4_)  1D__     (3__)   72�SS0_C_  ,_J-9    _.O_6?   ._7_    _.094)  25_6__    (22_O)   _7�SS_RSI   _073    _._8J_   _G83    (.0__)  2l_6    (1__5)   23�_SCG    ___J    _._5_)   .02__    (.l09)  Ji_4     (_63)   3l�nssr    __24    (,l_3_   vO__3    (v_6o)   9o2     ;5oi)   6o���N a t u'r _- _  _'?'uJ e_ri n 3 _ ï _ _ N _- _ s_/m_ n!e _ r j __  S-_ o'_h_-_ g e�JcG     .o4,G    (,_32_   ._5l    ('.l43)  2_53    (1632)   62�_  J,S_     .__4_    (,2__)   __47    (.2!_2_   l449     (722)  l08�s_n     .__4    (,1_9_   ,11,_    Cu!4__  __83     ;36_)   J2�SSO_CG  ,__5_    _.__2)   ._7_    (._9î')  2_3_J    (__3_)   l7�S_U_5_   ._J2    _.099)   ._83    (.1_1)  2'_66    (1__05j   2_�RSCG    ,____    (.063)   .02_    (_150)   _i___    (1025)   31�RSS_    .024    _.__9)   v_33    (,ì9-J'J   _J2     (5__)   60���,                       _ed/__ac_ _____ríny __i__ .5ymme_!nîc  _t_?a_e�JCG     u02_    (_0J7)   .O___    (.13l)  1CJ'ZJ    (15b_)   6l  (62)�Js_      _44    (  133)   _5_    (  18_)  144_     (722)  _o8�SOR     ,___n    (  116)   03_    (  171)  __83     (36_)   65�SSORcw_   0?J    (  21_)   o5_    (  266)  2_11    (226o)   42  (4J)�S50RSI   ._55    (,__o)   __68    (.245_/  21uc6    (18o5)   6_  (57)�_SCG    ._1_    (._5ì)   ._r2_    (.11o)  1_324     (963)   J1�RSSI    ._24    _.i04)   .0__ĵ    (.155)   _J__-     (54l;   60���J_ '__ _ í !_-' _ _- _ !h'  ;') 'r c_ _ r __ ;_ 5 'v9_ i __N h h? o n s ;L,__ m r_-_ _ _L _! c, S _ __ r- __ _J_ e�JC_     _____    (_132)   .___J'    (.2J_j  _ùCS3    (l___)   __2�J_T     .____    '(._U_/j   -0__    (.__8!  1_44     ('722)  íO_�SOR     ,__5    :._t_7j   N____    (.2__)  1G5_     (î61_   65�SSO_C_  _a___    _,___j   ,_iG_-    _.305j  _-J15    (23_9j   47�S_ORC__   .r___0    (y_,m6_   .__c____    _._7__)  ___66    (_!0_5)   6_  (5_)�_5__^    9___    (.0_,_._   .____    _.15_)  __'___6    (lo2_)   31�_._S_    u_24    _._1o_   t___3    (.;_J_   9o__     ;541)   6o����_ C_ _ Y 0 VP _ _ _ C _W,_ _ ?_ _ 5_�����The  auth_rs  __!is__ __  _h_nk !J___i�m m.  Ccugt__ar_ __a! Je_sj__ Ho_gjns of�W_e1I  l_abor_to'rn;es  frJ'r obtai_î,n_  _he!  r__1m_rica1  resu1ts  for  tne  Cray  l�_C_m_Ut__u   _-he C_Jhe_n _0'_-  nldmeric_-_  'res(_1__- _e_e ____ajne_  u_-jf_g CyberNet�wí_t;  ass!5___r;ce  _'r'____N_ __Jor_ m_s_-ber3 o_ Cuntr_j  _ata C_rporatjon.    Thjs�
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____                          l                   e?�_���Abstract�The first part of this talk will review higher order me_hods�for obtaining a sîmple zero of a non_inear functi_n.  The order a_d�re1ative _fficiency of the me_hods are dîscussed.  _n case of�mul_iple zeros a new method of order three is developed.  T_e me_.hod�requires 2 eval_at_ons of the func_ion and one evaluation of the�derivative.�T_e second part is dev_ted to higher order mebhods for the�solution of nonljnear systems of algebraic equations.  ?_ethods of�order l+ _ and 4 for regular systems wi1l be described.  Higher�order me_ho_s f_r systems having 5_ngular _acobian will be revie_e_�(re_ults due to _a_1, Reddien, Decker _ Kelley, Griewank, Webe_ _�Werner and Meta _ Vic_or_).�§l.  __troduction�_n this ta1k we review higher order methods for obtaining a�sjmple zero _f a n_nline_r function.  The _rder and efficiency o_�these methods will _e discus5ed.  We also give a table compari__�the _fficiency of know_ methods.  An extensive bibliogra__,hy for�_he numerical su_ution of a nonlinear algebraic equation (having�simple or multiple roots) _il1 be given elsewhere.�We also review higher order methods for the solutio_ o_�nonlinear algebraic systems.��_n the next section we give some defini_ion.  The third�sec_ion wil1 give results con_erning the numerical solution of nun_�linear equation.  The last section wi1l be devoted t_ systems u_�



__r    ______       ____yt      _     g_    y    _         )����eq_ations.�§2. Prelimjnaries�The _on1inear equation _osidered is�f(x)  = O,                        (l )�_n_ the _ys_em of e_u_t_ons�F(x)  = O.                        ( 2�we denote a sol__i0n of  (l)  by €�De_injtion  _et (x _.) be a sequence converging to  €.  Let _ _,  -- x _.  -  €.�If there exis_s a real n _ ber p and a nonzero cons_an_ C such that�Ie.+_l�_   + c,                    ( 3)�P�e ,._�then p is cal1ed the _order 0f th_ 5equence�Definition. The information usage d of a scheme is defined as the�number of new pieces of ìnformation _equired per ste p�De_inition.  The inf_rmational efficiency _FF is defined b y�EFF * p/d_                      (4)�_efinition. The efficienc  index EFFt is  iven b�l/d�5FF* =    .                    ( 5)�-'    _§3.  Solution of a Monljnear Algebraic Equa_i_n�_         _here are t_o classes of methods fo_ _umerjcall y solvin g a�nonlinear equa_jon.  The fìrst class is called brac_etin _, which�includes t_e b_sectio_, Reg__a Falsi and o_hers.  _he idea the_e is�t_ s_art with an interval co__aini__ _he zero a__ re_ine it.  The�



_f__(xll7_)__l_                 (8)      _h����pr_cess gives a sequence of subintervals whose 1ength tends to zero�and all containin_ the 2ero.  The o_her class is c__l1eu_ _ixed point and�inc1ude Mewton's metho_.  Her_ one starts with a point x_ close to�the zer_ € and contruct a sequence (x_.J converging _o _,.  For�example, Newton's method�f(x)�x_.+_ -- x_.  - _f_(x)  .               (6)�_t is known tha_ if _ i5 a simple 2ero then the order i5 2 and if €�is a multip_e zer_ the order of _he method is 1.  _f o_e knows the�multip_ici_y m of the roo_ _ then the foll_wing modification d_e to�Sc_röder  [39J yields a secon_ order method�f(x.)�x_.+_ -- x_.  - m _f,(_ )_                  (7)�_f m is no_ kn_ wn,  see Trau_  __1 ,pp.  l29-l30I  for a way to�c.ppr_ximate it.�_n this talk we consider only methods from the second clas5.�Mewton's method for computing _ simple zero  € _f a nonlinear equati_n�has _een modified in a n um ber of ways.  For example, Ostrowski  [29I�discusses a third order method that evaluates the function f at every�substep but only requires the derivative f' at eve_y other 5ubstep�f(x_.)�W _.  -- X __  -�f(w_.)��He also discusses a fourth order scheme that uses the same informa_ion.   _-�King  r20_ has sh_wn that _here is a family of such f_urth order        _�methods�



___       xw  ____wx  ____tf  ____   ____tl____   __tl    _._    t     __�_���������f(x _.)�W, = X.  -�l   l   f'(X_)��'                             f(w.)  f(x.)+ ß_(w.)�l    _     _�i+l - Wj   f'(x _.) _f(x _.)+(ß-2)f(w _.)  .�����Traul  _4lJ introduced a third order method whjch re_uires one���_ _ ne ti_ _ uation _ ____0 ____  _  'u 0 _-  _' po   0__���f(x _,)      _(x _.)�X,.+_ "m X,.  ' al _f_(x)  " a2 __(x  + Bf(x j/f_(x ;j_  (l_)�l         l     l    _����Pop_vski  _30J introduce_ a third orde_ one _arameter family of���methods re___iring one evaluation of each f,f' and f''.  ( Ha_1ey's���__6J method and Cauchy's  _8J method are special cases).  _arratt���_lJ_ developed a fourth or_e_ method which uses one func_ion���evaluation and _wo evaluation of f'.  __ng _l9J intr_duced a fi_th���order scheme requiring t_o evaluati0ns of e_ch f and _'��_(x)�l�i   i   _'(x.}'�l�3                            (1l)�_(w _.)    f (w.)�l�i+l   i   f'(w )   f'(x) __f(x )+(B -2)f(w ))(f(x )+(ß -2jf(w ))�l      _     ll     _     _2     i���Werner _46J developed a scheme of order l_ _2  that requires one��evaluation of each f and f'.  _f the _oot is mu_tip_e the meth_d���i5 of order 2.  The order cann_t be improved upon _y u5ing the��multjp_icity.�f(x.)�x.   = x  -   _�_.                    _+    _     ,+Y.�f'\                     (� _2)�X.�_�i+l   i+l     x +y ^�l1�2�



_3 z__ _ w  ____tl2 )_ll( _)  2(    _      )     _   (l4)     __����������Popovskî  _34_  developed sixth order methods requiring two function��evalua_ions and one evaluation of f'  a_d f''����z.  = _(x_),                                             _'�l    __�(l3)�f(z)�_�i+l - Zi   _f(z.)-(fx.)           _           '�l    _�-   fl  X.  - -- Z.-X.)f'1(X.�2.-X.           l     l  l    l�_l���where the first substep is a_y third order one p_int me_hod like��Halley,  Cauchy,  Chebyshev  _3lJ,��Neta  _n23J  has constructed a sixth order method that req_ires three��function evaluations and one of f'�f(x _,)�W.  -- X.  _�l    l    fl(X.�_�f(w )  f(x.)+Af(w.)�l     l     l�i -  i   f'(x.)  _f(x.)+(A-2)f(w.)  '�l    l        l�f(z _,)  f(x _.)_f(w _.)�X.   = Z.  -�_t    l   f'(Xt)  f(X.)-3f(W.)�l���_f A=-1,  then _he co_recting factor in the last two substep_ is the��same.  Popovski  _33J  has shown that th_s method is of order 7��Meta  _26_  has jm_roved this resul_ and constructed a method of��order 10.8l5 using the same information,  Neta  _2__  also deve_0ped��methods of order 14 and 16 using four evaluations of f and one of��f'.  _et us now c_m_are th_ efficiency of these methods and oth__rs.     '�



__n          ___   ___         _�6������Method       0rde_      _nformation        EFT�Neta        l6        5                3,2�N_ta        l4        5                2.8�Me__        lO.8l5     4                2_704�Popovski [32I   7.464      4                l,866�Mu1ler   _2lJ   l.839      l                l__39�_0000  0i    _�secant   __gI  l.6l8      l                l,6l8�yeta        6         4                l.5�Popovski      6         4                l.5�o5tro__ki     4         3                l.333�King         4         3                l_333�Jar_att      4         3                l.333�King        5         4                l.25�Murakami  f22J  5         4                l_25�'          _erner       l+ _      2                l.207�Ostrowski     3         3                1�_rau_        3         3                l�Rop0vski      3         3                l�Ne_ton       2         2                l�___effensen _40J 2         2                l����Table l�



__       ?�7�������Method       _rder         _nformation         E__*��mul_er       1.839         l                l_839        ''�Neta        lO.8_,5        4                 l.8l3�___et_        l6           5                 _,74l�Meta        l4           5                 l.695�PopGvski     7.464         4                 l,653�Popovski     7            4                 1.626�secout       l.6l8         l                 l.6l8�ostrowski    4            3                 l.587�King        4            3                 l.587�_arra_t      4            3                 __587�Neta        6            Q                 l.565�Popovski     6            4                 l.5__�_erner       l+ _          2                 l.554        _"�Kìng        5            4                 l,495�Murakami     5            4                 I_495        '�Ostro_ski    3            3                l,442�Trau_       3            3                 I.442�Popovski     3            3                 l,442�New_on       2            2                 l.4l4�Steffeusen    2            2                 l.4l4����Table 2����Note tha_ this comparison _s done assumi_g the difficulty of�evaluating bhe _unction and i_s derivatives is the same�Mhat hap_ens if the zero  _ is of multip1icity m>1.  _ne can        X�use the modified Mewton's me_hod suggested by Schr_der  _39I,  One�_an ite,a_e u,ing f  o, f(m_l)  o, fl/m.  All the,e funct;on, _�f'�



_t     __   ___  _l  f( )l   Bm______f__(_l_)m__l(t)l  )_f( _)l  t_             ((((llll986J))))�8����simp1e zero €.  C_early the5e intro_uce hig___r order derivatives�V_ctor_ and Neta  r42j  have con5truc_e_ a two step me_hod of order�three for approximating mult_ple zeros of f(x)�f(x.)�_�= X.  -�_�(15)�f(w)  _(x )+ Af(w.)�l     l      l�X.   _ W.  -�l+    1    _ X.  _(XN  - B  W.�w_ere�m�- m_l  '�2m   m+l�h--M   u�m-2  m +   l�-  m-_        _ 2  .�m-�'     _he foll_wing two examplcs compare _hi5 meth0d with Werner's  (l2)�_,     an_ _-__u!_ified Mewto_'s  (7)�2x�X _ ____t.t e     X  = X e�Tn'_.s _unction ha5 a doub_e zero at zer_�_teration              x�N_mber      (12)      (l5)         (15)�O         .2       .2          l�l         .2160-l   .l487-2       _1l41�2         .2379-3   .6844-9       .2904-3�3         .2830-J    -          .5l03-ll�N0ta that method  (15) requi_es only 2 iterations _nd o_tains 2 m_re�digits o_ accuracy.  Starting 5n7i_h x o=l instead of x o--.2,method�_     (l5)  need5 3 i_erations _ut give5 4 more digits of accuarcy�



___   ___          _          __        __       ___n�5���4    3    2�xample 2  f(x)  = 3x  t 8X  - 6X  - 24x + 19.�This functi0n ha_ a do11ble root at x_-l.��_teration          x               orde_�Numbe_      (7)        (_5)       (7)      (l5)�O        O.        O�l        1,58_333     .890449l�2        l.07l987     .9998828�_.75     3.26�3        l.OOl38G    l.0000_OO�l.985      -�Q        l.OOOOO_l   l.OGOOO_O�2.OO_2�5        l.OOOOOOO      -�6        l.OOOOOOO      -��§4.  So_u_i_n of Nonlinear Algebraic S_stems�_n rece_t years there has bee_ much interest in n-dimen5iona_�varia_ions of Mewton's method,  secant method and _ther classic_l Gne�dimen5ional íterative meth_ds.�The _lgorithm in most co mm _n usage for solving the system�F(x)  -- O                         (2l)�is the fo__o_ing�i.   Given x., F(x.), a__ the Jac_bi_n J(x.)�-l  - -l                 -_�ii,  S_1ve the nxn linea_ sys_em�_(x,)  _,  = - F(x.)  for _.                (22)�-l  _l    - -l     -l                       m_�iiî.  Use ___.  and perhap_ 5_me other values of F to choose x _.�iv,  Evaluate _(x_.+_)  and test _or convergence.  Either terminate�the comput_t_on or __ to next step,�



___          _D   ___l_  _ ____     _  _    f  l_   r_             (25)�lO���v,   Eva_uate or approxjmate J(x, + _),  set the counter to i+_ an_�-l�re_ur_ to s_ep ii.�The tra_itiona_ area of _e5_arch on quasj-Newt_n methods are�^     5teps iii and v,  Tha reason is th_t for real _roblems, eval_at_on5�o_ _T and J dominate the cost of solution an_ so it is in these�s_eps that the po_entjal savin_ in greater�M_rner's  _4__ method  (_2)  of order l+ _2 is a_plicab1e for�systems when w_i_ten as�x.  + y,.�J  _2  ^  (x.  l - x.)  = - F(x)�-l+   -_     - -l  ,�x l.  + y _.                             (23)�J  _2    (y.  _ - x.  _)  = - F(x.+_)�-l+   -l+      - -l�Neta  _257  has developed a _ourth order method�J(x.)(w.  - x.)  = -F(x _.)�-l  -l   _l    - -�;r(x )(2  _ w.)  = -DT(w.),                 (24)�-l  -l   -l     - _l�J(x.)(x.  _ - z.) -- -DF(2 _.)�l   lt    l     - "�_ha_e _he diagona1 matrix D ha5 ele_en_s�F (x.) >- F (w.)�_ -l    _ -l�jj ^  _F J.(x _.)  - 3T J,(w _.!�Note _h_t J is compute_ and factored only once.  Extensive numerjcal�experiments with _his method show that one c_n sa.ve at least 200_o of�the time to solve a system using 2 Newton substeps  (fou1:th order)�The savjn_ is greater i_ the number of iteratic_ns _r the djmension�__ the s_stem is larger.  For exam_le,  for a s_stem of l69xl69�the s_ving is 38^_o.�For sy5tems whose Jac0bia_ ĵs _ingu1ar there were linear and�



__r__                                 _m����superlinear methods _eveloped  _y Griewank  _l4nl5l, _ecker and Kelley�_lO-_2_  and others.�3�et F be a C  ma__lng fr Om a B_ach space _ lnto E.  _et the�F_echet derivative F' be singular at the solution € and has finite�_imensi_na1 null space N and closed range X so that E = N_X.  Le_�PN be a projection onto N parallel to X and let _x = _ - Py.  The�singular se_ of _' near € may then range from a _ingle point to a�codimension one smooth manifold through _.  The assumptions�descrjbed la_er __rce the second si_uation to o_cur.  Hence one ca_�expect nonsing_larity of F' on_y in carefully selected regions abou_�_.  The Yewton i_-erates must rem_in in the_ cho5en reg_on of�invertibility o_ T'.  A set which qeill satiSfy these requirements�can be de_ined a_ follows��Wp g = (x_EIO<flx-_ll<p,�I1_x(x-_)tl _ 8ll_N(x-_)fl),  p >o,8 >o.           (26)�Theorem (Reddîen  _36l)�_et  l.  dim M=l�2.  T"(_)(NpN)  nx _ (oJ�3.  The_e is c>O such that V_EN, x_M�It _ " ( f) ( _, x) ll _> c It _ tl lt x l!.              ( 2 7)�en_  fO_ _,0 Suff_ciently small  _F'(x!J   exis_s fo_ xE_�the map                                                ^-�Gx --  x-_F'(x)J  F(x)                 (28j     _�_akes W  g into itse_f, and there is cl>O so that�D_�



tt___tlp  (tl11   __l   2  1111  1;_ll  1_)ll____ 2>_    p         (31)����_l          -l�_)I    _C   X-€    ,  VX_�h     Moreover,  if xoeW  g and��X,_  '" GX,.__ri -" ll2l.__                (30)�the sequence (x _.) converges to _ an_�_        2�X.- €)  < C    X.   _ _   _  C�X  _    -      _-�11 _N(x.  - _)ll�lim  - _l        = _2                (32)�i__  IfR_(x_.__ - _)tl�Deck__ and Kelley  _llI gener_li2ed this result�Thaurem  _llI�_          The above conc1usions hol_ un_er the following assu_ptions�1.  dim M < _�2.  For all z _ M�B(z)  = - PM_''(_)(z,PN.!                  (33)�is a nonsingular map on M.�Mote that if dim M_l then the last 2 ass_mptions in Reddien's�theorem imply the sec0nd as_umption above�Another resul_ by Decker and Kelley  _l2_  shows that one can�obtain a a_uadratic___y converge_t method but the _unction F an_ _ts�Frechet de_ivative 5hould be evaluat_d twice each ste�Th_ore_  _l2J�_     _et  l.  dim N=l or 2�n         2.  B(z)  a nonsingular map on M for al1 nonzero z_N�3.  The_e js _>O so that fo_ _ll _eN�3�C�



__     pllf  2_n2l   11    2_!1  n2    €_t  __        _      (36)     _e_�l3���Then,  for p,0 5ufficiently small and xoeM p g,  the sequence (x_.)�given _y�-l�X  .   _- X  _  -  _Fl(X  ,)J  F(X�_       l      2l�_l�X  _   = X  ,   -  (I+P )_T_(X  _  )j  F(X�lS COn_al_ed _n W  g an_ COnVe_geS t0 _.  __O__eOVerl  the_e lS m>O�so that�2�X.   "_   <M  X,-�l+      -     _�Griewank  ____  has extended these resul_s t_ pr_ve conve_gence�of the itera_es even if x _ is in a starlike domain  (i.e,  F'  js�nonsi_g_lar in part of Mp g).�Weber and Werner  _45_  suggested to solve an 3uxiliary p__blem�pos5essing an is_lated soluti_n.  Let _ = ExEx_ be equipped with�the no rm�tl w Il =  Il __ _ _ t +  lI w 2'E1 E +  l w 3 l.           c 3?_��where W =  (5_'l,_2,WJ)  E E and W_,w2 e E, M3 E _.  The auxiliary�prob1em is�F(w_)  + _3w�G(W)  --  F'(W_)W2                         (_S!�a(_2,_2)  - l�w_ere a(W2,W2)  js a con_inuous sy _ e_ric positive de_inite bilinear�form on ExE.  The s_lution of G(W)  = O is _ =  (_,v/O),  since we�ma_ assume witho__ l0ss of generality that a(v,v)  = l�Theo_em  _45_�Under the same h_potheses as Reddien's,  then G'(_)  is a __near�home_morphism 0n E and _ is an i_olated solution of G(Mj  = O�



_t     __t          _    __M   __2 2    _   l_         _       ((44l_o))�_4���Remark.  _f O is nn eig_nvalue of geometric multiplicity 1 but�ćlgebraic multiplicity greater than 1 one ha5 to consider the�fol1o_ing problem�'                      F_ w  T�_    l    32�_(w)_ F_(w_)w2                        (39)�a(W2,M2)  - l        ,�_eber _nd Wern_r ha_e suggested to s_1ve the auxjliary problem�_sing Wer_er's algorithm (23).  Neta and Victory  _27J  have suggeste_�__ use Neta's fourth order algorithm (24).  _f _ne de?ines the�efficiency of a me_hod as the order per total number of multip1ica_ions�o_e can show that method  (24)  is m_re efficient than  (23)  for all�n>2, where n is the dimension of _he a_xiliary pro_lem.  The efficiency�of algorithm (24)  is�4�e_�n(n +8n+n)�and that of  (23)  is�1+ _2�e>�n  (n+G)�Remark.  _t is nat advi5_ble to t_rn t0o early to the auxiliary�p_oblem, as was demon_trated in  _45,27I.  One also should check that�__e solution the seque_ce conver_ed t_ is not a suprious  solution�see example in  _277.�
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__r         __                    y  _    __      _����������8o_nds  on the dimension  of spaces  of�mu1tivariate piecewise po1ynomials��by��Larr  _.  SchumakefX����CAT _25                _ctober,l982�����_l,  _Introduction.��Spaces  of piecewise p01ynomials  defined over a partition  of a p1anar�set  are of considerab_e  interest  jn  approximation  theory,  In additi_n to�their useful_ess  in a variety  of data  fittjng  pr_b1ems,  they a1so  p1ay  a�centra_  r_1e in the finite e1ement method.  C1ear1y,  they are a  natural�generalization  of the c1assica1  one-dimensional  p_ly_0mia1  sF1ine  func-�tions�Despite their obvious  i___ortance,  unti1  recent1y there  has  been  re_a-�tive_y  _ittle w_rk on  genera1  spaces of pjecewise po1ynomia1s  in two vari-�ables.   In the 1ast  few years,  however,  the  1iterature has  gro_n  consider_�ab1y --  see Cl  -25J  and  references therein.        _�Some years  ago  jn  Cl9J,  I gav_  a _ower b0und on the dimension  _f�spaces of piecewise po1ynomia1s defined on a triangu1atjon.  The  purpose�of this  paper is t_ present  both  lower and upper bounds  for genera1�__          recti_inear partit_ons.  The  plan of the paper js  as  fo11_ws.   In the�remain_er of th_s  section we jntrodu_e _he  spline  spaces  or interest  and��_ Supported  ;n  0art  by  NASA grant  4764-2�



__(l_l)    _s_(  )  _  (s  c  (  )  sl  _ep    _  _ l     n)      _                  _��'_�est_b1ish  some  notation.   _n  Sections  2 and  3 we es_a_1ish  0ur u_per and�1o_er  bounds,  res Fectjve_y.   Section 4 of the  paper contains a  variety of�eµp1ications  to specia_  partitions.  We conclude the  pa_per with  remarks_�suppose n js  a c_osed  subset  of R2_  and  suppose that _ _ (n__)  j5  a           '^�c_11ection  of open  subsets  such that�n�l)     Ω =   U  ßj�l�2)     Ω_.___J.  =   _  ,  a11  i,J  =  1,2,...,n.���We ca11  _ a  partition of _.   Tf each ___.  is  a po1ygon,  then we ca11  D a�recti1inear _artjtion.   If each n_  is  a trian_1e  and  if no vertex of�_ny triang1e  1_es  in the midd1e  of an edge  of another triang1e,  then  we�ca11  _ a triang__ation _r _.�Given  a positive  integer d  we define the space  _f po!ynomia1s  of�order d  (in t__ variab1es)  by��d  d-i      .  ?�_d  =   (p(x,y)  =    _   _   a_.J.x1y_  ,  a_.J,  _  R ).                     ,�i=O J=0���_efinition  _cl.  Let 0 _ r { d,  and  set���r_      e  rn.           _�d    -         _   _    d  '   _  _''"�1���We ca11  S the  space of _po1ynomia1  sp1jnes of order d and smoothness  r�associated with the partition _.�It  js  c1ear that  S is a 1inear 5pace.   In this  paper we are  i_terest-�ed  in  computing  its dimension_   It  turns  out that  it  is  not  poss_b1e t0�give  a genera!  formu1a  -- there  are  some cases  wnere the dimension  depe_ds�on the exact geometry of the partition  --  see  __7_l91.   In  3enera1,  _e�must  be satisfied with  upper and  1ower  bounds  for  it.                         _�



_  (f)�����§2.  _An upper jound on dimensi_n.��Tn  _rder to _tate our main  result,  we n_ed  some  additi0na1  notatio_.�Throughout the  remainder of t_is  section _e  sha1_  suppose that _ is  e�.         rec_i1inear partitjon  of a set Ω.  Given  such  a partition,  we cal1  the�straight  line  segments makĵng up the  partiti_n the _edg_s of the parti_i__,�and  refer to the poin_s where these edges Join together as  _he _vertices of�the partition.  We denote the number of edges and the number of verticas�in the  interior of _ by  E and  V,  respectively.�Associated veit_ the  integers d and  r,  we define��(2.l)     a =  (d+l)(d+2)J2  ,  _ =  (d-r)(d-r+l}/2��an_��(2.2!     _ _  C(_+1)(d+2)-(r+1)(r+2)IJ2  .����h         We are now  ready  for the main  resu1t  of the paper.��Theorem 2.l.  Suppose that the vertices  of the partitjon _ are numbered  in�such a _ay that  each  pair of co_secutive vertices  in the  list are corners�of a c0mmon  subset  in D.  for e_ch  j  _ l,2,...,V,  let��(2.3)  _e_N  = _umber of edges with di_ferent  slopes  attached to the�i-th vertex  but  not  attached t_ any oF the  first  i*l vertices  in�the 1ist��and  1et�d-r�(2.Q)   __.   _   _  (r+J+l  - J_e_.)+    .�i--l�Then���d     _        -      _.__ i�



__          ___  _                 _  n_           ___��4��Proof:  Let  N be the number __ the  right_hand  side of  (2.5).  Yy an ele-�mentary 1emma of 1inear al5ebra  (cf.  Lemma  3.3 of Cl9I),  it  suffices __o�construct  1inear  functiona1s hl,...,hN SuCh that��(2_6)    _f S _ S and h_S  _ O,  i  = l,_,._N_  then  S _  O.��5uppose the vertices  of the partitjon  are €__...,€v,  and 1e_�__O be a set  i, _ ,_t_  a go,ner at €_  (cf,  fjgure  l).   Tt  js we___�known  (cf.  cl6_)  _hat _e can  find a set _O of a po_nt  functionals  _�s_0 wh_ch  an_h__,te  pd.  Let  E_ be the number of edge_  attac_ed to�t_e  vertex €_.  We c1aim that we can  find an a_ditjona1  BE_  - y + __�func_jona!s  to obtain  a set _l w__'c_  an_'__'_ates  any  functj'on  j'n  s nl�where��nl  __  U (c2_':  s__.  ha_  a vertex at €_  )��To show this,  m may  suppose that €_  is  at the origin,  and that the�fjgure  is  rotated  so tha_  none  of the edges  lje on the x or y axes.�suppose we number t_e edges  counter c_ock__5e,  starting  from nO.  Each�of these edges  is described by  an  ang1e 0;  or equjva1ently  by an�equation y+a_x  -- _, i  = l,..,,E_,���������O    _� 1�2��f_�'������Figure 1.  A recti1inear partition.�



_        ___  _  _  _  (   ) y_   v  _    _o)n_v_  _f(the)fo_m    f ao ctan(_Jx)  >_�5�-  o 0n n_  T_en  _fter cross_,ng t_e  ?_.�must  have the  form�d-r  J�(2.J)  s(x,_)  =   _   _   c_.  k  _J.  k(x,y),�J=l  k=_   '     '��where  in  general�i   x     yJ-k y+a   r+k�J,k  'Y  -        iX   '�Define�i            .�.                     J,k X'Y  '     l   f        _  i_�;  k (X_Y )+     "�'                    O        ,     0ther_ise.���Then  i_  f_11_ws that the set  _f functi0ns  in  Stnl _hich vanish  on�O are  rec_,se_  t_e  funct_.�n  d-r  j�S (Xt_)  --  _   _   _ Cu;k _Jk (XtY )+f              (_  -- _l )�u=1 j=l k=l�_here the coerficiants  satjsfy the equations�n  d-r  j�_   _   _  cvJ.k_J.k(x,y)  = O  for a11  x,y  f  Ω   .�_=1 J_l k=l�By eq_atjng the coeffjcjents  of thg yarj0us  powers  of xVy_ to _er_,  _e�can  re_ri_e this  as  a homo_eneo_5  sys_em of _inear equations��(2.Y)         _c  _ O,��where�_              c  _  (c_,._.,cd_,)T�T�j  _    lJl'^'''  _JJ'''''  nJl'''''  nJj   '�



__  (((  t_))t.)_a     ((   _  )) a     f    _    (l  ;      _  _               __��_��and�A�A�A_                 '   .�d-r��w_ere  for each J  _ l,...,d-r,  AJ  is an  r+J+l b_ n_j matrix or the  form��AJ  = CAJlt._.,AJnJ��wj_h  AJj  gîven  by���l�r+J�li�r+j  _2      r+j-_�2i        lj�r+J  ar+J    r+J-l   ar+J-1          r+l   ar+l�r+j   i      r+J-l    i      ,'.'     rml    i���C1ear1y  (2.7)  i_ a  system of _  equa_ions  in n8  unkno_ns,   It  is�sh0wn  in  Cl9_  t_at  the  rank  of A is _ - __,  We conclude that we can  ad_�n_  - y + __ equatîons  to force the coeffjcients to be  zer0.  Since n =�E_, this  js equivalent  to adding _e_  - y + _l linear  f_nctiGnals  to�__0 to g€t _l�We  now continue this  _rocess  one vertex at  a time.   In par_ic_lar,  if�Ej  den OteS the nUmber Of ed9eS  attaChed tO the VerteX _j  (bUt  nOt  tO�any  of the vertices _l_tt__€___5_  then _e Can add a Set  _f BE_  _ Y +�'___  fUnction__s  to ni-l to get  a set nl  whjc_  anjhj1ates  spljnes  on��___  _   n_-l  U ( nJ_  : n J,  has  a c_rner at €_,  _  .��After _rocee_i_g th?ough a1_  vertices and adding B  functiona1s  associa_ed         '-�with  2ach  remaining  uncounted edge,  we end u_ _ith  a set  _f  N linear�functionals 1nIhich anihilates  a11  of S.  This  comp1etes the  _roof.  _�



__         ____? d_   2(  )    ____g_8_   _                 _�7��For convenience,  we give values  of a,6,and _  in  Table  l  for  several�choices  of d and  r��8�2    l    _    l    3�3    l    l_   3    7�4    l    l5   6    _2�5    l    2l   l_   18�3    2    lO   l    4�4    2    l5   3    _�5    2    2l   6    l5�Q    3    _5   l    5�5    3    2l   3    ll����Table l.  The coefficients  (2.l)-(2.2)  for some  choices of d and  r.���It  is c1ear that the upper bound gî_en  in  Theorem 2.l  is  numeri_al!_�computab1e.  The following example  shows  that  its  va1ue depends  on the�ordering of the verti_es.��Examp1e 2.2.  Let _ and _ be as  shown  in  Figur_ 2,  _nd 1et d = 2 an_�r = l.  Compute an  upper  bound  for the associated  spli_e  space.��Djscussion:  Here a = 6,  8 =  l,  and _ = 3.   If _e order the vertjces  so�that the  1ower one tomes  rirst,  then we have __  _- (3-é_)+ -- O and�_2 =  (3_e2)+ = l,and henCe�.   l�m S  _  _{ 6t 7 - 2'3+ l =���0n the o_her hand,  if we or_er the vertices  so that  the up_er one come_�n          fjrst,  then __  = _2  = O,  and now�.m sl�2   _   +   -     -'�



__   __  _     _                               _��8���������������fjgure 2.   The partition  for  Examp1e  2.2.���§3.  _A lower _0und on djmension.��Tn  _rder to be able _o use the upper bound of Theorem 2.l to�determine the exac_ dimension  of a space of sp1ines,  4e need to have  a�1ower boun_ to combine jt _ith.  We  begin  by  presenting a  _ower bound            _�which app1ies  to arbitrary  rectjljnear partitjons.��Theorem 3.1_   Let _ be a recti1inear partjtion  of a set s_,  and  1_t a,_�and Y be as  în  (2.l7-(2.2).  Given  any ordering of the vertices,  1et��(3.l)  e_  = number of edges with different  s1opes  att_ched _o the�i-th vertex�d-r�(3.2)  __.  =    _  (r+J+l  - J_e _.)+    ,  i  _ l,...,V.�J=l�Then�V�(3.3j    dim Sdr(i) _>   a + BE  - yV  +  _  __.   .�i=l���Pr_of:  The proof follows  along the 5ame  1ines  as the  pro_f of The_rem  3.l�of Cl97.   In  _articu1ar,  _f _ is a  partition of a  set Ω with  _n1y one�interior vertex, the_ the argument  _roceeds  _xact1y  as  berore.  To get th_�result  for a genera1  partition,  we use a merging  procedure.   Indeed,  gjven�



___         ___  ___    _f_            __��9��any vertex _n the boundary of Ω connected to an  interior vertex €* by an�edge, me may  remove one po_ygon  having these vertjces _o get a  new se_�__ with one  less  interior vert2x  (cf.  figure  3).  Assuming the  resu1t  for�_artitio__ with  V-l  jnteri_r ver_ices,  we can then merge this  space wjth a�.          sp1îne space over the ca1_  Ω2 wi_h  jnterior vertex €* to get the  result�-- cf.  the argument  in  _l9J.  _�������f                   f                  €_������_                  2�������figure 3.  merging ce11s  of a p_rtîti0n.���We note that the  lo_er bound  in  (3.3)  has ex_ctly the  same fo rm as�the U_per bOUnd  i_  (2.5)_  the On1y differenCe  be_ng that  hete _j�rep1aCeS _j.  By the deriniti0nS  (2.4)  and  (3.2),  it  iS C1eaf that  fOf�each  i  = l,.._,n, _; _{  ___,  a_d thus the upper  _ound  is  gre_ter than�_r equa1  to the  1ower bound.  We have the fo11_wing  immediate cor__1ary.��Cor__1ary 3.2.  Suppose that  for s0me ordering of the vertic_s  of a _ri_n-�'_          gu1ation _ we  have��(3.Q)    _j  --  _j  t  _  -- l_.__tY.��_hen the exp_essions  in  (2.5)  and  (3.3)  agree and  give _he _imension  o?�the  sp1ine  space  _l.l)_�



_____6__   d_   _2;__) ___J  l                    _                _�_0��_he  fo1lowing examp1e  (cf.  Cl7_l9J)  shows  that  even  for  relative1_�simp1e _riangu1ati_ns,  it may  happen that  our  10_er and upper  bounds  do�not  a_ree.��Examp1e 3.3   Le_ a _e the triangulatîon  show in  fi_ure  4,  and  1et d = 2         _�and r =  l.  Compute the dimensi_n of the corresponding  5p1ine  space.��_iscus_ion:   It  js easy to see that _l = _2 -- _J = _ whi1e  no matter�h0w we order the vertîces,  we wil1  a1ways  have _3 -- l.   It  fo_lo_s that�.   sl�m��_ndee_,  it  is  k_own  (cf.  _l7,l9_)  th_t the exact  dimension  of this  sp1ine�space _epen_s on the  1ocation of the vertices.   lf the  ?igure  is�symmetric,  the dimensi0n  is  7;  _therwise  it  is  6.  _���������������figure Q.  The  partition  in  Examp_e  3.4.���We now give an examp1e of a  rectangu1ar partiti_n where the  up_er and        ^�1_wer bounds do agree.  Other exampJes  can  be  found  i_  Section  5.�



__t          ___            (  )__    __                  __  _                  _�_                _l�Examp1e 3'4   let _ be _he  recti1inear partîtion  shown  in  figure  5.  _et�d = 2 and r _  __  C0mpute the dimension of the associated  spline  spaca�Discussion:  _t  is easi1y  seen that  if we number. the vertices  as  shown  in�'          figure  5, then __  = (3-e_)+ -- O_  i  -- l__.',4_   _t  fol1ows that�.  sl _    6   _J   4 3                      _�'                  _m2-+-     -'f��������1          _z_���3         _y���?i_ure 5   The parti_ion  ;n  Example  3.Q���§4.  _Examp1es and app1jcatjon5.�Tn this  section _e app1y our upper and  1__er  bounds  to severa1  cases�of interest,  We begin with a  specia1  partîtio_  of a  rectangle.  Let�_ = Ca,bJ x C_a _b_�(Q.1)      a  = Xo { Xl { __.  { Xk  { Xk+_  = b�_                    á = xo { X_  { .__  _ X_k  { xkN+_  = b�



_;(_qq_3))   __l_  __(_?_)_   ____( _(r2_2_l)/4A  ,  __f_?___r)  __s_(2o_d_d2)()/an2__ 3_r+?_?l > 2_xd_      l)       _n���If _ is the partition of __ mhich  is o_tained by _rawing grid 1ines at the�p0ints x_,.,.,xk an_ x_,._. _xk a1ong with the upward s1oping�diagona1s  (cf_  Figure 6), then _e ca11  _ a _tyµe one partitjon.��_                                          b�X�x�a                                         á�a     x_    x2    b    a    xl       x2 b�figure _   Type-l partitjons.���Theorem 4,__  Let _ be an equa11y spaced type-l  parti_ion of a recta_gle�__Then for _ll  O _ r _ _�.   sr      ?  2         2         _   2              2�,2   d_m   d _  --  kk d  - 3rd t 2r  + _  t  ktk  _  - 2fd t d - r _ f�t  (2d  t __ -2rd - f + f +�where�r2/Q      ,  ir r is even and 3_+l > 2d�(d-r)(2F-d)   , otherwise,�Proof:  We easi_y check that V = kk and E _ 3kk + 2(k+k)  + l.  If _e put�the _ertices or the partiti_n  j_  1exicograph;ca_  order, then we note 'th_t�e__  = é__  = 3 for al1  i,  an_ thus�d-r                                          _�__.  =  __.  = _  :=    _  (r+l-2_j)�i=l��for al1  i  -- _,.,_,V_  Tt ?ol1ows tha_ Corol1ary 3.2 can be apo1___,  an_�after some a1gebra, _e 0btain  (Q.2!.  _�



__          ____s(ee _)hat(  e ;_5  lhl__(_y)sd_  2( 3s(_)3___ _)l6  (_(  )(2_  )  _  (  _ l)   y��l3��Our next theor€m dea1s with  arbitrary typ_-l  partitions.��Theorem Q.2.  Let _  be a genera1  type-l partitjon.  Then  for a1_  l _ d,��.  sl _    k?k d2  3d  2     k ?k  d2 d     d2�'        _m  _    -      -      +        -       +     '���Proof:  If _e _ut the vertices  i_  1exicographica1  order,  then  it  is easy t_�?  is  a___   at  1ea t    and thus _    o f_r  _�i                  _         _i  -        -  __''_  _�N_w ap__ying  Coro1__ry  3_2, we obtain  (Q.4).  _��Theorem 4.2 g_ves the dimensi_n  _f cl  sp_ine+spaces  on gener__�ty_e-1  partiti0ns.  The  f_l1owing examp1e shows  that  for  r >  l,  our upper�and  __wer bounds _o not agree,  and in  fact the actua1  dimension  can  be�equa1  to the upper bound.��Exam__e 4.3_   Let _ be the unequal_y  spaced type-l  partition  sho_n  in�figure 6 vvith k = k = 2.  Let d = 3 and r * 2.��Discussion:  Tf we put the vertices  in  1exicographica1  order,  then we  see�that _j  = _ and __  = 6_3_  i  = l_..._Q'  It  fO_lOWS thats�     2�1m���The actua1  dimension of this space  is  l6.  Indeed,  in  addition to the  lO�1inear1y  in_ependent  po1ynomja_s  in  S,  the fo_10Wing  six  sp1ines  a1so�_elong to the  space:��3          3      _3     _3�X-X  )+  ,   (x-X  )+  ,  (y-X  )+,  y-X  )+  ,��_x        (_   _  ) /       3    (         ?  _  / (      3�2-   -O   3-2    l-O  +'     -   -2   l-_    3-2  +����Theorem 4.l a55erts that this  s_ace has dimens_on  _9 in the case where _�is  an equa1ly  spmced type-l  partition.  _�



___(4_)   _l    _D____(?_)?t?_?_++?(_(_k4(d+??_?_?__+  _    _D__9_c_+ 2+)2_+?___)/2?)  _  __��_4��We turn now to another specia1  par_ition of a rectang1e.  Let�S_ and grid pojnts x1,_..,xk an_ x_,...,x_ be given as in  (4.l).�If _ is a partition of _)  which is obtained by drawin_ al1  the _rid _ines�_1us b_th diagona1s i_ each subr_c_ang1e, we ca_1 _ a _tyµe-2 parti_ion of�_.  Typica1  type-2 partitions are shown in Figure 7.                       _��b                                        b�_ ?        D___ _ _ _ _  _�_x                                         2�2�x�x�_a     _ _ ?        ___ ? _ ? _  _,�a     xl    xk    b       a  x_      x2   b��figur_ 7   Type-2 partiti_ns.�����T_eorem 4.4.  Let _ be an eaua11y space_ ty_e-2 partition of a rectang1e�_.  Then for a_1  O { f { d,                                        _�.r       ?2        2�_5     d_m S  _  =   kk 2d  - 6rd + 4r  + _  +   _�C�_k)(2d 2   5,d + d   , + 3,2�c�2 + 4d  g,d  r + 5r2�c�where��d-r                     __r�(4_6)      _ g  _   _!  (r + l - 3_J)    ,   _  =   _  (r+l-J) +.�j=1                     J_l���Pr0_f:  Here there are kk vertices at the corners of the grìd and an�ad_itiona1  kk + (k+k) + l vertices where the diagona1s cr_ss.  The num_er�_f edges i_ given by _ = 6kk + _(k+k) + 4.  If we pu_ the grid vertices i_�1exicograp_ica1  0rder, fo11owed by the cross vertices, then _e n_te that�__  _ __n  _ _g r_r i  = l,.._,kk.  For the rema;ning p0ints _e have�__  = __  = _c, i  = kk + l,..,,V.  N__ Cor_l_ary 3.2 app1jes_ and�_fter some _1gebra, we obtajn  (Q.5).  _�



_          __    __    ___         _        t��_5_��_he above _heorem de__5  with e_ua11y-space type-2 partition_.   In the�unequa1!y  space_ case,  we have the  fo11owing  resu1t.��_heorem 4.5.  _et _ be an  arbitrar_ type-2 partition  o_ a  rectang1e Ω�-_          Then  ror a11  r { d _ith  r = O,1,2�_f�.7     1m    _   1S  91Ven  _y the  fOfmU���Proor:   If we _rder _he  vertices as  in the pr_of of Theorem 4.Q,  then�s_nce é_ _> a, we _ee that __c  = O,  i  = l,._.,kk_  On the other hand�since e_  = é__  = 2 and thu_ ___  _ ___  f_r  _  _ kk+l,.._,V,  Coro11ary�3.2 aFp1ies to estab1ish the  re5u1t.  _����We c_ose this  5ection with a  resu1t  on a more  genera1  kin_ or _arti-�_ion_  Let Ω be the c1osure of an arbjtrary domain,  and s_ppose that  a�-          partition _ is a _sim_le cross cu_ partition  (cf,  C2 I)  obtained by drawing�L 1ines  across _.  (aejng  simp1e  requires  that exactly two 1ines meet  at�each vertex  in _ --  see Figure 8).������L_5�V_5�E _ l5������������Figure 8   A sim_1e cross-cut  partition�



____    _     J_l              (_ _3?2_r+d+4dr___2     _____ r _ d__ 2rt       _�16���Theorem 4.6.  Let _ be a simp1e cross-cut  partition  of a set _,  an_  1et a�and 8  _e as  in  (2_17.  Then  for a!1  O _{ _ { d {  2r+l�       r                 2       2�1m  S  _   =  a + 8E -  V d _ 3d  -2f  -��_hile  jf Zr+_ { _,  then                                               _�.   sr�.      md     -         -      '�,    Pro_f:  mere e__  û é_.  = 2 for  i  = l,...,V,  and  so��d-r                 r(r+l)/2          ,  if 2r+1  { _�_  = _  =    _  (r+l-J)    =�l    1     __        +���The  res__t noN f_11ows  from Coro_1ary 3.2_  _��The  resu1t  (4.9)  agrees _jth the  formu1a  0btaine_  in  Theorem 5,l o?�C2J when we take note of the  fact  (cf.  Lemma  5._ of C27)  that  L = E - 2V.����§5_  _Remarks.��_.   Tn this  _aper we _ave c_nfined our attention to  rectj1inear�partitions  since  it  is ve?y difficult to see wha_  the connection wou_d  be�bet_een  po1ynomia1s  in  adJ_ining  ragi_ns  separated  by a  c_rved boundary.�The boundary of _ itse1f can,  _r course,  be curved�2.   The ide_ of abta!ning an  upper  bound on  dimensio_  by p1acin_  1inear�runctiona1s was  used a_ready  in  severa1  ear1ier papers  -_ see eg_�Cl7_!9J.  Des0ite us_n_ them in a  simi1a_ _ay on  some  specia1  cases  in�C_9I,  I did n_t  see the genera_  resu1_  at the _ime,  however�3.   Genera11y  _  have  fo__owed the  no_ation _f Cl9_  throu_hout this�µaper_  _ne notab1e change,  however,  is that  here  I am using  d for the�degree of the po1ynomials,  whj1e in  Cl9I  T  use_ m for the order.  The t__        _�a?e connected  _y m = d+l.�



_t          _t                                      t               ven��_J���4.   Coro11_ry  3.2 is easies_ to aµp1y _hen the number of edges  at  each�vertex  is  re1atively  1_rge compared wjth the  smoothness  orde?  r.�Unfortunately,  jt  is easy to construct  a variety  of examp1es  simil_? to�Examp1e _.3 _here the  upper an_  1ow_? bounds do not  agree.  On the Dthe_�_           hand,  there are a1so many examp1es where they do agree an_ provide  a�dimension  statement  i_  situations _here n_ other present1_ avai1ab_e�meth_ds  appl_.  Examp1e  _.4 is  a case which does  not  seem to fit  any�avai_a_1e theory,  not even the 4uasi-cross-cut __eory of C6_,  It  js  of�!nterest to note that  in this  example the correct  dimension  equa1s  the�u_per bound  ?ather than the  1_wer __e.�5.   I  had h_ped that the up_er boun_  presented  here wou1d  shed  some  1___t�on _hy high de_ree sp_ines _jth  1_w smoothness _o not  seem to be  subJect�to the diff;c_1ty  inherent  in  Examµ1e  3.3.  (It  is  known  _l7I tha_  for a11�d  > 5,  the cl sp1ines  0n the part_t_on  in  figure  4 have d_mension  gí�by _he 1ower b0und,  The cases  d = 3,4 remain  unc1arified).�6.   Ty_e_1 and Type-2 partj_ions  have been  c_nsidered in a  variety _r�papers  -- 5ee e.g.  C3-l_,l9J.  Dimension  sta_ements  for the equal1y  _paced�case and for severa1  va1ues  of d and r can  be found  in  Cl9_.  S1i_htly�_          different  __oking  (but e_L9iva1ent)  rormu1ae _ere  found  for ge_era1  d and  r�in  C6J.  The  resu1ts  for unequa11y  spaced  partitions  are new.�7.   In compari_g the upper and 1ower b0unds  given  here  for a variety _f�quasi-cross-cut  partition5,  T  found them to agree with each other and w__h�the dimensiona1ity  formu1ae given  in  C6J.  Hence,  I conjecture that this�ho1ds  for _enera1  quasi-cross_cut  partiti0ns.  The p_ab1em in  c_nstructin_�a proof  is that  there does  not  seem to be a simp1e  re1ation  between�vertices,  ed_es,  and 1ines  in  such a  partition.�8.   Recent1y there  have ap_eared a number _f resu1ts  on the dimens_on  of�spaces of spljnes which satisfy boundary conditions  -_  see  C8-l_J.  The�too_s  presented  here can a_so be used on these kinds  of splĵne  spaces.�9.   After identifyjng the dimension  of a  space of  sp_ines_  the _ext�important question  js to construct  a basis,  and  ir possib1e a 1ocal  basis�-          f0r the space.  Considerab_e _ork  has  been done on  this  prob1em  for�special  paFtitions  -- see e.g,  Cl-lOJ  and  references  therein_�
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_             _      t__JtJt  _              __      ___�������ABSTRAC_��_�ConJugate Gradie_t Method5 fo_�!_'    Nons _ et__c Systems_��by��Kang C. Jea _�Fu Jen Universtty�Tape_, Tatwan��and��Dav_d M_ Young�The _1livers_t_ _f Texas a_ Austtn�Aus_in, Texas, U.S_A.                           '���Th_s _s the su _ ary _f a talh given by David M. Y_ung a_ the Thirtee____�_ nua1 Ma_hem_t_cs Con_erence a_ The Untvers1ty o_ Suuthweste_n L_uístan_,�_afa_a_te, Lou_siana, _ct__er 23, _9ß2.  Tu_the_ detai_5 wil1 be found in t_e�pape_ by Kan_ C_ Jea and _avid M. Young to appea_ in _hejourna1 _Ltnear A10_ej_a�_and i_s __c_icatt_nso�����_  _he w_T_ _as s_  orte_ i_  art b  the N_tu,a1 science _o_nd_tion un_�Grant MCS_79_9829,andb_ the Depar_men_ _f _ne_gy under G__n_ DE-AS05�8_ERlO_54 _jth _he Universit_ o_ _exas at Austin.�



_______     _              _          _________t  ___             _�1��The p8per is c0_cemed wtth generali2ed conJugate gr8dient _ethods�_or _o1ving t_e _ine8r sys_e_ Au _ b where A _s a given N x N _atrix ,  b _s�a given N x l vector,  8nd the N x 1 vector u î_ to be dete_ined,  The�methods used can be reg_rd_d as genera1i2ations o_ the conj_g8te gradient�_ethod (CG method)  deve1oped by Hestenes 8nd S_iefe1  _6J wh_ch is 8 p p1_cab1e�in the _s _ etri2ab1e case where m is s _ et_ic and posi_i_e definjte (SP_)�for _o_e SPD m8_rix H,  The convergence of the CG _ethod comp8re_ favor&b1 y�_ith _h_t O_ 8 _Umber Of Other it__8tiVe methOdSt 8_dt _O_eOV___  _t e&Ch�n       step the det__in&tton of a new iteration vec_or on_y invo1ves _he use of�info_8t1on _rom, 8t mo_t,  No preceding 1ter8tìons.  _oung &nd Je&  _llJ and�Jea  I7J consídered a _ethod cal1ed the _ide8_i2ed generali2ed con'u gate�_6radient _ethod (_GCG _et_od)  _or hand'ing nons _ etri2able 'ine8r s ystems�The _GCG _e_hod is defined by cho0sing 8 nonsingu18r 8_xilia _ m&trix�2 _nd req,__,_,g th,_ u(_)  - u(O)  _ _ (r(_)) where K (r(O))  i, the K,y_ov�Tl          _�d by, ( 0)  A, (O)      _n__,(O)   He,, ,(O)  ,' s t h e r e, __ d _ g _ v ec t�_     t  tl_ ,       _� (O)                     (n)     _           n  (0)� -  U   ,   ne _ __ __QU__eS t 8t  2_   t V  --    Or &   v _ K  r� (__ zA _s ___,  one c8n _equ___ _n__ead _ha_ Il_(^)  - À'blf_ 1 1v - Â'b l l�



(l)          t      t  u        _    nq__ _       o_      _  __ 1_)         J�2��(0)      (0)�O__V_UC___V-U   _   _   .He_e_em_rm_S__ne   Y�_��_oung and Jea  ___J gave th_ee fo_s u_ th_ _GCG _ethod,  Th_ _ir_t�f__t Cal__d 0KTH___R_ h_S the _O_U1aS         '�(n+_)    Cn)   ĥ�=U   +�n�,_gr, th, _,_ ,,c_;__ _ec_,_s,  q ( O) ,  q ( _),  _ _. , h,ve _he _�(2)        q (n) _ Aq ( ^_ _)  + _    q (^- _ )  4    + _   _ ( _)  ( 4(_)   ,(_)�n,n-_         '    m_O    t      -�H,,, the coe_f,_ c;ents 8          8   are _hose, ,o _h,t (2Aq_î)  _(_))         _�n n_1t  "' _  n _                    t�_ O _or _ > j,  __, ___ _a_e _nteger s 3 l,  one requ_re_ _h__ _  _ > _ __r�nt�j _ n-s  we have a trunc8ted ve__íon o_ 0_TH_D_R,  ce__ed ORT_OD_R(s) ,  __�the s_e__i2able case, i_ 2 and 2A are SR_,  _hen OR_O__R redu_e_ to�ORT_OD_R(2).  The second __rm _f tha _GCG method,  ca_led ORT____N h_6 the�_o_ula_�(3)               u (n'l)  _ u (n)  + h  p (_)�n�where the d_re,t__, vec_,rs p CO) , p (_) ,  . ,. , have th, f�4)          (n)    (n)        (n-_)           (o)    (O)    (_)�_   =_   +a    _     +.,_+4   p   ,  (p   =r�_,_M             n,�



__o_(5_)e_)a___ oclfJo_r_t < _ l  __nn the s_etr__2ab__e c_89e __ 2 _&_nd_2A gre_r _s_p___t  _1o   _ _�3(��n )'  b    (n)   d       f�e_e r   =   - AU   __  _he COef iCie_tS _    _ __ d _ a�n,_-       nt�(1)   (j)�_      SO t  t  2 _   , p    _   O_ _   Jl  I  O_ S_e 1_te_e_ S _  , We __qU1_e�that a _ _. = 0 _or 1 < n=s  we have the trunc8ted sch_e, ca1_ed ORTMOMIN(s)�_�_n t_e s_e_ri2able case, _f 2 and 2A 8re SPD, then ORTMOMIN reducee _o�ORmOMTN(1).  ORTHO_N(1) _s the classjca1 fo_ of the CG _ethod given�b_ H_S___eS and S_etfe1 _6_.  _e _hird f__ o_ the IG_G method, ca1led�ORTHO_S has the _o_u_as�(_+_)      (n)         (n)    ' '    u (n_ 1)  +    + _    _ (O)�U    = h _    +  _     U   + 4_�.                    n        n+ _n      __4__n-1           n+�           _,,, _he coe_f_c,_en_, h  f         f     a,e s, ch,_en _h,t (2,(")�_                      t  n+_n_- "_ 1  n+  o                  _�,         1            '�(J)�OR_O_S _educes tD ORT_O_S (l).  _RTMO_S (1) _as give_ by Engeli, et a_�I3I.  An a1temative fom of ORTHORES (l) was g_ven by concu_, Go1ub, and�  l��As shown by Jea  _JJ, each of _he three fo_s 0_ the 'IGcG me_hod�has the p_operty that for some t _ N if _he _ethod d_es n_t brea_ down-�            v_th__ t _tergt_0_s _hen v, hgve ,onve,gence __, the ,en,e that u (_)�       -_�= _ _ A  b _  FU_the_O_e OR1M0MIN conVer_e_ if __d only i�



u              h             \   _  rvr_      _           _       __�4��c_nver_es _n_ í_ b__h co_ve_ge then _______R _onv__g__,  Suf_icie_t _o__jt___s�_�0_ c O_Ver_eMce 8_e th__ 2_ __ _Q_í__v_ re__ (___,  (_,e_, Z& m (Z_)  i_ S__),       '.�f0r 0RTH_DIK, __d _h__''2_ _n_ 2 _e R_ ___ O_THOM_N &nd 0R___5,  E___n  _2I�h8_ 5h _ n t_8_ i_ _ _s R_ _hen _____M_N(s)  c_nverees,� (_ + _)�__O_tUn8_e__,  _mr _ _ _GCG meth__ th_ de_e____t___ O  U�requi_es,  __ ge_e_a_,  __me _n_______n ___m e_ch __ _he prevj___ _ i_era_ions,�This c_n _e _r0hib__i__ in _e_m n__m_pu_er tj_e and s____ge,  0ne re__dy�fo_ _his t_ _o _se t__c__e_ scheme_,  Un_a______e_y m___ o_ _h_ _he_rc_ic__�propertjes o_ _he i_e8_i2_d scheme_ _u __t c___y ov_r _o __e _runc__e_�sche_a_.  Nev_r_he___s, n__er1c&1 _xpe_1men_5 _ep0__ed __ El__n _27,  b_�Young and _ee  _l2J,  &nd by Jea  _6J i_d_ca_e tha_ __m _TN(s_  8nd _RT_0_S(s)�with sma__ s (2 _ s _ 4)  sr_ ___ective jn man_ ca_es,  M_ch m_rc numeric&1�&nd expe_j_en___ w_rk _em8ins t0 be _o__,�_he e_ph_sis o_ the __lk _s _u 5t_d_ c_ses _here,  __ _n the _y _ e_rjza__e�case,  th_ _hree ___s o_ t__ _5CG _e_h_d a_e equiv&_ent __ _he c__r_spundi_g�



__an     _               _         _      _ __\ttt__/ttt_RTH0D_R(2)tt     ye  _�5��t_nca_ed versions.  Me _e_ine _Conditi0n _ as _ol_ows.  Thenonsingu_8r�_at__x H gatts__es cond1t_on _ wtt_ _es pect to A _f m __ AiH,.. _t _s sh o _�_h&t such a _atrix H aiway_ exts_s,  However, tn _ogt cg6es it ig not�__as1ble to _1nd H.  However, i_ A is s _ et_îc (thioug_ not necessart_�SPD)  one can _et H = I,  5imi_ar_y i_ A is 9__ilar to a s _ etr_c _atrtx�d ___, mgt,,_x c ,_s _v_,'_gb_e g,,h _h,, cb cl __s _ _e,,,_c.  _.hen H.cgn b�fou_d.  _n an_ case,  g_ven an H suc_ that _ondi_ion I h_ld8, wjth 2 _ H�_�0_ Z = _ H  ORTHOD_R, ORTHO__N a_d ORTHORES reduce_tO�_       OR_OMIN(l), _nd ORTHO_S(_)  respectively.  If _ is _ ymm etrjc it is better�_�tO 1et 2 _ A _ _O_ O_T_O__R and O_T____N wh11e 2 _ H sh0__d be used fo_�__T_O Æ _�Wht_e it is se_d _ poesible tu f_nd a matrix H satjs__ing con_ition _,�neverthe1ess,  there is one important cgse where H can be _ound.  _ e c o Tl s _' _ e r�_he expanded sys_em�c6)                     _ _ _  _�



_(8)              c   __  _A___c0___    l_/tl?t  _         .     _       _�6��whe_e( _ )�                _  0         u         b    ,                 _�A__AT,__  ?u,%%_   ?_�Ev1de_t_y 0 sati___ee (6) __ a__ ___y _f _ s6_isf_e9 (_) a_d û sa__sfje_�the fjc_iti_u_  syst__�TN  ?b�U=�T�O_eOVe_ GM_ C__ Sh0M _hat     =      Whe_e�__�(g)                   _ _�__ we ap___ _he _CGC met_d to _6) ___h _ _ _ v_ se_ _h_ee a__e_a__'_e�_O_S __ _he__nc2__ meth4_,  (_gncz_s__,__J) co__e5pon_j_g _0 _he _h_e_�fo_s o_ _he __CG _et_od.  Me _e_er _o _hese three foms _s _he _8nc20s/�ORTH0D_R, ___CZ_S/0RTH___N, and _he __nc20S/0R_0_S _e_h_ds.  The sec___�_O_ iS _he S_e a_ _h_ bicO_JU___e __adient _e_ho_ O_ __e__her E4,_J�Conv___ence resu__s_re gîven _or the _hree fu_s __ the _anc2os m__ho_,�which _re ana_ogu_s to _hose 0b_ained _or _he _CCG me_h_d.  _u__ifjcatiu_�i_ g_ven _or ch___ing _he __ncz_s/0RTHO_TR f0 _ in _r__are_ce _o _h_�_ore __equen_l_ used __ncz__/_RTMaM_y a_d _anc2o_/_RTH__5 _ç_s�



_t_         ___         t   _/tl_       _   _   ___   t�������_FENN_S���     _   o _u          b_         _                  '�'    '      1''         ''      1�grad__nt _ethod _0_.the numer_ca_ so_ut10n of el1i pt{c _&rt_&l�_1f__renti8l equ&t_0ns,  in _S0arse Matrix C_0utati0n (J. R, _unch 8nd�8nd Dt J, ROSe,  edS,) AC&dem1_ _reSS, N_W _O_k, 309-332t  (1976)��2,   _OW8_d C_ _l___  _te_&tiVe methO_S fOr __ _ge ,  S p8_Se,  nOnS _ et_iC�SYStemS O_ line8r _QU_tiOMS, R_Se8_Ch Re_0r_ 2_9, Y8le UniVe_Sit Y x�Dep_rt_ent o_ C_p_t_r _ciencesy Apr_l _9_2��3,   M. Engel_, T, Gtn_burg, H, R_tishauser 8nd E, Stie_el ,  _e__ned ite_8tj v e�_eth_ds f0r compu_8tiD_ of the solutjon 8nd _he _i genvalues __ s e l _�_dJ_in_ b__nda _ value prob1e_s, _Mjt_, _ns_. Anc0ew, M8th  ETH , 2urich ,�Nr. 8,  Base_-Stut_g8rt,  (l959)��4,   R, F_etcher,  _o_J_g__e gradient methods for indefinite s ___e_s , __roc�o_ _h_ Dundee _tennia_ Confe_e_ce on N_eric81_n&1 s_s (G, _ , V&t _ o n ,�ed,) pR,  73-89,  Springer-Verlag,  Berlin and New _ork (197S )��5_   _, Fl_tcher,  Conjuga_e g_8dient methode f0r inde_inîte s ystem_ , __ectur e�No_es in M&thematics 506,  Sp_inger_Verlag,  Berl_n _nd New Yor_ (_976 )��6,   M, R, _estenes,  The conJuggte-_rgdîent _ethod for solvin g l i _ e a r s y s _ _ s�in N __ric&_ A_alysis, V__, V_ (J, C___is_ ,  ed,) , McCr8v-Hi_l , New Yor h ,�(_9sn),��J,   K.  C, Je8,  Gener8li2e_ conjug&te gradie_t accel__8tion 0f i_e_a t i v e�-         meth_ds, Ph, _, Thesis, _e_ar_men_ o_M8_h_at_cs ,  The Univer s i t ? o _�Texas at __stin (l982); als_ CNb-1J6,  Cen_er _0r Numerica__n&l _sìs ,�The University o_ ___8s 8_ 6us_tn (l982)�



_    _                       ___l_l__      __     t   __    _  ___�������_,   _,  C. Jea __d D&vid M, _oung, _n the _împ_jf_ca_ion __ gener8li2__�C0njug8te _r8dien_ me_hads _or __ns _ e_r_28___ _ine8_ s_s_e_s,�t_ __g_ea_._n The Jou._a_.o_ _?j_e___1a_e_r_ 8_d îes _ _0c__c_ti_ns,            _��9;   C, __nc2os, A_ __er___ve m__hDd f__ the so1ut_on o_ _he.ei_env&_ue�prob_a_ __ _i__Rr di_fe_entj_l 8nd ín_e_r&_'p_er&___s, J, Res, N&_�_u_,  5_nnd8rds 45:  2S5-282,  (1_5_),       ,��_0,  C, _8nc2_s,  S0_utíon of system_ 0_ __ne&_ equa__on_ _y m_n_m_2__�i_e_8tt_nS, _J_ ReS, Na_, _U_d  S_&nd__d_ 49_  33_53,  (_9?2).��_1.  D. M, ___n_ 8n_ K. C, Jea,  Ce_e__1j2e_ con__ga_e-gra_je_t &_celar_tio_�o_ n_ns _ e_rj2&__e _ter&_ive _eth__s, _J, __ _i_e&r b100ebra &n_ __s�_A0_1jc&tj_ns J4ó  _59___4,  (_96_),��_2,  5, _, __ung and _,  G. Ja_, Ce_e___i_ed cmnJ_g8te _r&d_en_ __ce_er8tj0_�o_ iter8_j_c _e_ho_s, ____ I_; __c N_n_ _ et_i2ab_e C__e,  CNh-_63,�Cen_e_ _or N__r_c__An___si_, _he _njve_s__y o_ __xa_ at _usti_ (_?a__�


